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Preface
This is a solution manual for the textbook which used for “Introduction to Differential Geometry” in Seoul 

National University. I hope these solutions are helpful for people who loves mathematics. The solutions may 

contain mathematical errors, so I recommend reading them critically. If you find any mathematical errors or 

typos, please report them to qwerty12021@snu.ac.kr. Thank you for your valuable feedback.

This file is uploaded to  https://geniuslhs.com/solutions/do-carmo-differential-geometry.pdf. I recommend 

checking it regularly, as it may be updated.

For clarity and consistency, the following basic notations have been modified from the original text: the set 

of real numbers 𝑅 is denoted as ℝ, the unit sphere 𝑆2 is denoted as 𝕊2, vectors are written in bold (e.g. 𝑝 is 

written as 𝐩), the set notation {𝑥 ; 𝑃 (𝑥)} has been changed to {𝑥 | 𝑃 (𝑥)}, the restriction of a function 𝑓|𝐴 is 

denoted as 𝑓|𝐴, the fundamental forms 𝐼𝑝(𝐯) and 𝐼𝐼𝑝(𝐯) are denoted as 𝐈𝑝(𝐯) and 𝐈𝐈𝑝(𝐯) to avoid confusion 

with the interval 𝐼 .

The following common conventions were considered but not applied in this manual: the curvature 𝑘 as 𝜅 and 

the tangent space 𝑇𝑝(𝑆) as 𝑇𝑝𝑆.

The solutions are constructed strictly upon fundamental definitions and theorems, aiming for a balance 

between conciseness and conceptual depth. Where applicable, graphs and diagrams have been integrated to 

provide intuitive visual support. To help you navigate the content, the following tags are used:

• Note  Contains supplementary information and references.

• Unsolved  Indicates problems that remain unsolved or only partially completed.
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1-2. Parametrized Curves

1. 𝛼(𝑡) = (sin 𝑡, cos 𝑡) (0 ≤ 𝑡 ≤ 2𝜋)

2. Since |𝛼(𝑡)|2 is at a minimum at 𝑡 = 𝑡0, its derivative

𝑑
𝑑𝑡

(|𝛼(𝑡)|2) = 𝑑
𝑑𝑡

(𝛼(𝑡) ⋅ 𝛼(𝑡)) = 2𝛼(𝑡) ⋅ 𝛼′(𝑡)

is equal to 0 at 𝑡 = 𝑡0. Hence 𝛼(𝑡0) ⋅ 𝛼′(𝑡0) = 0 and the two vectors are orthogonal.

3. For a parametrized curve 𝛼 : 𝐼 → ℝ3, let 𝛼(𝑡) = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)). Then the condition 𝛼″(𝑡) = 0 implies 

that 𝑥″(𝑡) = 𝑦″(𝑡) = 𝑧″(𝑡) = 0. Integrating both sides twice to get

𝑥(𝑡) = 𝑥0 + 𝑥1𝑡, 𝑦(𝑡) = 𝑦0 + 𝑦1𝑡, 𝑧(𝑡) = 𝑧0 + 𝑧1𝑡

for some constants 𝑥0, 𝑥1, 𝑦0, 𝑦1, 𝑧0, 𝑧1 ∈ ℝ. Therefore, we obtain

𝛼(𝑡) = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)) = (𝑥0, 𝑦0, 𝑧0) + (𝑥1, 𝑦1, 𝑧1)𝑡

and 𝛼 must be a straight line.

4. Since 𝛼′(𝑡) is orthogonal to 𝐯 for all 𝑡 ∈ 𝐼 , we have 𝛼′(𝑡) ⋅ 𝐯 = 0 for all 𝑡 ∈ 𝐼 . Also, 𝛼(0) is orthogonal 

to 𝐯, so 𝛼(0) ⋅ 𝐯 = 0. Now define 𝑓(𝑡) = 𝛼(𝑡) ⋅ 𝐯. Then 𝑓 ′(𝑡) = 𝛼′(𝑡) ⋅ 𝐯 = 0 for all 𝑡 ∈ 𝐼 and 𝑓(0) = 𝛼(0) ⋅
𝐯 = 0; therefore, 𝑓(𝑡) = 0 for all 𝑡 ∈ 𝐼 . This implies that 𝛼(𝑡) is orthogonal to 𝐯 for all 𝑡 ∈ 𝐼 .

5. First, suppose that |𝛼(𝑡)| is a nonzero constant. Then |𝛼(𝑡)|2 = 𝛼(𝑡) ⋅ 𝛼(𝑡) is also a nonzero constant, so 

we have (𝛼(𝑡) ⋅ 𝛼(𝑡))′ = 2𝛼(𝑡) ⋅ 𝛼′(𝑡) = 0 for all 𝑡 ∈ 𝐼 . In other words, 𝛼(𝑡) is orthogonal to 𝛼′(𝑡) for all 

𝑡 ∈ 𝐼 .

Conversely, suppose that 𝛼(𝑡) is orthogonal to 𝛼′(𝑡) for all 𝑡 ∈ 𝐼 , i.e., 𝛼(𝑡) ⋅ 𝛼′(𝑡) = 0. Then

𝑑
𝑑𝑡

(|𝛼(𝑡)|2) = (𝛼(𝑡) ⋅ 𝛼(𝑡))′ = 2𝛼(𝑡) ⋅ 𝛼′(𝑡) = 0 (𝑡 ∈ 𝐼)

which implies that |𝛼(𝑡)|2 is a constant, so |𝛼(𝑡)| is also a constant. Note that |𝛼(𝑡)| ≠ 0. Otherwise, 𝛼 

reduces to a constant point, implying 𝛼′(𝑡) = 0, which violates the assumption that 𝛼′(𝑡) ≠ 0.

1-3. Regular Curves; Arc Length

1. The tangent lines to the curve 𝛼(𝑡) = (3𝑡, 3𝑡2, 2𝑡3) are parallel to 𝛼′(𝑡) = (3, 6𝑡, 6𝑡2), and the line 𝑦 =
0, 𝑧 = 𝑥 is parallel to a vector (1, 0, 1). Therefore the angle 𝜃(𝑡) between two vectors satisfies

cos 𝜃(𝑡) = 𝛼′(𝑡) ⋅ (1, 0, 1)
|𝛼′(𝑡)||(1, 0, 1)|

= 3 + 6𝑡2√
9 + 36𝑡2 + 36𝑡4

√
2

= 1√
2

and 𝜃(𝑡) = 𝜋/4 is constant.

2.

0

1
𝑡

𝑡

sin 𝑡
cos 𝑡

a. By interpreting the situation above, the parametrized curve 𝛼 : ℝ → ℝ2 is given by 𝛼(𝑡) = (𝑡 −
sin 𝑡, 1 − cos 𝑡). The singular points of 𝛼 are the points 𝑡 where 𝛼′(𝑡) = (1 − cos 𝑡, sin 𝑡) = (0, 0), which 

are 𝑡 = 2𝑛𝜋 (𝑛 ∈ ℤ).
b. Observe that the disk rotates exactly once when 𝑡 increases from 0 to 2𝜋. Therefore the arc length is
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∫
2𝜋

0
|𝛼′(𝑡)| 𝑑𝑡 = ∫

2𝜋

0
√(1 − cos 𝑡)2 + sin2 𝑡 𝑑𝑡 = ∫

2𝜋

0

√
2 − 2 cos 𝑡 𝑑𝑡

= 2 ∫
2𝜋

0

√1 − cos 𝑡
2

𝑑𝑡 = 2 ∫
2𝜋

0
sin 𝑡

2
𝑑𝑡 = 2[−2 cos 𝑡

2
]

2𝜋

0
= 8.

3.

0 𝐴2𝑎

𝑦

𝐵

𝑉

𝑃

𝐶

𝜃

a. Since 0𝐵 = 2𝑎 sec 𝜃 and 0𝐶 = 2𝑎 cos 𝜃, we get 𝐶𝐵 = 2𝑎(sec 𝜃 − cos 𝜃). Then 0𝑃 = 𝐶𝐵 implies 𝑃 =
2𝑎(sec 𝜃 − cos 𝜃)(cos 𝜃, sin 𝜃). Let 𝑡 = tan 𝜃, then

2𝑎(sec 𝜃 − cos 𝜃) cos 𝜃 = 2𝑎(1 − cos2 𝜃) = 2𝑎(1 − 1
1 + 𝑡2

) = 2𝑎𝑡2

1 + 𝑡2
,

2𝑎(sec 𝜃 − cos 𝜃) sin 𝜃 = 2𝑎𝑡2

1 + 𝑡2
⋅ tan 𝜃 = 2𝑎𝑡3

1 + 𝑡2
.

Therefore the parametrized curve is given by

𝛼(𝑡) = ( 2𝑎𝑡2

1 + 𝑡2
, 2𝑎𝑡3

1 + 𝑡2
), 𝑡 ∈ ℝ.

b. Since 𝛼′(𝑡) = ( 4𝑎𝑡
(1+𝑡2)2 , 2𝑎(3𝑡2+𝑡4)

(1+𝑡2)2 ), we have 𝛼′(0) = (0, 0). Therefore the origin (0, 0) is a singular point 

of the cissoid.

c. Observe that

lim
𝑡→∞

𝛼(𝑡) = (2𝑎, ∞),  lim
𝑡→∞

𝛼′(𝑡) = (0, 2𝑎).

Thus the curve and its tangent approach the line 𝑥 = 2𝑎 as 𝑡 → ∞.

4. a. The tangent vector of 𝛼(𝑡) is

𝛼′(𝑡) = (cos 𝑡, − sin 𝑡 + sec2(𝑡/2)
2 tan(𝑡/2)

) = (cos 𝑡, − sin 𝑡 + 1
2 cos(𝑡/2) sin(𝑡/2)

)

= (cos 𝑡, 1
sin 𝑡

− sin 𝑡) = (cos 𝑡, cos2 𝑡
sin 𝑡

).

Therefore 𝛼′(𝑡) = (0, 0) if and only if cos 𝑡 = 0, that is, 𝑡 = 𝜋/2.
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b.

0

𝛼(𝑡)

𝑡

sin 𝑡

Since 𝛼′(𝑡) ∥ (sin 𝑡, cos 𝑡), the angle between the tangent line and 𝑦 axis is 𝑡. Moreover, the 𝑥-coordinate 

of 𝛼(𝑡) is sin 𝑡, so the length of the specified segment is always 1.

5. a. The tangent vector of 𝛼(𝑡) is 𝛼′(𝑡) = 3𝑎( 1−2𝑡3

(1+𝑡3)2 , 2𝑡−𝑡4

(1+𝑡3)2 ), so 𝛼′(0) = (3𝑎, 0). Hence 𝛼 is tangent to the 

𝑥 axis for 𝑡 = 0.

b. As 𝑡 → ∞, 𝛼(𝑡) → (0, 0) and 𝛼′(𝑡) → (0, 0) by the equation above.

c. Let 𝛼(𝑡) = (𝑥(𝑡), 𝑦(𝑡)). Then

lim
𝑡→−1

𝑦′(𝑡)
𝑥′(𝑡)

= lim
𝑡→−1

2𝑡 − 𝑡4

1 − 2𝑡3
= −1.

Therefore the slope of the tangent line approaches −1. Also,

lim
𝑡→−1

𝑥(𝑡) + 𝑦(𝑡) = lim
𝑡→−1

3𝑎(𝑡 + 𝑡2)
1 + 𝑡3

= lim
𝑡→−1

3𝑎𝑡
1 − 𝑡 + 𝑡2

= −𝑎

implies that the curve and its tangent approach the line 𝑥 + 𝑦 + 𝑎 = 0.

Note  To be more precise, we have to define what “approach the line” means. Every line in the plane 

can be expressed by the equation 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, where either 𝑎 ≠ 0 or 𝑏 ≠ 0. Note that multiplying 

the vector (𝑎, 𝑏, 𝑐) by a nonzero constant does not change the line, so the line does not determine the 

vector (𝑎, 𝑏, 𝑐) uniquely. However, there exists only two normal vectors (𝑎0, 𝑏0) such that (𝑎0, 𝑏0, 𝑐0) 
expresses the given line. Now we say that a family of the lines

𝐿(𝑡) = {(𝑥, 𝑦) ∈ ℝ2 | 𝑎(𝑡)𝑥 + 𝑏(𝑡)𝑦 + 𝑐(𝑡) = 0}

approach the line

𝐿0 = {(𝑥, 𝑦) ∈ ℝ2 | 𝑎0𝑥 + 𝑏0𝑦 + 𝑐0 = 0}, where 𝑎2
0 + 𝑏2

0 = 1

as 𝑡 → 𝑡0 if there exists the choice of signs 𝜇(𝑡) = ±1 such that

lim
𝑡→𝑡0

𝜇(𝑡)(𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡))
√𝑎(𝑡)2 + 𝑏(𝑡)2

= (𝑎0, 𝑏0, 𝑐0).

According to this definition, we can explain the behavior of the tangent line more strictly. Let 𝐧(𝑡) =
3𝑎(−2𝑡+𝑡4

(1+𝑡3)2 , 1−2𝑡3

(1+𝑡3)2 ) be a vector orthogonal to 𝛼′(𝑡). Then the tangent line of 𝛼(𝑡) is given by 𝐧(𝑡) ⋅
((𝑥, 𝑦) − 𝛼(𝑡)) = 0, that is,

−2𝑡 + 𝑡4

(1 + 𝑡3)2 (𝑥 − 3𝑎𝑡
1 + 𝑡3

) + 1 − 2𝑡3

(1 + 𝑡3)2 (𝑦 − 3𝑎𝑡2

1 + 𝑡3
) = 0 

⟺  (−6𝑎𝑡 + 3𝑎𝑡4)𝑥 + (3𝑎 − 6𝑎𝑡3)𝑦 + 9𝑎2𝑡2 = 0.

Since 𝑎(𝑡) → 9𝑎, 𝑏(𝑡) → 9𝑎, 𝑐(𝑡) → 9𝑎2 as 𝑡 → 0, we get

lim
𝑡→0

1 ⋅ 𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡)
√𝑎(𝑡)2 + 𝑏(𝑡)2

= ( 1√
𝑎2 + 2

, 1√
𝑎2 + 2

, 𝑎√
𝑎2 + 2

).
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By the definition above, the tangent line approaches to the line 1√
𝑎2+2

𝑥 + 1√
𝑎2+2

𝑦 + 𝑎√
𝑎2+2

= 0, which 

is the same as 𝑥 + 𝑦 + 𝑎 = 0.

6. a. Obviously 𝛼(𝑡) → (0, 0) as 𝑡 → ∞. 𝛼(𝑡) approaches the origin 0 spiraling around it because of the 

factor (cos 𝑡, sin 𝑡).
b. 𝛼′(𝑡) = 𝑎(𝑏𝑒𝑏𝑡 cos 𝑡 − 𝑒𝑏𝑡 sin 𝑡, 𝑏𝑒𝑏𝑡 sin 𝑡 + 𝑒𝑏𝑡 cos 𝑡), so 𝛼′(𝑡) → (0, 0) as 𝑡 → ∞. Since

|𝛼′(𝑡)| = √𝑎2((𝑏𝑒𝑏𝑡 cos 𝑡 − 𝑒𝑏𝑡 sin 𝑡)2 + (𝑏𝑒𝑏𝑡 sin 𝑡 + 𝑒𝑏𝑡 cos 𝑡)2) = 𝑎√𝑏2 + 1𝑒𝑏𝑡,

the given integral is

lim
𝑡→∞

∫
𝑡

𝑡0

|𝛼′(𝑡)| 𝑑𝑡 = lim
𝑡→∞

∫
𝑡

𝑡0

𝑎√𝑏2 + 1𝑒𝑏𝑡 𝑑𝑡 = 𝑎√𝑏2 + 1 lim
𝑡→∞

[𝑒𝑏𝑡

𝑏
]

𝑡

𝑡0

= −𝑎
𝑏
√𝑏2 + 1𝑒𝑏𝑡0 ,

which is finite. Hence 𝛼 has finite arc length on [𝑡0, ∞).

7. a. First consider the line determined by 𝛼(ℎ) = (ℎ3, ℎ2) and 𝛼(0) = (0, 0). This line is given by 𝑥 − ℎ𝑦 =
0, or 1√

1+ℎ2 𝑥 − ℎ√
1+ℎ2 𝑦 = 0. This line has a limit position 𝑥 = 0 as ℎ → 0, therefore 𝛼(𝑡) has a weak 

tangent at 𝑡 = 0.

Now consider the line determined by 𝛼(ℎ) = (ℎ3, ℎ2) and 𝛼(𝑘) = (𝑘3, 𝑘2). This line can be expressed by

𝑥 − ℎ3

𝑘3 − ℎ3 = 𝑦 − ℎ2

𝑘2 − ℎ2  ⟺  (𝑘2 − ℎ2)(𝑥 − ℎ3) = (𝑘3 − ℎ3)(𝑦 − ℎ2)

⟺  (𝑘 + ℎ)(𝑥 − ℎ3) = (𝑘2 + 𝑘ℎ + ℎ2)(𝑦 − ℎ2)

⟺  (𝑘 + ℎ)𝑥 − (𝑘2 + 𝑘ℎ + ℎ2)𝑦 + 𝑘2ℎ2 = 0.

Hence 𝛼(𝑡) has a strong tangent at 𝑡 = 0 if and only if the unit vector

1
√(𝑘 + ℎ)2 + (𝑘2 + 𝑘ℎ + ℎ2)2

(𝑘 + ℎ, 𝑘2 + 𝑘ℎ + ℎ2)

converges in ℝ2 as (𝑘, ℎ) → (0, 0). However, this limit does not exist; the expression approaches (0, −1) 
along the path 𝑘 = −ℎ → 0, whereas it approaches (1, 0) along the path 𝑘 = ℎ → 0.

b. The direction of the line determined by 𝛼(𝑡0 + ℎ) and 𝛼(𝑡0 + 𝑘) is 
𝛼(𝑡0+ℎ)−𝛼(𝑡0+𝑘)

ℎ−𝑘 . Since 𝛼(𝑡) =
(𝑥(𝑡), 𝑦(𝑡)) is differentiable (that is, has derivative of first order), by mean value theorem, there exists 

|𝜉1|, |𝜉2| < max{|ℎ|, |𝑘|} such that

𝑥(𝑡0 + ℎ) − 𝑥(𝑡0 + 𝑘)
ℎ − 𝑘

= 𝑥′(𝑡0 + 𝜉1),
𝑦(𝑡0 + ℎ) − 𝑦(𝑡0 + 𝑘)

ℎ − 𝑘
= 𝑦′(𝑡0 + 𝜉2).

Also, 𝛼 is of class 𝐶1, so 𝛼′(𝑡) is continuous and the direction vector converges to (𝑥′(𝑡0), 𝑦′(𝑡0)) =
𝛼′(𝑡0) as ℎ, 𝑘 → 0. It is trivial that 𝛼 has a strong tangent at 𝑡 = 𝑡0.

c. The derivative of 𝛼(𝑡) = (𝑥(𝑡), 𝑦(𝑡)) is

𝛼′(𝑡) = {(2𝑡, 2𝑡), (𝑡 ≥ 0)
(2𝑡, −2𝑡), (𝑡 < 0).

Note that 𝛼′(𝑡) is continuous, so 𝛼 is of class 𝐶1. However,

𝑦′(𝑡) = {2𝑡, (𝑡 ≥ 0)
−2𝑡, (𝑡 < 0)

is not differentiable at 𝑡 = 0, so 𝛼 is not of class 𝐶2.
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0

𝛼(𝑡)

8. First observe that

𝑙(𝛼, 𝑃 ) = ∑
𝑛

𝑖=1
|𝛼(𝑡𝑖) − 𝛼(𝑡𝑖−1)| = ∑

𝑛

𝑖=1
|∫

𝑡𝑖

𝑡𝑖−1

𝛼′(𝑡) 𝑑𝑡| ≤ ∑
𝑛

𝑖=1
∫

𝑡𝑖

𝑡𝑖−1

|𝛼′(𝑡)| 𝑑𝑡 = ∫
𝑏

𝑎
|𝛼′(𝑡)| 𝑑𝑡.

On the other hand, since 𝛼′ is uniformly continuous in [𝑎, 𝑏], given 𝜀 > 0, there exists 𝛿 > 0 such that if 

𝑡, 𝑠 ∈ [𝑎, 𝑏] with |𝑡 − 𝑠| < 𝛿, then

|𝛼′(𝑡) − 𝛼′(𝑠)| < 𝜀
4(𝑏 − 𝑎)

.

Now suppose |𝑃 | < 𝛿. Then for every 𝑡 ∈ [𝑡𝑖−1, 𝑡𝑖], we have |𝛼′(𝑡)| ≤ |𝛼′(𝑡𝑖)| + 𝜀. Therefore

∫
𝑡𝑖

𝑡𝑖−1

|𝛼′(𝑡)| 𝑑𝑡 ≤ |𝛼′(𝑡𝑖)|(𝑡𝑖 − 𝑡𝑖−1) + 𝜀(𝑡𝑖 − 𝑡𝑖−1)
4(𝑏 − 𝑎)

= |∫
𝑡𝑖

𝑡𝑖−1

(𝛼′(𝑡) + 𝛼′(𝑡𝑖) − 𝛼′(𝑡)) 𝑑𝑡| + 𝜀(𝑡𝑖 − 𝑡𝑖−1)
4(𝑏 − 𝑎)

≤ |∫
𝑡𝑖

𝑡𝑖−1

𝛼′(𝑡) 𝑑𝑡| + |∫
𝑡𝑖

𝑡𝑖−1

(𝛼′(𝑡𝑖) − 𝛼′(𝑡)) 𝑑𝑡| + 𝜀(𝑡𝑖 − 𝑡𝑖−1)
4(𝑏 − 𝑎)

≤ |𝛼(𝑡𝑖) − 𝛼(𝑡𝑖−1)| + 𝜀(𝑡𝑖 − 𝑡𝑖−1)
2(𝑏 − 𝑎)

.

If we add these inequalities, we obtain

∫
𝑏

𝑎
|𝛼′(𝑡)| 𝑑𝑡 ≤ 𝑙(𝛼, 𝑃 ) + 𝜀

2
< 𝑙(𝛼, 𝑃 ) + 𝜀.

Hence we conclude that

|∫
𝑏

𝑎
|𝛼′(𝑡)| 𝑑𝑡 − 𝑙(𝛼, 𝑃 )| < 𝜀.

9. a. See the definition of 𝑙(𝛼, 𝑃 ) in Exercise 8. Observe that as the partition becomes finer and finer, 

the polygon approaches the curve more and more closely, and 𝑙(𝛼, 𝑃 ) becomes larger and larger by 

triangle inequality. Therefore we can define the arc length of 𝛼 by

sup
𝑃

𝑙(𝛼, 𝑃 ),

where the supremum is taken over all partitions of [𝑎, 𝑏].
b. Observe that the curve 𝛼(𝑡) = (𝑡, 𝑡 sin(𝜋/𝑡)) passes through the points

(1
𝑛

, 0), ( 1
𝑛 + 1/2

, (−1)𝑛

𝑛 + 1/2
), ( 1

𝑛 + 1
, 0)

for every 𝑛 ∈ ℕ. Hence the arc length of the portion of the curve corresponding to 1/(𝑛 + 1) ≤ 𝑡 ≤
1/𝑛 is at least 2/(𝑛 + 1/2). Then the length of the curve in the interval 1/𝑁 ≤ 𝑡 ≤ 1 is greater than
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∑
𝑁−1

𝑛=1
(length for 1

𝑛 + 1
≤ 𝑡 ≤ 1

𝑛
) ≥ ∑

𝑁−1

𝑛=1

2
𝑛 + 1/2

> 2 ∑
𝑁−1

𝑛=1

1
𝑛 + 1

.

Since this sum tends to infinity as 𝑁 → ∞, arc length of 𝛼 in a closed interval [0, 1] is unbounded.

10. a. By the Cauchy–Schwarz inequality, we have 𝛼′(𝑡) ⋅ 𝐯 ≤ |𝛼′(𝑡)|. Therefore

(𝐪 − 𝐩) ⋅ 𝐯 = ∫
𝑏

𝑎
𝛼′(𝑡) ⋅ 𝐯 𝑑𝑡 ≤ ∫

𝑏

𝑎
|𝛼′(𝑡)| 𝑑𝑡.

b. Let 𝐯 = (𝐪 − 𝐩)/|𝐪 − 𝐩|, then (𝐪 − 𝐩) ⋅ 𝐯 = |𝐪 − 𝐩|, so

|𝛼(𝑏) − 𝛼(𝑎)| = |𝐪 − 𝐩| ≤ ∫
𝑏

𝑎
|𝛼′(𝑡)| 𝑑𝑡.

1-4. The Vector Product in ℝ3

1. a. The basis is negative;

|(1
4

3
2)| = −4 < 0.

b. The basis is positive;

|



(

1

2
4

3
3
8

5
7
3)



|


= 39 > 0.

2. To prove that 𝐯 = (𝑎, 𝑏, 𝑐) is perpendicular to the plane, we have to show that every line contained in the 

plane 𝑃  is perpendicular to 𝐯. Now select any line 𝑙 in 𝑃  and choose (𝑥1, 𝑦1, 𝑧1), (𝑥2, 𝑦2, 𝑧2) ∈ 𝑙 so that 

(𝑥2 − 𝑥1, 𝑦2 − 𝑦1, 𝑧2 − 𝑧1) to be the direction of line 𝑙. Since (𝑥1, 𝑦1, 𝑧1), (𝑥2, 𝑦2, 𝑧2) ∈ 𝑃 , we have 𝑎𝑥1 +
𝑏𝑦1 + 𝑐𝑧1 + 𝑑 = 𝑎𝑥2 + 𝑏𝑦2 + 𝑐𝑧2 + 𝑑 = 0 and

𝑎(𝑥2 − 𝑥1) + 𝑏(𝑦2 − 𝑦1) + 𝑐(𝑧2 − 𝑧1) = 0 ⟹  𝐯 ⋅ (𝑥2 − 𝑥1, 𝑦2 − 𝑦1, 𝑧2 − 𝑧1) = 0.

Therefore 𝐯 ⟂ 𝑙 for any line 𝑙 ∈ 𝑃 , and 𝐯 is perpendicular to the plane 𝑃 .

Let (𝑥, 𝑦, 𝑧) be a point in 𝑃 , so we have 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 0. By Cauchy–Schwarz inequality,

√𝑥2 + 𝑦2 + 𝑧2 ≥ |𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧|√
𝑎2 + 𝑏2 + 𝑐2

= |𝑑|√
𝑎2 + 𝑏2 + 𝑐2

.

Hence the distance from the plane to the origin is |𝑑|/
√

𝑎2 + 𝑏2 + 𝑐2.

3. The angle of intersection of the two planes 5𝑥 + 3𝑦 + 2𝑥 − 4 = 0 and 3𝑥 + 4𝑦 − 7𝑥 = 0 is equal to the 

angle between the two normal vectors 𝐧1 = (5, 3, 2) and 𝐧2 = (3, 4, −7). Therefore

cos 𝜃 = 𝐧1 ⋅ 𝐧2
|𝐧1||𝐧2|

= 13
2
√

703
, 𝜃 = arccos( 13

2
√

703
).

4. Two planes are parallel if and only if two normal vectors are parallel. Hence there exists 𝑘 such that

(𝑎1, 𝑏1, 𝑐1) = 𝑘(𝑎2, 𝑏2, 𝑐2) ⟹  𝑎1
𝑎2

= 𝑏1
𝑏2

= 𝑐1
𝑐2

= 𝑘,

where the convention is made that if a denominator is zero, the corresponding numerator is also zero.

5. Since 𝐚 ∧ 𝐛 are perpendicular to both 𝐚 and 𝐛,

(𝐩 − 𝐩1) ∧ (𝐩 − 𝐩2) ⋅ (𝐩 − 𝐩3) = 0
⟺ {(𝐩 − 𝐩1) ∧ (𝐩 − 𝐩2) + (𝐩3 − 𝐩) ∧ (𝐩 − 𝐩2) + (𝐩3 − 𝐩1) ∧ (𝐩3 − 𝐩)} ⋅ (𝐩 − 𝐩3) = 0
⟺ (𝐩3 − 𝐩1) ∧ (𝐩3 − 𝐩2) ⋅ (𝐩 − 𝐩3) = 0.
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Note that the normal vector of the plane passing through the three points 𝐩1, 𝐩2, 𝐩3 is parallel to (𝐩3 −
𝐩1) ∧ (𝐩3 − 𝐩2). Hence 𝐩 is a point of the plane if and only if (𝐩3 − 𝐩1) ∧ (𝐩3 − 𝐩2) ⋅ (𝐩 − 𝐩3) = 0, that 

is, (𝐩 − 𝐩1) ∧ (𝐩 − 𝐩2) ⋅ (𝐩 − 𝐩3) = 0.

6. Since the line of intersection 𝑙 is contained in both planes, 𝑙 is perpendicular to the normal vectors 𝐯1, 𝐯2. 

Therefore 𝑙 is parallel to the vector 𝐮 = 𝐯1 ∧ 𝐯2. Now suppose (𝑥, 𝑦, 𝑧) ∈ 𝑙, then (𝑥 − 𝑥0, 𝑦 − 𝑦0, 𝑧 − 𝑧0) 
is parallel to 𝑙, therefore

(𝑥 − 𝑥0, 𝑦 − 𝑦0, 𝑧 − 𝑧0) = 𝐮𝑡 ⟹  𝑥 − 𝑥0 = 𝑢1𝑡,  𝑦 − 𝑦0 = 𝑢2𝑡,  𝑧 − 𝑧0 = 𝑢3𝑡.

7. A plane and a line are parallel when the normal vector to the plane is perpendicular to the direction of 

the line, that is, (𝑎, 𝑏, 𝑐) ⋅ (𝑢1, 𝑢2, 𝑢3) = 0 ⟺  𝑎𝑢1 + 𝑏𝑢2 + 𝑐𝑢3 = 0.

8.

𝐧

𝐯

𝐫 𝜌
𝜃

The distance 𝜌 between the nonparallel lines is given by |𝐫||cos 𝜃|, where 𝜃 is the angle between 𝐫 and the 

normal vector 𝐮 ∧ 𝐯. Therefore

𝜌 = |𝐫||cos 𝜃| = |𝐫| |(𝐮 ∧ 𝐯) ⋅ 𝐫|
|𝐮 ∧ 𝐯||𝐫|

= |(𝐮 ∧ 𝐯) ⋅ 𝐫|
|𝐮 ∧ 𝐯|

.

9. 𝐧
𝐯

𝜃

Let 𝜃 be the angle of intersection of the plane and the line. Then the angle between the normal vector 

𝐧 = (3, 4, 7) and direction (3, 5, 9) is 𝜋/2 − 𝜃. Therefore

sin 𝜃 = cos(𝜋
2

− 𝜃) = 𝐧 ⋅ 𝐯
|𝐧||𝐯|

= 92√
74

√
115

 ⟹  𝜃 = arcsin( 92√
8510

).

10. It is easy to see that

(𝐮 ⋅ 𝐮
𝐯 ⋅ 𝐮

𝐮 ⋅ 𝐯
𝐯 ⋅ 𝐯) = (𝑢1

𝑣1

𝑢2
𝑣2

)(𝑢1
𝑢2

𝑣1
𝑣2

).

Now let 𝐮′ = (𝑢1, 𝑢2, 0), 𝐯′ = (𝑣1, 𝑣2, 0) ∈ ℝ3. Then 𝐴 = |𝐮′ ∧ 𝐯′| so

𝐴2 = |𝐮′ ∧ 𝐯′|2 = |(𝐮′ ⋅ 𝐮′

𝐯′ ⋅ 𝐮′
𝐮′ ⋅ 𝐯′

𝐯′ ⋅ 𝐯′)| = |(𝐮 ⋅ 𝐮
𝐯 ⋅ 𝐮

𝐮 ⋅ 𝐯
𝐯 ⋅ 𝐯)|

= |(𝑢1
𝑣1

𝑢2
𝑣2

)(𝑢1
𝑢2

𝑣1
𝑣2

)| = |(𝑢1
𝑣1

𝑢2
𝑣2

)||(𝑢1
𝑢2

𝑣1
𝑣2

)| = |(𝑢1
𝑣1

𝑢2
𝑣2

)|
2

.
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11. a.

𝐯

𝐮

𝐰

𝜃

The volume of a parallelepiped is given by (area of the base) ⋅ (height). Let 𝜃 be the angle between 𝐰 

and 𝐮 ∧ 𝐯. Since the area of the base is |𝐮 ∧ 𝐯| and height is |𝐰||cos 𝜃|, we have

𝑉 = |𝐮 ∧ 𝐯||𝐰||cos 𝜃| = |(𝐮 ∧ 𝐯) ⋅ 𝐰|.

Now we can define oriented volume (𝐮 ∧ 𝐯) ⋅ 𝐰, which is positive if and only if the basis {𝐮, 𝐯, 𝐰} is 

positive.

b. Since |(𝐮 ∧ 𝐯) ⋅ 𝐰| = det(𝐮, 𝐯, 𝐰), we have

𝑉 2 = |(𝐮 ∧ 𝐯) ⋅ 𝐰|2 = det(𝐮, 𝐯, 𝐰)2 =
|



(

 𝐮

𝐯
𝐰 )




|


2

=
|



(

 𝐮

𝐯
𝐰 )




|



|



(

𝐮 𝐯 𝐰

)



|


=

|



(

 𝐮

𝐯
𝐰 )




(

𝐮 𝐯 𝐰

)



|



=
|



(

𝐮 ⋅ 𝐮

𝐯 ⋅ 𝐮
𝐰 ⋅ 𝐮

𝐮 ⋅ 𝐯
𝐯 ⋅ 𝐯
𝐰 ⋅ 𝐯

𝐮 ⋅ 𝐰
𝐯 ⋅ 𝐰
𝐰 ⋅ 𝐰)




|


.

12. If 𝐮 ∧ 𝐯 = 𝐰, then 𝐯 ⋅ 𝐰 = 𝐯 ⋅ (𝐮 ∧ 𝐯) = 0 so 𝐯 is perpendicular to 𝐰.

Conversely, suppose that 𝐯 is perpendicular to 𝐰, so 𝐯 ⋅ 𝐰 = 0. Let 𝐮0 = 1
|𝐯|2 (𝐯 ∧ 𝐰) then

𝐮0 ∧ 𝐯 = 1
|𝐯|2

((𝐯 ∧ 𝐰) ∧ 𝐯) = 1
|𝐯|2

((𝐯 ⋅ 𝐯)𝐰 − (𝐰 ⋅ 𝐯)𝐯) = 𝐰.

Therefore there exists a vector 𝐮0 such that 𝐮0 ∧ 𝐯 = 𝐰. To find the general solution, suppose 𝐮 

also satisfies the given condition. Then 𝐮0 ∧ 𝐯 = 𝐰 = 𝐮 ∧ 𝐯 ⟹  (𝐮 − 𝐮0) ∧ 𝐯 = 0 so 𝐮 − 𝐮0 and 𝐯 are 

parallel. Therefore we have 𝐮 = 𝐮0 + 𝑘𝐯 (𝑘 ∈ ℝ).

13. Let 𝐰 = 𝐮 ∧ 𝐯, then

𝐰′ = (𝐮 ∧ 𝐯)′ = 𝐮′ ∧ 𝐯 + 𝐮 ∧ 𝐯′ = (𝑎𝐮 + 𝑏𝐯) ∧ 𝐯 + 𝐮 ∧ (𝑐𝐮 − 𝑎𝐯) = 𝑎𝐮 ∧ 𝐯 − 𝑎𝐮 ∧ 𝐯 = 𝟎.

Therefore 𝐰(𝑡) = 𝐮(𝑡) ∧ 𝐯(𝑡) is a constant vector.

14. The normal vector of the plane determined by the points (0, 0, 0), (1, −2, 1), (−1, 1, 1) is parallel to 

the vector (1, −2, 1) ∧ (−1, 1, 1) = (−3, −2, −1). Now the unit vector we want is perpendicular to both 

(2, 2, 1) and (−3, −2, −1), so it is parallel to (2, 2, 1) ∧ (−3, −2, −1) = (0, 1, 2). Therefore the answer is 

± 1√
5(0, 1, 2).

1-5. The Local Theory of Curves Parametrized by Arc Length

1. Note  I will assume 𝑎 > 0. Otherwise, we have to consider the sign of 𝑎.

a. 𝛼′(𝑠) = (−𝑎
𝑐 sin 𝑠

𝑐 ,
𝑎
𝑐 cos 𝑠

𝑐 ,
𝑏
𝑐), so |𝛼′(𝑠)| = 1 and 𝑠 is the arc length.

b. 𝛼″(𝑠) = (− 𝑎
𝑐2 cos 𝑠

𝑐 , −
𝑎
𝑐2 sin 𝑠

𝑐 , 0), so the curvature is 𝑘 = |𝛼″(𝑠)| = 𝑎/𝑐2. Moreover, since 𝐧 =
(− cos 𝑠

𝑐 , − sin 𝑠
𝑐 , 0), we have

𝐛 = 𝛼′ ∧ 𝐧 =

(



𝐞1
−𝑎

𝑐 sin 𝑠
𝑐

− cos 𝑠
𝑐

𝐞2
𝑎
𝑐 cos 𝑠

𝑐
− sin 𝑠

𝑐

𝐞2
𝑏
𝑐
0 )


 = 1

𝑐
(𝑏 sin 𝑠

𝑐
, −𝑏 cos 𝑠

𝑐
, 𝑎)
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and 𝐛′ = 1
𝑐2 (𝑏 cos 𝑠

𝑐 , 𝑏 sin 𝑠
𝑐 , 0) = − 𝑏

𝑐2 𝐧. Therefore the torsion is −𝑏/𝑐2.

c. The osculating plane contains 𝛼(𝑠) and is normal to the vector 𝐛, so it is represented by the equation 

𝐛 ⋅ (𝐱 − 𝛼(𝑠)) = 0, where 𝐱 = (𝑥, 𝑦, 𝑧), That is,

(𝑏 sin 𝑠
𝑐
, −𝑏 cos 𝑠

𝑐
, 𝑎) ⋅ (𝑥 − 𝑎 cos 𝑠

𝑐
, 𝑦 − 𝑎 sin 𝑠

𝑐
, 𝑧 − 𝑏𝑠

𝑐
) = 0 

⟹  (𝑏 sin 𝑠
𝑐
)𝑥 − (𝑏 cos 𝑠

𝑐
)𝑦 + 𝑎(𝑧 − 𝑏𝑠

𝑐
) = 0.

d. The line containing 𝐧(𝑠) and passing through 𝛼(𝑠) is given by

𝑥 − 𝑎 cos 𝑠
𝑐

− cos 𝑠
𝑐

=
𝑦 − 𝑎 sin 𝑠

𝑐
− sin 𝑠

𝑐
=

𝑧 − 𝑏 𝑠
𝑐

0
.

Since (0, 0, 𝑎 + 𝑏 𝑠
𝑐) satisfies this equation, this line meets the 𝑧 axis. Also, 𝐧 ⋅ 𝐳̂ = 𝐧 ⋅ (0, 0, 1) = 0, thus 

two lines meet under a constant angle 𝜋/2.

e. Since 𝐭 = (−𝑎
𝑐 sin 𝑠

𝑐 ,
𝑎
𝑐 cos 𝑠

𝑐 ,
𝑏
𝑐) and |𝐭| = |𝐳̂| = 1, we have

cos 𝜃(𝑠) = 𝐭 ⋅ 𝐳̂ = 𝑏
𝑐
 ⟹  𝜃(𝑠) = arccos(𝑏

𝑐
),

which is constant.

2. Since 𝛼′ = 𝐭, 𝛼″ = 𝑘𝐧, and 𝛼‴ = 𝑘𝐧′ + 𝑘′𝐧 = −𝑘2𝐭 + 𝑘′𝐧 − 𝑘𝜏𝐛, we have 𝛼′ ∧ 𝛼″ = 𝐭 ∧ 𝑘𝐧 = 𝑘𝐛 and 

(𝛼′ ∧ 𝛼″) ⋅ 𝛼‴ = 𝑘𝐛 ⋅ (−𝑘2𝐭 + 𝑘′𝐧 − 𝑘𝜏𝐛) = −𝑘2𝜏 . Therefore

𝜏(𝑠) = −𝛼′(𝑠) ∧ 𝛼″(𝑠) ⋅ 𝛼‴(𝑠)
|𝑘(𝑠)|2

.

3. a. We have |𝐭′(𝑠)| = |𝑘(𝑠)𝐧(𝑠)| = 𝑘(𝑠) ≠ 0 by assumption. Therefore 𝑠 ↦ 𝐭(𝑠) is a regular parametrized 

curve.

b. By definition of 𝜃(𝑠), we get 𝐭(𝑠) = (cos 𝜃(𝑠), sin 𝜃(𝑠)) and 𝐧(𝑠) = (− sin 𝜃(𝑠), cos 𝜃(𝑠)). Since 𝐭′(𝑠) =
(−𝜃′(𝑠) sin 𝜃(𝑠), 𝜃′(𝑠) cos 𝜃(𝑠)) = 𝜃′(𝑠)𝐧(𝑠), we have 𝑘 = 𝜃′(𝑠) = 𝑑𝜃/𝑑𝑠.
Note  The definition of 𝜃(𝑠) provided in the problem does not guarantee the differentiability of 𝜃(𝑠), 
as 𝜃(𝑠) is not uniquely determined. For example, if 𝐭(𝑠) = (cos 𝑠, sin 𝑠) then both 𝜃1(𝑠) = 𝑠 and 𝜃2(𝑠) =
𝑠 − 2𝜋⌊𝑠/(2𝜋)⌋ satisfy the definition, yet 𝜃2 is not differentiable. Therefore, an additional condition, 

such as continuity, must be imposed.

We now show that continuity of 𝜃(𝑠) implies differentiability (of ∞-order). Suppose 𝜃(𝑠) is continuous. 

Fix an arbitrary 𝑠0 and consider the case where 𝜃(𝑠0) − 2𝑚𝜋 ∈ (−𝜋/2, 𝜋/2) for some integer 𝑚. Since 

sin 𝜃(𝑠) = 𝑦′(𝑠) for 𝛼(𝑠) = (𝑥(𝑠), 𝑦(𝑠)), we can express 𝜃(𝑠) locally as

𝜃(𝑠) = arcsin(𝑦′(𝑠)) + 2𝑚(𝑠)𝜋

for some integer-valued function 𝑚 : 𝐼 → ℤ. Due to the continuity of 𝜃(𝑠), The function 𝑚 : 𝐼 → ℤ 

must be locally constant (i.e., 𝑚(𝑠) = 𝑚). Now both arcsin(⋅) and 𝑦′(⋅) are 𝐶∞ function, thus 𝜃(𝑠) is 
also a 𝐶∞ function at 𝑠 = 𝑠0.

For cases where 𝜃(𝑠0) lies in other intervals, such as (0, 𝜋), we can proceed similarly using arccos(⋅).

4. Since (𝛼(𝑠) − 𝐱0) ∥ 𝐧(𝑠) for all 𝑠 ∈ 𝐼 with a fixed point 𝐱0, there exists a function 𝑢 : 𝐼 → ℝ such that 

𝐱0 = 𝛼(𝑠) + 𝑢(𝑠)𝐧(𝑠). Differentiate both sides to get

𝟎 = 𝛼′ + 𝑢′𝐧 + 𝑢𝐧′ = 𝐭 + 𝑢′𝐧 + 𝑢(−𝑘𝐭 − 𝜏𝐛) = (1 − 𝑢𝑘)𝐭 + 𝑢′𝐧 − 𝑢𝜏𝐛.

Therefore 1 − 𝑢𝑘 = 𝑢′ = 𝑢𝜏 = 0. From 1 − 𝑢𝑘 = 𝑢′ = 0, we have 𝑢(𝑠) = 1/𝑘. Also, 𝑢𝜏 = 0 implies 𝜏(𝑠) ≡
0, that is, 𝛼(𝑠) is contained in a plane. Finally |𝐱0 − 𝛼(𝑠)| = |𝑢(𝑠)𝐧(𝑠)| = 1/𝑘, so the trace of the curve 

is contained in a circle.

5. a. Let 𝐱0 be a fixed point, then there exists a function 𝑢 : 𝐼 → ℝ such that 𝐱0 = 𝛼(𝑠) + 𝑢(𝑠)𝐭(𝑠). 
Differentiate both sides then

𝟎 = 𝛼′ + 𝑢′𝐭 + 𝑢𝐭′ = 𝐭 + 𝑢′𝐭 + 𝑢𝑘𝐧 = (1 + 𝑢′)𝐭 + 𝑢𝑘𝐧.
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Therefore 1 + 𝑢′ = 𝑢𝑘 = 0. From 𝑢′ = −1, we obtain 𝑢(𝑠) = −𝑠 + 𝑢0 for some constant 𝑢0 ∈ ℝ. Also, 

𝑢𝑘 = 0 implies 𝑘(𝑠) ≡ 0 (because 𝑘(𝑠) = 0 for all 𝑠 ≠ 𝑢0 and 𝑘(𝑠) is continuous at 𝑠 = 𝑢0). Hence 

|𝛼″(𝑠)| ≡ 0 and 𝛼 is a (segment of a) straight line.

b. No. Consider the curve

𝛼(𝑡) = {(𝑡2, 𝑡2), (𝑡 ≥ 0)
(−𝑡2, 𝑡2), (𝑡 < 0).

𝛼 has the property that all its tangent lines pass through the fixed point (0, 0), but the trace of 𝛼 is 

not a straight line.

0

𝛼(𝑡)

6. a. |𝜌𝐮| = √𝜌𝐮 ⋅ 𝜌𝐮 =
√

𝐮 ⋅ 𝐮 = |𝐮|, so the norm of a vector is invariant under orthogonal transformations. 

Also,

cos ∠(𝜌𝐮, 𝜌𝐯) = 𝜌𝐮 ⋅ 𝜌𝐯
|𝜌𝐮||𝜌𝐯|

= 𝐮 ⋅ 𝐯
|𝐮||𝐯|

= cos ∠(𝐮, 𝐯)

and ∠(𝜌𝐮, 𝜌𝐯) = ∠(𝐮, 𝐯). Hence the angle between two vectors is also invariant.

b. Let 𝑅 denotes the matrix representation of 𝜌, that is, 𝜌𝐮 = 𝑅𝐮 for all 𝐮 ∈ ℝ3. Now

(𝜌𝐮 ∧ 𝜌𝐯) ⋅ 𝜌𝐰 = det(𝜌𝐮, 𝜌𝐯, 𝜌𝐰) = det
(

𝑅𝐮 𝑅𝐯 𝑅𝐰

)

 = det

(

𝑅

(

𝐮 𝐯 𝐰

)



)



= det(𝑅) det(𝐮, 𝐯, 𝐰) = (𝐮 ∧ 𝐯) ⋅ 𝐰 = 𝜌(𝐮 ∧ 𝐯) ⋅ 𝜌𝐰,

where det(𝑅) = 1 because 𝜌 is an orthogonal transformation with positive determinant. Since this 

equation holds for arbitrary 𝐰 ∈ ℝ3, we have 𝜌𝐮 ∧ 𝜌𝐯 = 𝜌(𝐮 ∧ 𝐯).
Note that the condition on the determinant is necessary, otherwise, if det(𝑅) = −1, then 𝜌𝐮 ∧ 𝜌𝐯 =
−𝜌(𝐮 ∧ 𝐯) would hold.

c. Let 𝑠(𝑡), 𝑘(𝑡), 𝜏(𝑡) be the arc length, the curvature, and the torsion of the curve 𝛼. By Exercise 12, 

we have

𝑠′(𝑡) = |𝛼′|, 𝑘(𝑡) = |𝛼′ ∧ 𝛼″|
|𝛼′|3

, 𝜏(𝑡) = −(𝛼′ ∧ 𝛼″) ⋅ 𝛼‴

|𝛼′ ∧ 𝛼″|2
.

Let 𝛼(𝑡) = 𝜌𝛼(𝑡). Then

𝑠′(𝑡) = |𝛼′(𝑡)| = |𝜌𝛼′(𝑡)| = |𝛼′(𝑡)| = 𝑠′(𝑡),

so 𝑠(𝑡) = ∫𝑡
𝑡0

 𝑠′(𝑡) 𝑑𝑡 = ∫𝑡
𝑡0

𝑠′(𝑡) 𝑑𝑡 = 𝑠(𝑡). Also,

𝑘(𝑡) = |𝜌𝛼′ ∧ 𝜌𝛼″|
|𝜌𝛼′|3

= |𝜌(𝛼′ ∧ 𝛼″)|
|𝛼′|3

= |𝛼′ ∧ 𝛼″|
|𝛼′|3

= 𝑘(𝑡).

Finally we have

𝜏(𝑡) = −(𝜌𝛼′ ∧ 𝜌𝛼″) ⋅ 𝜌𝛼‴

|𝜌𝛼′ ∧ 𝜌𝛼″|2
= −𝜌(𝛼′ ∧ 𝛼″) ⋅ 𝜌𝛼‴

|𝜌(𝛼′ ∧ 𝛼″)|2
= −(𝛼′ ∧ 𝛼″) ⋅ 𝛼‴

|𝛼′ ∧ 𝛼″|2
= 𝜏(𝑡).

Therefore the arc length, the curvature, and the torsion are invariant under rigid motions.

7. a. We will reparameterize the curve 𝛼 by arc length. Let 𝑠(𝑡) = ∫𝑡
𝑡0

|𝛼′(𝑡)| 𝑑𝑡 and define the curve 𝛼̃ as 

𝛼̃(𝑠) = 𝛼(𝑡(𝑠)), where 𝑡(𝑠) is the inverse function of 𝑠(𝑡). Note that 𝛼̃′(𝑠) = 𝑑𝑡
𝑑𝑠

𝑑𝛼
𝑑𝑡 = |𝛼′(𝑡)|

|𝛼′(𝑡)| = 1, so 𝛼̃ is 

parametrized by arc length. Then we can define 𝐧(𝑡) and 𝑘(𝑡) as
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𝐧(𝑡) ≔ 𝐧̃(𝑠(𝑡)), 𝑘(𝑡) ≔ 𝑘̃(𝑠(𝑡)),

where 𝐧̃(𝑠) and 𝑘̃(𝑠) are the normal vector and curvature of 𝛼̃ at 𝑠. Now we have

𝛽(𝑠) = 𝛼̃(𝑠) + 1
𝑘̃(𝑠)

𝐧̃(𝑠).

Differentiate both sides to get

𝛽′(𝑠) = 𝛼̃′(𝑠) + ( 1
𝑘̃(𝑠)

)
′

𝐧̃(𝑠) + 1
𝑘̃(𝑠)

(−𝑘̃(𝑠)̃𝐭(𝑠) − 𝜏(𝑠)̃𝐛(𝑠)).

Let 𝑙 be the tangent at 𝑡 of the evolute of 𝛼. Since

𝛽′(𝑡) ⋅ 𝛼′(𝑡) = |𝛽′(𝑡)||𝛼′(𝑡)| ⋅ 𝛽′(𝑠) ⋅ 𝛼̃′(𝑠)

= |𝛽′(𝑡)||𝛼′(𝑡)| ⋅
(
𝛼̃′(𝑠) + ( 1

𝑘̃(𝑠)
)

′

𝐧̃(𝑠) − 𝐭̃(𝑠) − 𝜏(𝑠)
𝑘̃(𝑠)

𝐛̃(𝑠)
)
 ⋅ 𝛼̃′(𝑠)

= |𝛽′(𝑡)||𝛼′(𝑡)| ⋅ (1 + 0 − 1 − 0) = 0,

𝑙 is normal to 𝛼 at 𝑡. Also, 𝛼(𝑡) = 𝛽(𝑡) − (1/𝑘(𝑡))𝐧(𝑡), so 𝑙 passes through the point 𝛼(𝑡).
b. Define 𝑠1 = 𝑠(𝑡1), 𝑠2 = 𝑠(𝑡2). Fix 𝑡2, then the intersection point 𝐩(𝑠1) of the normal lines at 𝑡1 and 𝑡2 

is given by

𝛼̃(𝑠1) + 𝐧̃(𝑠1)𝑢(𝑠1) = 𝛼̃(𝑠2) + 𝐧̃(𝑠2)𝑣(𝑠1) = 𝐩(𝑠1),

for some function 𝑢, 𝑣 : 𝐼 → ℝ. Rewrite this equation by

𝛼̃(𝑠2) − 𝛼̃(𝑠1)
𝑠2 − 𝑠1

= 𝐧̃(𝑠1)𝑢(𝑠1) − 𝐧̃(𝑠2)𝑣(𝑠1)
𝑠2 − 𝑠1

and take the inner product of both sides with ̃𝐭(𝑠1) to get

𝐭̃(𝑠1) ⋅ 𝛼̃(𝑠2) − 𝛼̃(𝑠1)
𝑠2 − 𝑠1

= 𝐭̃(𝑠1) ⋅ 𝐧̃(𝑠1)𝑢(𝑠1) − 𝐧̃(𝑠2)𝑣(𝑠1)
𝑠2 − 𝑠1

= 𝐭̃(𝑠1) ⋅ −𝐧̃(𝑠2)𝑣(𝑠1)
𝑠2 − 𝑠1

= 𝐧̃(𝑠2) ⋅ −𝐭̃(𝑠1)𝑣(𝑠1)
𝑠2 − 𝑠1

= 𝐧̃(𝑠2) ⋅ 𝐭̃(𝑠2) − 𝐭̃(𝑠1)
𝑠2 − 𝑠1

𝑣(𝑠1).

Therefore

𝑣(𝑠1) =
𝐭̃(𝑠1) ⋅ 𝛼̃(𝑠2)−𝛼̃(𝑠1)

𝑠2−𝑠1

𝐧̃(𝑠2) ⋅ 𝐭̃(𝑠2)−𝐭̃(𝑠1)
𝑠2−𝑠1

,

and taking the limit 𝑡1 → 𝑡2 (that is, 𝑠1 → 𝑠2) leads to

lim
𝑡1→𝑡2

𝑣(𝑠1) = lim
𝑡1→𝑡2

𝐭̃(𝑠1) ⋅ 𝛼̃(𝑠2)−𝛼̃(𝑠1)
𝑠2−𝑠1

𝐧̃(𝑠2) ⋅ 𝐭̃(𝑠2)−𝐭̃(𝑠1)
𝑠2−𝑠1

= 𝐭̃(𝑠2) ⋅ 𝐭̃(𝑠2)
𝐧̃(𝑠2) ⋅ 𝑘̃(𝑠2)𝐧̃(𝑠2)

= 1
𝑘̃(𝑠2)

.

Since

lim
𝑡1→𝑡2

𝐩(𝑠1) = lim
𝑡1→𝑡2

𝛼̃(𝑠2) + 𝐧̃(𝑠2)𝑣(𝑠1) = 𝛼̃(𝑠2) + 1
𝑘̃(𝑠2)

𝐧̃(𝑠2),

the intersection points converge to a point on the trace of the evolute of 𝛼.

8. a. Let 𝛼̃ be a reparametrization of 𝛼 by the arc length. Since 𝛼′(𝑡) = (1, sinh 𝑡) and 𝑠(𝑡) = ∫𝑡
0
|𝛼′(𝑡)| 𝑑𝑡 =

∫𝑡
0

√
1 + sinh2 𝑡 𝑑𝑡 = ∫𝑡

0
cosh 𝑡 𝑑𝑡 = sinh 𝑡, we have 𝑡(𝑠) = arsinh 𝑠 as the inverse function of 𝑠(𝑡). 

Therefore

𝛼̃(𝑠) = 𝛼(𝑡(𝑠)) = (𝑡(𝑠), cosh 𝑡(𝑠)) = (arsinh 𝑠, √1 + 𝑠2).

The derivatives of 𝛼̃ are
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𝛼̃′(𝑠) = ( 1√
1 + 𝑠2

, 𝑠√
1 + 𝑠2

), 𝛼̃″(𝑠) = (− 𝑠
(1 + 𝑠2)3/2 , 1

(1 + 𝑠2)3/2 ).

Since 𝐧̃(𝑠) = (−𝑠/
√

1 + 𝑠2, 1/
√

1 + 𝑠2), we have 𝛼̃″(𝑠) = 1
1+𝑠2 𝐧̃(𝑠) and 𝑘̃(𝑠) = 1

1+𝑠2 . Thus

𝑘(𝑡) = 𝑘̃(𝑡(𝑠)) = 1
1 + sinh2 𝑡

= 1
cosh2 𝑡

.

b. Let 𝛽 be the reparametrization of 𝛽 by the arc length, where 𝛽(𝑡) = 𝛼(𝑡) + 1
𝑘(𝑡)𝐧(𝑡) is an evolute of 

𝛼. Then

𝛽(𝑠) = 𝛼̃(𝑠) + 1
𝑘̃(𝑠)

𝐧̃(𝑠) = (arsinh 𝑠, √1 + 𝑠2) + (1 + 𝑠2)(− 𝑠√
1 + 𝑠2

, 1√
1 + 𝑠2

)

= (arsinh 𝑠 − 𝑠√1 + 𝑠2, 2√1 + 𝑠2),

so we get

𝛽(𝑡) = 𝛽(𝑠(𝑡)) = (𝑡 − sinh 𝑡 cosh 𝑡, 2 cosh 𝑡).

9. Since |𝛼′(𝑠)| = 1, there exists a differentiable function 𝜃 : 𝐼 → ℝ such that

𝛼′(𝑠) = (cos 𝜃(𝑠), sin 𝜃(𝑠)).

Then 𝛼″(𝑠) = 𝜃′(𝑠)(− sin 𝜃(𝑠), cos 𝜃(𝑠)) and |𝛼″(𝑠)| = 𝜃′(𝑠). By definition we have 𝜃′(𝑠) = 𝑘(𝑠) and 𝜃(𝑠) =
∫ 𝑘(𝑠) 𝑑𝑠 + 𝜑 for some constant angle 𝜑. It follows that

𝛼(𝑠) = ∫ 𝛼′(𝑠) 𝑑𝑠 = (∫ cos 𝜃(𝑠) 𝑑𝑠 + 𝑎, ∫ sin 𝜃(𝑠) 𝑑𝑠 + 𝑏)

for some constant vector (𝑎, 𝑏).

10. a. Let 𝛼(𝑡) = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)). Obviously, 𝑥(𝑡) = 𝑡 is differentiable. It remains to show that

𝑧(𝑡) = {𝑒−1/𝑡2 , 𝑡 > 0
0, 𝑡 ≤ 0

is differentiable at every 𝑡 ∈ ℝ. We assert that there exist a series of polynomials {𝑝𝑛}∞
𝑛=1 such that

𝑧(𝑛)(𝑥) = {𝑝𝑛(1/𝑡)𝑒−1/𝑡2 , 𝑡 > 0
0, 𝑡 ≤ 0  (𝑛 ≥ 0).

For 𝑛 = 0, it is trivial with 𝑝0(𝑥) = 1. Now suppose above statement is true for 𝑛 = 𝑘. Since 𝑧(𝑘)(𝑡) is 
differentiable (of first order) for every 𝑡 ≠ 0, we only have to check for 𝑡 = 0.

lim
𝑡→0+

𝑧(𝑘)(𝑡) − 𝑧(𝑘)(0)
𝑡 − 0

= lim
𝑡→0+

1
𝑡
𝑝𝑘(1

𝑡
)𝑒− 1

𝑡2 = lim
𝑠→∞

𝑠𝑝(𝑠)𝑒−𝑠2 = 0,

therefore 𝑧(𝑘) is differentiable (of first order) at 𝑡 = 0 and 𝑧(𝑘+1)(0) = 0. Moreover,

𝑧(𝑘+1)(𝑡) = 𝑑
𝑑𝑡

(𝑝𝑛(1
𝑡
)𝑒− 1

𝑡2 ) = (− 1
𝑡2

𝑝′
𝑛(1

𝑡
) + 2

𝑡3
𝑝𝑛(1

𝑡
))𝑒− 1

𝑡2  (𝑡 ≥ 0),

hence 𝑝𝑛+1(𝑡) = −𝑡2𝑝′
𝑛(𝑡) + 2𝑡3𝑝𝑛(𝑡).

b. Observe that the derivatives of 𝛼(𝑡) are

𝛼′(𝑡) =

{


(1, 0, 2

𝑡3 𝑒− 1
𝑡2 ), 𝑡 > 0

(1, 2
𝑡3 𝑒− 1

𝑡2 , 0), 𝑡 < 0
(1, 0, 0), 𝑡 = 0,

𝛼″(𝑡) =

{


(0, 0, 4−6𝑡2

𝑡6 𝑒− 1
𝑡2 ), 𝑡 > 0

(0, 4−6𝑡2

𝑡6 𝑒− 1
𝑡2 , 0), 𝑡 < 0

(0, 0, 0), 𝑡 = 0.

Therefore 𝛼 is regular for all 𝑡. Note that 𝑘(𝑡) = |𝛼′(𝑡) ∧ 𝛼″(𝑡)|/|𝛼′(𝑡)|3. If 𝑡 > 0, then the curvature 

is zero if and only if

𝑘(𝑡) = 0 ⟺  |𝛼′(𝑡) ∧ 𝛼″(𝑡)| = |(0, 4 − 6𝑡2

𝑡6
𝑒− 1

𝑡3 , 0)| = 0 ⟺  𝑡 = √2
3
.
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Similarly, if 𝑡 < 0 then 𝑘(𝑡) = 0 if and only if 𝑡 = −√2/3. Obviously 𝑘(0) = 0, since 𝛼″(0) = 0.

c. If 𝑡 > 0 and 𝑡 → 0, then the osculating plane is spanned by the vectors 𝛼′(𝑡) = (1, 0, 2
𝑡3 𝑒− 1

𝑡2 ) and 

𝛼″(𝑡) = (0, 0, 4−6𝑡2

𝑡6 𝑒− 1
𝑡2 ), so the plane is 𝑦 = 0. Otherwise, if 𝑡 < 0 and 𝑡 → 0, then the osculating 

plane is spanned by the vectors 𝛼′(𝑡) = (1, 2
𝑡3 𝑒− 1

𝑡2 , 0) and 𝛼″(𝑡) = (0, 4−6𝑡2

𝑡6 𝑒− 1
𝑡2 , 0), which implies the 

plane 𝑧 = 0.

d. Note that 𝜏(𝑡) = −((𝛼′ ∧ 𝛼″) ⋅ 𝛼‴)/|𝛼′ ∧ 𝛼″|2. If 𝑡 > 0, we have 𝛼′ ∧ 𝛼″ ∥ 𝐲̂ and 𝛼‴ ∥ 𝐳̂ so (𝛼′ ∧ 𝛼″) ⋅
𝛼‴ = 0 and 𝜏(𝑡) = 0. Also if 𝑡 < 0, then 𝛼′ ∧ 𝛼″ ∥ 𝐳̂ and 𝛼‴ ∥ 𝐲̂ so (𝛼′ ∧ 𝛼″) ⋅ 𝛼‴ = 0 and 𝜏(𝑡) = 0. 

Finally, if 𝑡 = 0, then 𝛼″ = 𝛼‴ = 0 so 𝜏(0) = 0.

11. a. The plane curve is given by

𝛼(𝜃) = (𝜌(𝜃) cos 𝜃, 𝜌(𝜃) sin 𝜃), 𝑎 ≤ 𝜃 ≤ 𝑏.

Hence 𝛼′(𝜃) = (𝜌′ cos 𝜃 − 𝜌 sin 𝜃, 𝜌′ sin 𝜃 + 𝜌 cos 𝜃). The arc length is

∫
𝑏

𝑎
|𝛼′(𝜃)| 𝑑𝜃 = ∫

𝑏

𝑎

√(𝜌′ cos 𝜃 − 𝜌 sin 𝜃)2 + (𝜌′ sin 𝜃 + 𝜌 cos 𝜃)2 𝑑𝜃 = ∫
𝑏

𝑎

√𝜌2 + (𝜌′)2 𝑑𝜃.

b. By Exercise 12(d), the curvature of the curve 𝛼(𝜃) = (𝑥(𝜃), 𝑦(𝜃)) is given by

𝑘(𝜃) = (𝑥′𝑦″ − 𝑥″𝑦′)/((𝑥′)2 + (𝑦′)2)
3/2

.

Since

𝛼″(𝜃) = (𝜌″ cos 𝜃 − 2𝜌′ sin 𝜃 − 𝜌 cos 𝜃, 𝜌″ sin 𝜃 + 2𝜌′ cos 𝜃 − 𝜌 sin 𝜃),

we have

𝑥′𝑦″ − 𝑥″𝑦′ = (𝜌′𝑐 − 𝜌𝑠)(𝜌″𝑠 + 2𝜌′𝑐 − 𝜌𝑠) − (𝜌′𝑠 + 𝜌𝑐)(𝜌″𝑐 − 2𝜌′𝑠 − 𝜌𝑐)

= 2(𝜌′)2 − 𝜌𝜌″ + 𝜌2,

where 𝑐 = cos 𝜃, 𝑠 = sin 𝜃. Therefore the curvature is

𝑘(𝜃) = 𝑥′𝑦″ − 𝑥″𝑦′

((𝑥′)2 + (𝑦′)2)
3/2 = 2(𝜌′)2 − 𝜌𝜌″ + 𝜌2

((𝜌′)2 + 𝜌2)
3/2 .

12. a. Note that 𝑠(𝑡) = ∫𝑡
𝑎
|𝛼′(𝑡)| 𝑑𝑡 and 𝑠′(𝑡) = |𝛼′(𝑡)|. Hence 𝑑𝑡

𝑑𝑠 = 1/( 𝑑𝑠
𝑑𝑡 ) = 1/|𝛼′|. Also,

𝑑2𝑡
𝑑𝑠2 = 𝑑

𝑑𝑠
(𝑑𝑡

𝑑𝑠
) = 𝑑

𝑑𝑠
( 1

|𝛼′(𝑡)|
) = 𝑑

𝑑𝑡
( 1

|𝛼′(𝑡)|
) ⋅ 𝑑𝑡

𝑑𝑠
= −|𝛼′|′

|𝛼′|2
⋅ 1
|𝛼′|

= −𝛼′ ⋅ 𝛼″

|𝛼′|4
,

where |𝛼′|′ = (
√

𝛼′ ⋅ 𝛼′)
′
= 2𝛼′⋅𝛼″

2
√

𝛼′⋅𝛼′ = 𝛼′⋅𝛼″

|𝛼′| .
b. Let 𝑘̃(𝑠) be the curvature of 𝛽 at 𝑠 ∈ 𝐽 , so 𝑘̃(𝑠) = 𝑘(𝑡(𝑠)). Since 𝛽(𝑠) = 𝛼(𝑡(𝑠)), we have 𝛽′(𝑠) =

𝑑
𝑑𝑠𝛼(𝑡) = 𝑑𝑡

𝑑𝑠
𝑑𝛼
𝑑𝑡 = 𝛼′/|𝛼′|. Moreover,

𝛽″(𝑠) = 𝑑
𝑑𝑠

( 𝛼′

|𝛼′|
) = 𝑑

𝑑𝑡
( 𝛼′

|𝛼′|
) ⋅ 𝑑𝑡

𝑑𝑠
= 𝑑

𝑑𝑡
( 1

|𝛼′|
⋅ 𝛼′) ⋅ 𝑑𝑡

𝑑𝑠

= (−|𝛼′|′

|𝛼′|2
𝛼′ + 1

|𝛼′|
𝛼″) ⋅ 1

|𝛼′|
= (−𝛼′ ⋅ 𝛼″

|𝛼′|3
𝛼′ + 𝛼′ ⋅ 𝛼′

|𝛼′|3
𝛼″) ⋅ 1

|𝛼′|

= 1
|𝛼′|4

((𝛼′ ⋅ 𝛼′)𝛼″ − (𝛼′ ⋅ 𝛼″)𝛼′) = 1
|𝛼′|4

((𝛼′ ∧ 𝛼″) ∧ 𝛼′).

Therefore

𝑘(𝑡) = 𝑘̃(𝑠) = |𝛽″(𝑠)| = | 1
|𝛼′|4

((𝛼′ ∧ 𝛼″) ∧ 𝛼′)| = |𝛼′ ∧ 𝛼″|
|𝛼′|3

because 𝛼′ ∧ 𝛼″ and 𝛼′ are perpendicular.

c. Let 𝜏(𝑠) be the curvature of 𝛽 at 𝑠 ∈ 𝐽 , so 𝜏(𝑠) = 𝜏(𝑡(𝑠)). Observe that 𝛽″(𝑠) = 𝑘̃(𝑠)𝐧̃(𝑠) implies 

𝛽‴(𝑠) = 𝑘̃′𝐧̃ + 𝑘̃𝐧̃′ = 𝑘̃′𝐧̃ + 𝑘̃(−𝑘̃𝐧̃ − 𝜏𝐛̃), so 𝛽‴(𝑠) ⋅ 𝐛̃(𝑠) = −𝑘̃(𝑠)𝜏(𝑠) = −𝑘(𝑡)𝜏(𝑡).
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The normal vector 𝐧̃(𝑠) and binormal vector ̃𝐛(𝑠) are given by

𝐧̃(𝑠) = 1
𝑘̃(𝑠)

𝛽″(𝑠) = |𝛼′|
|𝛼′ ∧ 𝛼″|

𝛼″ − 𝛼′ ⋅ 𝛼″

|𝛼′ ∧ 𝛼″|
𝛼′

|𝛼′|
,

𝐛̃(𝑠) = 𝐭̃(𝑠) ∧ 𝐧̃(𝑠) = 𝛼′

|𝛼′|
∧ ( |𝛼′|

|𝛼′ ∧ 𝛼″|
𝛼″ − 𝛼′ ⋅ 𝛼″

|𝛼′ ∧ 𝛼″|
𝛼′

|𝛼′|
) = 𝛼′ ∧ 𝛼″

|𝛼′ ∧ 𝛼″|
.

Hence

−𝑘(𝑡)𝜏(𝑡) = 𝛽‴(𝑠) ⋅ 𝐛̃(𝑠) = (𝛼‴(𝑑𝑡
𝑑𝑠

)
3

+ 3𝛼″ 𝑑𝑡
𝑑𝑠

𝑑2𝑡
𝑑𝑠2 + 𝛼′ 𝑑3𝑡

𝑑𝑠3 ) ⋅ 𝛼′ ∧ 𝛼″

|𝛼′ ∧ 𝛼″|
= 𝛼‴

|𝛼′|3
⋅ 𝛼′ ∧ 𝛼″

|𝛼′ ∧ 𝛼″|
.

Finally we get

𝜏(𝑡) = − 1
𝑘(𝑡)

𝛼‴

|𝛼′|3
⋅ 𝛼′ ∧ 𝛼″

|𝛼′ ∧ 𝛼″|
= −(𝛼′ ∧ 𝛼″) ⋅ 𝛼‴

|𝛼′ ∧ 𝛼″|2
.

d. Since 𝐭(𝑡) = (𝑥′,𝑦′)
√(𝑥′)2+(𝑦′)2 , the normal vector is given by 𝐧(𝑡) = (−𝑦′,𝑥′)

√(𝑥′)2+(𝑦′)2 . Note that there is no vector 

product in ℝ2, so we can’t use the formula 𝑘(𝑡) = |𝛼′ ∧ 𝛼″|/|𝛼′|3. Since we have

𝛽″(𝑠) = 1
|𝛼′|4

((𝛼′ ⋅ 𝛼′)𝛼″ − (𝛼′ ⋅ 𝛼″)𝛼′) = (𝑥″, 𝑦″)
(𝑥′)2 + (𝑦′)2 − 𝑥′𝑥″ + 𝑦′𝑦″

((𝑥′)2 + (𝑦′)2)
2 (𝑥′, 𝑦′)

= 𝑥′𝑦″ − 𝑥″𝑦′

((𝑥′)2 + (𝑦′)2)
3/2 ⋅ −𝑦′, 𝑥′

√(𝑥′)2 + (𝑦′)2
= 𝑥′𝑦″ − 𝑥″𝑦′

((𝑥′)2 + (𝑦′)2)
3/2 𝐧(𝑡),

the curvature is

𝑘(𝑡) = |𝛽″(𝑠)| = 𝑥′𝑦″ − 𝑥″𝑦′

((𝑥′)2 + (𝑦′)2)
3/2 .

13. First suppose that 𝛼(𝐼) lies on a sphere. Since 𝑘 and 𝜏  are invariant under translation, we can assume 

|𝛼(𝑠)|2 = 𝐶 for some constant 𝐶 > 0. Differentiate 𝛼(𝑠) ⋅ 𝛼(𝑠) = 𝐶 three times then we obtain

𝛼 ⋅ 𝛼′ = 0, 𝛼 ⋅ 𝛼″ + 𝛼′ ⋅ 𝛼′ = 𝛼 ⋅ 𝛼″ + 1 = 0, 𝛼 ⋅ 𝛼‴ + 𝛼′ ⋅ 𝛼″ = 𝛼 ⋅ 𝛼‴ = 0.

Since 𝛼″ = 𝑘𝐧 and 𝛼‴ = 𝑘′𝐧 + 𝑘𝐧′ = 𝑘′𝐧 + 𝑘(−𝑘𝐭 − 𝜏𝐛), it follows that

𝛼 ⋅ 𝐭 = 0, 𝛼 ⋅ 𝑘𝐧 = −1, 𝛼 ⋅ (𝑘′𝐧 − 𝑘2𝐭 − 𝑘𝜏𝐛) = 0.

In particular, the last equation leads to

0 = 𝑘′(𝛼 ⋅ 𝐧) − 𝑘2(𝛼 ⋅ 𝐭) − 𝑘𝜏(𝛼 ⋅ 𝐛) = 𝑘′(−1
𝑘
) − 𝑘2 ⋅ 0 − 𝑘𝜏(𝛼 ⋅ 𝐛),

hence we get 𝛼 ⋅ 𝐛 = 𝑘′

𝑘𝜏 (−1
𝑘) = (− 𝑘′

𝑘2 )1
𝜏 = (1

𝑘)′(1
𝜏 ) = 𝑅′𝑇 . Thus 𝛼 satisfies

𝛼 = (𝛼 ⋅ 𝐭)𝐭 + (𝛼 ⋅ 𝐧)𝐧 + (𝛼 ⋅ 𝐛)𝐛 = −𝑅𝐧 + 𝑅′𝑇𝐛

and |𝛼|2 = 𝑅2 + (𝑅′)2𝑇 2 is constant.

Conversely, assume that 𝑅2 + (𝑅′)2𝑇 2 is constant, so we have (𝑅2 + (𝑅′)2𝑇 2)
′
= 2𝑅𝑅′ + 2𝑅′𝑇 (𝑅′𝑇 )′ =

0. We define the parametrized curve 𝛽(𝑠) = 𝛼(𝑠) + 𝑅𝐧 − 𝑅′𝑇𝐛, then

𝛽′(𝑠) = 𝐭 + 𝑅′𝐧 + 𝑅(−𝑘𝐭 − 𝜏𝐛) − (𝑅′𝑇 )′𝐛 − (𝑅′𝑇 )𝜏𝐧 = −𝑅
𝑇

𝐛 − (𝑅′𝑇 )′𝐛

= − 1
2𝑅′𝑇

(2𝑅𝑅′ + 2𝑅′𝑇 (𝑅′𝑇 )′)𝐛 = 0.

Therefore 𝛽(𝑠) is constant, so let 𝛽(𝑠) = 𝐱0. Accordingly,

|𝛼(𝑠) − 𝐱0| = |𝑅𝐧 − 𝑅′𝑇𝐛| = √𝑅2 + (𝑅′)2𝑇 2 = const.,

hence 𝛼(𝐼) lies on a sphere.
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14. Let 𝑓(𝑡) = |𝛼(𝑡)|2 = 𝛼(𝑡) ⋅ 𝛼(𝑡). Since 𝑓(𝑡) is maximum at 𝑡 = 𝑡0, we have 𝑓 ′(𝑡0) = 0 and 𝑓″(𝑡0) ≤ 0, 

that is,

𝑓 ′(𝑡) = 2𝛼(𝑡) ⋅ 𝛼′(𝑡) ⟹  𝛼(𝑡0) ⋅ 𝛼′(𝑡0) = 0,

𝑓″(𝑡) = 2𝛼′(𝑡) ⋅ 𝛼′(𝑡) + 2𝛼(𝑡) ⋅ 𝛼″(𝑡) ⟹  |𝛼′(𝑡0)|
2 + 𝛼(𝑡0) ⋅ 𝛼″(𝑡0) ≤ 0.

Note that 𝛼 ⋅ 𝛼″ < 0, so we have |𝛼 ⋅ 𝛼″| ≥ |𝛼′|2. Now {𝛼(𝑡0), 𝛼′(𝑡0)} is an orthogonal basis of ℝ2, so there 

exists 𝑐1, 𝑐2 ∈ ℝ such that 𝛼″(𝑡0) = 𝑐1𝛼(𝑡0) + 𝑐2𝛼′(𝑡0). Applying inner product with 𝛼(𝑡0) both sides to 

obtain 𝛼″ ⋅ 𝛼 = 𝑐1|𝛼|2 and 𝑐1 = (𝛼″ ⋅ 𝛼)/|𝛼|2. By Exercise 12,

𝑘(𝑡0) = 1
|𝛼′|4

|(𝛼′ ⋅ 𝛼′)𝛼″ − (𝛼′ ⋅ 𝛼″)𝛼′|

= 1
|𝛼′|4

||𝛼′|2(𝑐1𝛼 + 𝑐2𝛼′) − 𝑐2|𝛼′|2𝛼′|

= |𝑐1||𝛼|
|𝛼′|2

= |𝛼 ⋅ 𝛼″|
|𝛼||𝛼′|2

≥ |𝛼′|2

|𝛼||𝛼′|2
= 1

|𝛼(𝑡0)|
.

15. Since 𝐛′ = 𝜏𝐧, the absolute value of the torsion is determined by |𝜏 | = |𝐛′|, and 𝐧 is determined up to a 

sign. Now 𝐭 = 𝐧 ∧ 𝐛 and the curvature satisfies the relation 𝐭′ = 𝑘𝐧, so 𝑘 > 0 can be determined.

16. The statement is false. We introduce a counterexample.

For 𝑟, ℎ > 0 with 𝑟2 + ℎ2 = 1, define a helix given by 𝛼(𝑠) = (𝑟 cos 𝑠, 𝑟 sin 𝑠, ℎ𝑠). Note that 𝛼′(𝑠) =
(−𝑟 sin 𝑠, 𝑟 cos 𝑠, ℎ), so |𝛼′(𝑠)| =

√
𝑟2 + ℎ2 = 1 and 𝛼 is parametrized by an arc length.

Since 𝛼″(𝑠) = (−𝑟 cos 𝑠, −𝑟 sin 𝑠) = 𝑟(− cos 𝑠, − sin 𝑠, 0), we have 𝑘(𝑠) ≡ 𝑟 and 𝐧(𝑠) = (− cos 𝑠, − sin 𝑠, 0). 
Consequently, 𝐛(𝑠) = 𝐭(𝑠) ∧ 𝐧(𝑠) = (ℎ sin 𝑠, −ℎ cos 𝑠, 𝑟) and 𝐛′(𝑠) = (ℎ cos 𝑠, ℎ sin 𝑠, 0) = −ℎ𝐧(𝑠), thus 

𝜏(𝑠) ≡ −ℎ. Observe that 𝐧(𝑠) is the same for every helix with arbitrary 𝑟, ℎ > 0, but 𝑘(𝑠) = 𝑟, 𝜏(𝑠) =
−ℎ ≠ 0 is not same. Therefore 𝑘(𝑠) and 𝜏(𝑠) cannot be determined by the normal vector 𝐧(𝑠).
Note  In the solution of the book, they said that

𝐧 ∧ 𝐧′ ⋅ 𝐧″

|𝐧′|2
= (𝑘/𝜏)′

(𝑘/𝜏)2 + 1
= (arctan(𝑘/𝜏))′ ≕ 𝑎(𝑠),

so 𝑘/𝜏  can be determined by arctan(𝑘/𝜏) = ∫ 𝑎(𝑠) 𝑑𝑠. However, we have to consider the constant of 

integration, so arctan(𝑘/𝜏) cannot be determined.

In fact, in the case of family of helix, (arctan(𝑘/𝜏))′ = (arctan(−𝑟/ℎ))′ = 0 is determined for all helices, 

but arctan(𝑘/𝜏) = arctan(−𝑟/ℎ) is not determined.

17. a. Let 𝐚 be an unit vector of the fixed direction and 𝜃 be a fixed angle. By definition, if 𝛼 is a helix, then 

𝐚 ⋅ 𝐭 = const.. Differentiate both sides to get 𝐚 ⋅ 𝑘𝐧 = 0, that is, 𝑘(𝑠) = 0 or 𝐚 ⋅ 𝐧(𝑠) = 0 for every 𝑠 ∈
𝐼 . Note that if 𝑘(𝑠) ≡ 0 in some interval (𝑎, 𝑏), then 𝛼 is straight line in that interval so 𝜏(𝑠) ≡ 0, 

which is contradiction. Hence for arbitrary interval (𝑎, 𝑏), there is a point 𝑠0 ∈ (𝑎, 𝑏) such that 𝑘(𝑠0) ≠
0, that is, 𝐚 ⋅ 𝐧(𝑠0) = 0. Since 𝐚 ⋅ 𝐧(𝑠) is continuous, we have 𝐚 ⋅ 𝐧(𝑠) = 0 for all 𝑠 ∈ 𝐼 .

Since (𝐚 ⋅ 𝐛)′ = 𝐚 ⋅ 𝜏𝐧 = 0, we have that 𝐚 ⋅ 𝐛 is constant. Therefore

𝐚 ⋅ 𝐧′ = 0 ⟹  𝐚 ⋅ (−𝑘𝐭 − 𝜏𝐛) = 0 ⟹  𝑘
𝜏

= −𝐚 ⋅ 𝐛
𝐚 ⋅ 𝐭

= const.

Conversely, suppose that 𝑘/𝜏  is constant. Define 𝐚 = 𝐭 − 𝑘
𝜏 𝐛. Since

𝐚′ = 𝐭′ − 𝑘
𝜏
𝐛′ = 𝑘𝐧 − 𝑘

𝜏
𝜏𝐧 = 0,

𝐚 is constant. Because 𝐚 ⋅ 𝐭 = 1 is constant, by definition, 𝛼 is a helix.

b. If 𝛼 is a helix, then 𝐚 ⋅ 𝐭 = const., so we have 𝐚 ⋅ 𝐧 = 0 by the argument of (a). Then the lines containing 

𝐧(𝑠) and passing through 𝛼(𝑠) are parallel to a fixed plane normal to 𝐚.

Conversely, if the last condition holds, then 𝐚 ⋅ 𝐧 = 0. So we have (𝐚 ⋅ 𝐭)′ = 𝐚 ⋅ 𝑘𝐧 = 0, therefore 𝐚 ⋅
𝐭 = const. and 𝛼 is a helix.
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c. If 𝛼 is a helix, 𝐚 ⋅ 𝐭 = const., so we have 𝐚 ⋅ 𝐧 = 0 by the argument of (a). Then we obtain (𝐚 ⋅ 𝐛)′ =
𝐚 ⋅ 𝜏𝐧 = 0, that is, 𝐚 ⋅ 𝐛 = const., and the lines containing 𝐛(𝑠) and passing through 𝛼(𝑠) make a 

constant angle arccos(𝐚 ⋅ 𝐛) with a fixed direction 𝐚.

Conversely, if 𝐚 ⋅ 𝐛 = const., then 𝐚 ⋅ 𝜏𝐧 = 0. Since 𝜏(𝑠) ≠ 0, we have 𝐚 ⋅ 𝐧 = 0. So (𝐚 ⋅ 𝐭)′ = 𝐚 ⋅ 𝑘𝐧 =
0 implies that 𝐚 ⋅ 𝐭 = const. and 𝛼 is a helix.

18. a. We reparametrize the curve 𝛼 by an arc length, and denote it by 𝛼. (That is, we will assume that 𝛼 is 

already parametrized by an arc length.) We can see that this assumption doesn’t make any problem. 

Note that 𝛼(𝑠) = 𝛼(𝑠) + 𝑟(𝑠)𝐧(𝑠), thus 𝛼 may not be parametrized by an arc length. Differentiate 

both sides with respect to 𝑠, then we obtain

𝑑𝛼
𝑑𝑠

= 𝐭 + 𝑟′𝐧 + 𝑟𝐧′ = (1 − 𝑟𝑘)𝐭 + 𝑟′𝐧 − 𝑟𝜏𝐛.

By the definition of Bertrand mate, 𝑑𝛼/𝑑𝑠 is tangent to 𝐧(𝑠), so we have 𝑑𝛼/𝑑𝑠 ⋅ 𝐧 = 𝑟′ = 0 and 𝑟 is 
constant.

b. We will denote the arc length, the unit tangent vector, and the normal vector of 𝛼 by 𝑠, 𝐭 and 𝐧. 

First suppose that 𝛼 is a Bertrand curve. By the definition, we have 𝐭 ⟂ 𝐧 ∥ 𝐧 ⟂ 𝐭 for each 𝑠 ∈ 𝐼 . 

Observe that

𝑑(𝐭 ⋅ 𝐭)
𝑑𝑠

= 𝐭 ⋅ 𝑑𝐭
𝑑𝑠

+ 𝑑𝐭
𝑑𝑠

⋅ 𝐭 = 𝐭 ⋅ 𝑑𝑠
𝑑𝑠

⋅ 𝑑𝐭
𝑑𝑠

+ 𝑑𝐭
𝑑𝑠

⋅ 𝐭 = 𝐭 ⋅ 𝑑𝑠
𝑑𝑠

⋅ 𝑘𝐧 + 𝑘𝐧 ⋅ 𝐭 = 0,

thus 𝐭 ⋅ 𝐭 = const., and |𝐭 ∧ 𝐭| = √1 − (𝐭 ⋅ 𝐭)2
 is also constant. Moreover,

𝐭 ⋅ 𝐭 = 𝐭 ⋅ 𝑑𝑠
𝑑𝑠

⋅ 𝑑𝛼
𝑑𝑠

= 𝐭 ⋅ 𝑑𝑠
𝑑𝑠

⋅ ((1 − 𝑟𝑘)𝐭 − 𝑟𝜏𝐛) = 𝑑𝑠
𝑑𝑠

(1 − 𝑟𝑘),

|𝐭 ∧ 𝐭| = |𝐭 ∧ (𝑑𝑠
𝑑𝑠

⋅ 𝑑𝛼
𝑑𝑠

)| = |𝑑𝑠
𝑑𝑠

(𝐭 ∧ ((1 − 𝑟𝑘)𝐭 − 𝑟𝜏𝐛))| = |𝑑𝑠
𝑑𝑠

𝑟𝜏|.

So we have (1 − 𝑟𝑘)/(𝑟𝜏) = const. = 𝐶, that is, 𝑟𝑘 + 𝐶𝑟𝜏 = 1. Letting 𝐴 = 𝑡 and 𝐵 = 𝐶𝑟, we obtain 

𝐴𝑘 + 𝐵𝜏 = 1.

Conversely, assume that 𝐴𝑘 + 𝐵𝜏 = 1 for some constants 𝐴, 𝐵. Define 𝛼 = 𝛼 + 𝑟𝐧 with 𝑟 = 𝐴. We 

will justify that 𝛼 is Bertrand mate of 𝛼. Since

𝑑𝛼
𝑑𝑠

= (1 − 𝑟𝑘)𝐭 − 𝑟𝜏𝐛 = 𝐵𝜏𝐭 − 𝑟𝜏𝐛 = 𝜏(𝐵𝐭 − 𝑟𝐛),

the unit vector 𝐭 of 𝛼 is given by 𝐭 = (𝐵𝐭 − 𝑟𝐛)/
√

𝐵2 + 𝑟2. It follows that

𝑑𝐭
𝑑𝑠

= ((𝐵𝑘 − 𝑟𝜏)/√𝐵2 + 𝑟2)𝐧,

so 𝐧(𝑠) = ±𝐧(𝑠) and the normal lines of 𝛼 and 𝛼 at 𝑠 agree. Thus, 𝛼 is a Bertrand curve.

c. Assume that 𝛼 has two distinct Bertrand mates 𝛼 = 𝛼 + 𝑟𝐧, 𝛼̃ = 𝛼 + 𝑟̃𝐧. By part (b), we can see that 

𝛼 + 𝑟𝐧 is Bertrand mate of 𝛼 if and only if the relation 𝑟𝑘(𝑠) + 𝐵𝜏(𝑠) = 1 holds for some constant 

𝐵. Hence we obtain 𝑟𝑘 + 𝐵𝜏 = 𝑟̃𝑘 + 𝐵̃𝜏 = 1 for some constant 𝐵, 𝐵̃. Now for arbitrary 𝜉 ∈ ℝ, the 

following relation

(𝜉𝑟 + (1 − 𝜉)𝑟̃)𝑘 + (𝜉𝐵 + (1 − 𝜉)𝐵̃)𝜏 = 1

holds. Hence for 𝑟∗ = 𝜉𝑟 + (1 − 𝜉)𝑟̃, the curve 𝛼∗ = 𝛼 + 𝑟∗𝐧 is a Bertrand mate of 𝛼, so 𝛼 has infinitely 

many Bertrand mates.

As 𝑘 + (𝐵/𝑟)𝜏 = 1/𝑟 and 𝑘 + (𝐵̃/𝑟̃)𝜏 = 1/𝑟̃, it must be 𝐵/𝑟 ≠ 𝐵̃/𝑟̃. Otherwise, we have 𝑟 = 𝑟̃, which 

is a contradiction. Hence we obtain 𝑘′ + (𝐵/𝑟)𝜏 ′ = 𝑘′ + (𝐵̃/𝑟̃)𝜏 ′ = 0 and 𝑘′ = 𝜏 ′ = 0. Using the 

uniqueness part of the fundamental theorem of the local theory of curves, we can conclude that the 

circular helix is the only such curve.
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2-2. Regular Surfaces; Inverse Images of Regular Values

1. First, we show that the cylinder 𝑆 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑥2 + 𝑦2 = 1} is a regular surface. Define 𝑓 : ℝ3 →
ℝ as 𝑓(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2. Since (𝑓𝑥, 𝑓𝑦, 𝑓𝑧) = (2𝑥, 2𝑦, 0), the partial derivatives vanish simultaneously at 

(0, 0, 𝑧) for all 𝑧 ∈ ℝ, and the set of critical values is {𝑓(0, 0, 𝑧) | 𝑧 ∈ ℝ} = {0}. Hence 1 is a regular value 

of 𝑓 , and 𝑓−1(1) = 𝑆 is a regular surface by Prop. 2.

We now show that the mapping 𝐱 : 𝑈 → 𝑆,  𝐱(𝑢, 𝑣) = (cos 𝑢, sin 𝑢, 𝑣) where 𝑈 = (0, 2𝜋) × ℝ defines a 

parametrization. Note that cos2 𝑢 + sin2 𝑢 = 1 so 𝐱(𝑈) ⊂ 𝑆. (i) It is easy to see that 𝐱 is differentiable. 

(iii) Since

𝑑𝐱𝐪 =
(

− sin 𝑢

cos 𝑢
0

0
0
1)

,

the differential 𝑑𝐱𝐪 is one-to-one for each 𝐪 ∈ 𝑈 . (ii) Let (cos 𝑢, sin 𝑢, 𝑣) = (𝑥, 𝑦, 𝑧). Since 𝑣 = 𝑧 and (𝑥, 𝑦) 
determines 𝑢, 𝐱 is one-to-one. By Prop. 4, 𝐱−1 is continuous.

Note that this parametrization doesn’t cover the points {(1, 0, 𝑣) | 𝑣 ∈ ℝ}. However, we can define 𝐱∗ :
𝑈 → 𝑆,  𝐱∗(𝑢, 𝑣) = (sin 𝑢, cos 𝑢, 𝑣), and fully cover 𝑆 by 𝐱(𝑈) ∪ 𝐱∗(𝑈).
Note  The process of proving that a given mapping 𝐱 : 𝑈 → ℝ3 is a parametrization for 𝑆 is as follows.

• First, justify that 𝐱 : 𝑈 → 𝑆 by showing that 𝐱(𝑈) ⊂ 𝑆.

• Second, verify the three conditions provided in Def. 1:

(i) 𝐱 is differentiable,

(ii) 𝐱 is a homeomorphism,

(iii) For each 𝐪 ∈ 𝑈 , 𝑑𝐱𝐪 : 𝑅2 → 𝑅3 is one-to-one.

In the solution above, the notations (i), (ii), and (iii) refer to the proofs of these three specific conditions.

The method of proof is as follows:

• If it is easily established by other means that 𝑆 is a regular surface, we first prove (i) and (iii), and 

then apply Prop. 4 to conclude (ii).

• Otherwise, conditions (i), (ii), and (iii) must be proven independently.

2. The set {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑧 = 0, 𝑥2 + 𝑦2 < 1} is a regular surface. It’s because 𝑇 = {(𝑥, 𝑦) | 𝑥2 + 𝑦2 < 1} 

is open and 𝑓 : 𝑇 → ℝ defined by 𝑓(𝑥, 𝑦) = 0 is differentiable, so {(𝑥, 𝑦, 𝑓(𝑥, 𝑦)) | (𝑥, 𝑦) ∈ 𝑇} is a regular 

surface by Prop. 1.

We now show that 𝑆 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑧 = 0, 𝑥2 + 𝑦2 ≤ 1} is not a regular surface. Let 𝐩 = (1, 0, 0), and 

suppose that 𝑆 is a regular surface. Then by definition, there exists a neighborhood 𝑉  of 𝐩 in ℝ3 and 

a map 𝐱 : 𝑈 → 𝑉 ∩ 𝑆 of an open set 𝑈 ⊂ ℝ2 onto 𝑉 ∩ 𝑆 ⊂ ℝ3 such that (i) 𝐱 is differentiable, (ii) 𝐱 is 

a homeomorphism, (iii) 𝑑𝐱𝐪 is one-to-one for each 𝐪 ∈ 𝑈 . Since 𝐱(𝑢, 𝑣) = (𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣)) is onto 

𝑉 ∩ 𝑆, we have 𝑧(𝑢, 𝑣) ≡ 0. Let 𝐪 = 𝐱−1(𝐩).

𝐪

𝑈 ′

𝑈

𝑆 𝑉

𝑥

𝑦𝑧

𝐩

𝜋(𝑆) 𝑊

𝜋(𝐩)
𝑥

𝑦
𝐱 𝜋

𝐅 = 𝜋 ⚬ 𝐱

Now define 𝜋 : ℝ3 → ℝ2 as 𝜋(𝑥, 𝑦, 𝑧) = (𝑥, 𝑦) and consider the function 𝐅 : ℝ2 → 𝜋(𝑆),  𝐅 = 𝜋 ⚬ 𝐱. Since
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𝑑𝐱𝐪 =
(

𝜕𝑥/𝜕𝑢

𝜕𝑦/𝜕𝑢
0

𝜕𝑥/𝜕𝑣
𝜕𝑦/𝜕𝑣

0 )



is one-to-one, we have

|(𝜕𝑥/𝜕𝑢
𝜕𝑦/𝜕𝑢

𝜕𝑥/𝜕𝑣
𝜕𝑦/𝜕𝑣)| ≠ 0.

Therefore 𝑑𝐅𝐪 = |(𝜕𝑥/𝜕𝑢
𝜕𝑦/𝜕𝑢

𝜕𝑥/𝜕𝑣
𝜕𝑦/𝜕𝑣)| ≠ 0 and we can apply the inverse function theorem, so there exists 

neighborhood 𝑈 ′ of 𝐪 in 𝑈  and neighborhood 𝑊  of 𝐅(𝐪) = (1, 0) in ℝ2 such that 𝐅|𝑈′ : 𝑈 ′ → 𝑊  has 

differentiable inverse (𝐅|𝑈′)−1 : 𝑊 → 𝑈 ′.

Let 𝐫 = 𝐅(𝐪) + (𝜀, 0) for sufficiently small 𝜀 so that 𝐫 ∈ 𝑊 − 𝜋(𝑆). Then 𝐬 = (𝐅|𝑈′)−1(𝐫) ∈ 𝑈 ′ ⊂ 𝑈  and 

𝐅(𝐬) = 𝐫 ∉ 𝜋(𝑆). However, since 𝐅 : 𝑈 → 𝜋(𝑆), it must be 𝐅(𝐬) ∈ 𝜋(𝑆), which is a contradiction.

3. If it is a regular surface, by Prop. 3, there exists a representation of the surface in one of three forms 𝑧 =
𝑓(𝑥, 𝑦),  𝑦 = 𝑔(𝑥, 𝑧),  𝑥 = ℎ(𝑦, 𝑧) in the neighborhood of (0, 0, 0). However, projections of the surface over 

the 𝑥𝑦,  𝑦𝑧,  𝑧𝑥 planes are not one-to-one, so it cannot be the regular surface.

𝑦

𝑧

𝑥

4. Since 𝑑𝑓𝐪 = (0, 0, 2𝑧), The critical points of 𝑓 are the points with 𝑧 = 0 and critical values are 

{𝑓(𝑥, 𝑦, 0) | 𝑥, 𝑦 ∈ ℝ} = {0}. Thus 0 is not a regular value of 𝑓 . However, 𝑓−1(0) is 𝑥𝑦-plane, which is a 

regular surface by Prop. 1 (with 𝑈 = ℝ2 and 𝑓(𝑥, 𝑦) = 0).

5. Yes. First observe that 𝑃  is a regular surface by Prop. 2, because it is given by the preimage of a 

differentiable function 𝑓(𝑥, 𝑦, 𝑧) = 𝑥 − 𝑦 at a regular value 0, that is, 𝑃 = 𝑓−1(0). Now we show that 

𝐱(𝑢, 𝑣) = (𝑢 + 𝑣, 𝑢 + 𝑣, 𝑢𝑣) is a parametrization of 𝑃 . Clearly, 𝐱(𝑈) ⊂ 𝑃 . (i) It is easy to see that 𝐱 is 

differentiable. (iii) Since

𝑑𝐱𝐪 =
(

1

1
𝑣

1
1
𝑢)

, 𝜕(𝑥, 𝑧)

𝜕(𝑢, 𝑣)
= 𝑢 − 𝑣 ≠ 0,

the differential 𝑑𝐱𝐪 is one-to-one for each 𝐪 ∈ 𝑈 . (ii) Let (𝑢 + 𝑣, 𝑢 + 𝑣, 𝑢𝑣) = (𝑥, 𝑦, 𝑧). Since 𝑢 and 𝑣 are 

zeros of quadratic equation 𝑡2 − 𝑥𝑡 + 𝑧 = 0 and 𝑢 > 𝑣, we can determine (𝑢, 𝑣) by (𝑥, 𝑦, 𝑧). So 𝐱 is one-

to-one. By Prop. 4, 𝐱−1 is continuous.

6. Let 𝑈 ⊂ ℝ2 be an open set and suppose that 𝑓 : 𝑈 → ℝ is a differentiable function. Now define the 

function ℎ : 𝑈 × ℝ → ℝ as ℎ(𝑥, 𝑦, 𝑧) = 𝑓(𝑥, 𝑦) − 𝑧. Since 𝑑ℎ𝐪 = (𝑓𝑥, 𝑓𝑦, −1) never vanishes, there is no 

critical point. Hence every real number is a regular value of ℎ . In particular, 0 is a regular value, so 

ℎ−1(0) = {(𝑥, 𝑦, 𝑧) ∈ 𝑈 × ℝ | 𝑧 = 𝑓(𝑥, 𝑦)} = {(𝑥, 𝑦, 𝑓(𝑥, 𝑦)) | (𝑥, 𝑦) ∈ 𝑈} is a regular surface by Prop. 2.

7. a. Since 𝑑𝑓𝐪 = (2(𝑥 + 𝑦 + 𝑧 − 1), 2(𝑥 + 𝑦 + 𝑧 − 1), 2(𝑥 + 𝑦 + 𝑧 − 1)), the critical points are {(𝑥, 𝑦, 𝑧) ∈
ℝ3 | 𝑥 + 𝑦 + 𝑧 = 1}. Hence critical values are

𝑓(𝑥, 𝑦, 𝑧)|𝑥+𝑦+𝑧=1 = (𝑥 + 𝑦 + 𝑧 − 1)2|𝑥+𝑦+𝑧=1 = 0.
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b. For 𝑐 ≠ 0, 𝑐 is a regular value of 𝑓 , so 𝑓−1(𝑐) is a regular surface by Prop. 2. If 𝑐 = 0, the surface is 

given by 𝑥 + 𝑦 + 𝑧 = 1, which is plane and also a regular surface.

c. Let 𝑓(𝑥, 𝑦, 𝑧) = 𝑥𝑦𝑧2. Since 𝑑𝑓𝐪 = (𝑦𝑧2, 𝑥𝑧2, 2𝑥𝑦𝑧) = (0, 0, 0) implies 𝑥 = 𝑦 = 0 or 𝑧 = 0, the critical 

value of 𝑓 is 0. Now we determine whether 𝑓−1(𝑐) is a regular surface. For 𝑐 ≠ 0, 𝑐 is a regular value of 

𝑓 , so 𝑓−1(𝑐) is a regular surface by Prop. 2. Otherwise, if 𝑐 = 0, then the surface is given by 𝑓−1(0) =
{(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑥 = 0 or 𝑦 = 0 or 𝑧 = 0}. Observe that, in the neighborhood of (0, 0, 0), projections 

of the surface over the 𝑥𝑦,  𝑦𝑧,  𝑧𝑥 planes are not one-to-one, so it can not be the regular surface by 

Prop. 3.

8. Note that two column vectors of 𝑑𝐱𝐪 are 𝜕𝐱/𝜕𝑢 and 𝜕𝐱/𝜕𝑣. Hence 𝑑𝐱𝐪 is one-to-one if and only if two 

column vectors are linearly independent, that is, two vectors are not parallel, so we obtain 𝜕𝐱/𝜕𝑢 ∧
𝜕𝐱/𝜕𝑣 ≠ 0.

9. Let 𝑓(𝑥, 𝑦, 𝑧) = 0. Then the set {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑧 = 0 and (𝑥, 𝑦) ∈ 𝑉 } is the same as

{(𝑥, 𝑦, 𝑓(𝑥, 𝑦)) | (𝑥, 𝑦) ∈ 𝑉 },

which is a regular surface by Prop. 1.

10. No. At an intersection point of “8”, projections of the surface over the 𝑥𝑦,  𝑦𝑧,  𝑧𝑥 planes are not one-to-

one. So by Prop. 3, it can not be the regular surface.

11. a. Note that the given set 𝑆 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑧 = 𝑥2 − 𝑦2} is a regular surface by Prop. 1 (with 𝑈 =
ℝ2 and 𝑓(𝑥, 𝑦) = 𝑥2 − 𝑦2.) Now we show that 𝐱(𝑢, 𝑣) = (𝑢 + 𝑣, 𝑢 − 𝑣, 4𝑢𝑣), (𝑢, 𝑣) ∈ ℝ2 is a parame

trization for 𝑆. Note that (𝑢 + 𝑣)2 − (𝑢 − 𝑣)2 = 4𝑢𝑣, so we have 𝐱(𝑈) ⊂ 𝑆. (i) It is easy to show that 

𝐱 is differentiable. (iii) Since

𝑑𝐱𝐪 =
(

 1

1
4𝑣

1
−1
4𝑢)


, 𝜕(𝑥, 𝑦)

𝜕(𝑢, 𝑣)
= −2 ≠ 0,

the differential 𝑑𝐱𝐪 is one-to-one for each 𝐪 ∈ ℝ2. (ii) Let (cos 𝑢, sin 𝑢, 𝑣) = (𝑥, 𝑦, 𝑧). Since 𝑢 = 𝑥+𝑦
2  

and 𝑣 = 𝑥−𝑦
2 , 𝐱 is one-to-one. By Prop. 4, 𝐱−1 is continuous. Therefore 𝐱 is a parametrization for 𝑆. 

Note that 𝐱(ℝ2) = 𝑆.

b. Let 𝑈 = {(𝑢, 𝑣) ∈ ℝ2 | 𝑢 ≠ 0}. We want to show that 𝐱(𝑢, 𝑣) = (𝑢 cosh 𝑣, 𝑢 sinh 𝑣, 𝑢2) is a parametriza

tion for 𝑆. Since (𝑢 cosh 𝑣)2 − (𝑢 sinh 𝑣)2 = 𝑢2, we obtain 𝐱 : 𝑈 → 𝑆. (i) Obviously 𝐱 is differentiable. 

(iii) Since

𝑑𝐱𝐪 =
(

cosh 𝑣

sinh 𝑣
2𝑢

𝑢 sinh 𝑣
𝑢 cosh 𝑣

0 )

, 𝜕(𝑥, 𝑦)

𝜕(𝑢, 𝑣)
= 𝑢 ≠ 0,

the differential 𝑑𝐱𝐪 is one-to-one for each 𝐪 ∈ 𝑈 . (ii) Let (𝑢 cosh 𝑣, 𝑢 sinh 𝑣, 𝑢2) = (𝑥, 𝑦, 𝑧). By the 

equation (cosh 𝑣, sinh 𝑣) = (𝑥/𝑧, 𝑦/𝑧), we can determine 𝑣 from (𝑥, 𝑦, 𝑧). Then 𝑢 = 𝑥/ cosh 𝑣 can be 

determined. So 𝐱 is one-to-one and 𝐱−1 is continuous by Prop. 4. Therefore 𝐱 is a parametrization 

for 𝑆. Note that 𝐱(𝑈) = 𝑆|𝑧>0.
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𝑦

𝑧

𝑥

12. First, the ellipsoid 𝑆 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑥2/𝑎2 + 𝑦2/𝑏2 + 𝑧2/𝑐2 = 1} is a regular surface by Prop. 2, 

because it is the preimage of the differentiable function 𝑓(𝑥, 𝑦, 𝑧) = 𝑥2/𝑎2 + 𝑦2/𝑏2 + 𝑧2/𝑐2 at the regular 

value 1.

Now we show that 𝐱(𝑢, 𝑣) = (𝑎 sin 𝑢 cos 𝑣, 𝑏 sin 𝑢 sin 𝑣, 𝑐 cos 𝑢) is a parametrization for 𝑆. Note that

(𝑎 sin 𝑢 cos 𝑣)2

𝑎2 + (𝑏 sin 𝑢 sin 𝑣)2

𝑏2 + (𝑐 cos 𝑢)2

𝑐2 = 1,

hence 𝐱(𝑈) ⊂ 𝑆. (i) It is easy to see that 𝐱 is differentiable. (iii) Since

𝑑𝐱𝐪 =
(

𝑎 cos 𝑢 cos 𝑣

𝑏 cos 𝑢 sin 𝑣
−𝑐 sin 𝑢

−𝑎 sin 𝑢 sin 𝑣
𝑏 sin 𝑢 cos 𝑣

0 )

,

we have

1
𝑎2𝑏2 (𝜕(𝑥, 𝑦)

𝜕(𝑢, 𝑣)
)

2

+ 1
𝑎2𝑐2 (𝜕(𝑥, 𝑧)

𝜕(𝑢, 𝑣)
)

2

+ 1
𝑏2𝑐2 (𝜕(𝑦, 𝑧)

𝜕(𝑢, 𝑣)
)

2

= sin2 𝑢 cos2 𝑢 + sin4 𝑢 sin2 𝑣 + sin4 𝑢 cos2 𝑣 = sin2 𝑢 ≠ 0,

so the differential 𝑑𝐱𝐪 is one-to-one for each 𝐪 ∈ 𝑈 . (ii) Let (𝑎 sin 𝑢 cos 𝑣, 𝑏 sin 𝑢 sin 𝑣, 𝑐 cos 𝑢) = (𝑥, 𝑦, 𝑧). 
𝑢 can be determined by the equation cos 𝑢 = 𝑧/𝑐, and then 𝑣 is determined by (cos 𝑣, sin 𝑣) =
(𝑥/(𝑎 sin 𝑢), 𝑦/(𝑏 sin 𝑢)). Hence 𝐱 is one-to-one, and 𝐱−1 is continuous by Prop. 4. Therefore 𝐱 is a 

parametrization for 𝑆.

The curve 𝑢 = const. is given by the circle parallel to 𝑥𝑦-plane.

𝑦 𝑢 = const.

𝑧

𝑥

13. Let 𝑆 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | − 𝑥2 − 𝑦2 + 𝑧2 = 1}. Since 𝑆 is the preimage of a differentiable function 

𝑓(𝑥, 𝑦, 𝑧) = −𝑥2 − 𝑦2 + 𝑧2 at a regular value 0, 𝑆 is a regular surface. Observe that
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−(cos 𝑢 sinh 𝑣)2 − (sin 𝑢 sinh 𝑣)2 + (cosh 𝑣)2 = 1,

so we can define 𝐱 : 𝑈 → 𝑆 as 𝐱(𝑢, 𝑣) = (cos 𝑢 sinh 𝑣, sin 𝑢 sinh 𝑣, cosh 𝑣) for an open set 𝑈 = {(𝑢, 𝑣) ∈
ℝ2 | 0 < 𝑢 < 2𝜋,  𝑣 > 0}. We will show that 𝐱 is a parametrization for the surface 𝑆. (i) It is trivial that 

𝐱 is differentiable. (iii) Since

𝑑𝐱𝐪 =
(

− sin 𝑢 sinh 𝑣

cos 𝑢 sinh 𝑣
0

cos 𝑢 cosh 𝑣
sin 𝑢 cosh 𝑣

sinh 𝑣 )

, 𝜕(𝑥, 𝑦)

𝜕(𝑢, 𝑣)
= − sinh 𝑣 cosh 𝑣 ≠ 0,

the differential 𝑑𝐱𝐪 is one-to-one for each 𝐪 ∈ 𝑈 . (ii) Let (cos 𝑢 sinh 𝑣, sin 𝑢 sinh 𝑣, cosh 𝑣) = (𝑥, 𝑦, 𝑧). 𝑣 >
0 can be determined by cosh 𝑣 = 𝑧, then the equation (cos 𝑢, sin 𝑢) = (𝑥/ sinh 𝑣, 𝑦/ sinh 𝑣) determines 𝑢 ∈
(0, 2𝜋). Hence 𝐱 is one-to-one, and 𝐱−1 is continuous by Prop. 4. Therefore 𝐱 is a parametrization for 𝑆.

Note that 𝐱(𝑈) only covers the portion of the surface 𝑆 where 𝑧 > 1. To fully cover 𝑆, we define 𝐱∗(𝑢, 𝑣) =
(cos 𝑢 sinh 𝑣, sin 𝑢 sinh 𝑣, − cosh 𝑣) for 𝑈∗ = {(𝑢, 𝑣) ∈ ℝ2 | 0 < 𝑢 < 2𝜋,  𝑣 > 0}. Then, for a sufficiently 

small 𝜀 > 0,

𝑆 = 𝐱(𝑈) ∪ {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑧 = √𝑥2 + 𝑦2 + 1,  𝑥2 + 𝑦2 < 𝜀2}

∪ 𝐱∗(𝑈∗) ∪ {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑧 = −√𝑥2 + 𝑦2 + 1,  𝑥2 + 𝑦2 < 𝜀2}.

𝑦

𝑧

𝑥

14.

𝑥

𝑦

𝐸

𝑑

𝜃

Let 𝑡 denote the distance from a point to the origin, then the image of the rotating line which has removed 

the line 𝐸 is 𝑆 = {(𝑡 cos 𝜃, 𝑡 sin 𝜃, sin2(𝜃/2)) | 𝑡 > 0,  𝜃 ∈ [0, 2𝜋)}. Hence we define 𝐱 : 𝑈 → 𝑆 as

𝐱(𝑡, 𝜃) = (𝑡 cos 𝜃, 𝑡 sin 𝜃, sin2 𝜃
2
), 𝑈 = {(𝑡, 𝜃) | 𝑡 > 0,  𝜃 ∈ (0, 2𝜋)}.

Now we will show that 𝐱 is a parametrization for 𝑆. (i) It is easy to see that 𝐱 is differentiable.

(ii) Let (𝑡 cos 𝜃, 𝑡 sin 𝜃, sin2 𝜃
2) = (𝑥, 𝑦, 𝑧). First, 𝐱 has an inverse since (𝑡 cos 𝜃, 𝑡 sin 𝜃) = (𝑥, 𝑦) and the 

condition 𝑡 > 0, 𝜃 ∈ (0, 2𝜋) completely determines (𝑡, 𝜃). Now we have to verify that 𝑡, 𝜃 are continuous 
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functions of (𝑥, 𝑦, 𝑧). It is easy to see that 𝑡 = √𝑥2 + 𝑦2 is continuous function of (𝑥, 𝑦, 𝑧). Observe that 

if 𝜃 ≠ 𝜋, we obtain,

tan 𝜃
2

=
sin 𝜃

2
cos 𝜃

2
=

2 sin 𝜃
2 cos 𝜃

2
2 cos2 𝜃

2
= sin 𝜃

1 + cos 𝜃
=

𝑦
𝑡

1 + 𝑥
𝑡

= 𝑦
𝑥 + 𝑡

,

hence 𝜃 = 2 arctan( 𝑦
𝑥+𝑡). Thus, if 𝜃 ≠ 𝜋, 𝜃 is a continuous function of (𝑥, 𝑦, 𝑧). By the same token, if 𝜃 is 

in a small interval about 𝜋, we obtain

𝜃 = 2 arccot( 𝑦
−𝑥 + 𝑡

).

Therefore 𝜃 is a continuous function of (𝑥, 𝑦, 𝑧). This shows that 𝐱−1 is continuous. (iii) Since

𝑑𝐱𝐪 =

(

cos 𝜃

sin 𝜃
0

−𝑡 sin 𝜃
𝑡 cos 𝜃
1
2 sin 𝜃 )




, 𝜕(𝑥, 𝑦)
𝜕(𝑡, 𝜃)

= 𝑡 ≠ 0,

the differential 𝑑𝐱𝐪 is one-to-one for each 𝐪 ∈ 𝑈 . Therefore 𝐱 is a parametrization for 𝑆.

Note that this parametrization doesn’t cover the points {(𝑡, 0, 0) | 𝑡 > 0} ⊂ 𝑆. To resolve this, we can 

define

𝐱∗(𝑡, 𝜃) = (𝑡 cos 𝜃, 𝑡 sin 𝜃, sin2 𝜃
2
), 𝑈 ∗ = {(𝑡, 𝜃) | 𝑡 > 0,  𝜃 ∈ (−𝜀, 𝜀)}

for sufficiently small 𝜀 > 0, and fully cover the 𝑆 by 𝐱(𝑈) ∪ 𝐱∗(𝑈 ∗). Hence 𝑆 is a regular surface.

𝑦

𝑧

𝑥

Let’s consider the case when 𝑑 = sin(𝜃/2). Note that sin(𝜃/2) is a function of period 4𝜋. If we denote 𝑡 
the distance from a point to the origin, then the image of the rotating line which has removed the line 𝐸 

is 𝑆 = {(𝑡 cos 𝜃, 𝑡 sin 𝜃, sin(𝜃/2)) | 𝑡 > 0,  𝜃 ∈ [0, 4𝜋)}.

Observe that in the neighborhood of (𝑡, 0, 0), 𝑡 > 0, the projections of 𝑆 over the 𝑥𝑦, 𝑦𝑧, 𝑧𝑥 planes are 

not one-to-one. Hence the line 𝑇 = {(𝑡, 0, 0) | 𝑡 > 0} would need to be excluded from 𝑆.

Now define the functions

𝐱(𝑡, 𝜃) = (𝑡 cos 𝜃, 𝑡 sin 𝜃, sin 𝜃
2
), 𝑈 = {(𝑡, 𝜃) | 𝑡 > 0,  𝜃 ∈ (0, 2𝜋)},

𝐱∗(𝑡, 𝜃) = (𝑡 cos 𝜃, 𝑡 sin 𝜃, sin 𝜃
2
), 𝑈 ∗ = {(𝑡, 𝜃) | 𝑡 > 0,  𝜃 ∈ (2𝜋, 4𝜋)},

Then we can show that 𝐱 and 𝐱∗ is a parametrization for 𝑆 − 𝑇  similar to the case 𝑑 = sin2(𝜃/2). Finally, 

𝑆 − 𝑇 = 𝐱(𝑈) ∪ 𝐱∗(𝑈∗) is a regular surface.
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𝑦

𝑧

𝑥

15. We can assume the velocity of the points is 1 and let 𝐩(𝑡) = (0, 0, 𝑡) and 𝐪(𝑡) = (𝑎, 𝑡, 0). Hence the line 

passing through 𝐩(𝑡) and 𝐪(𝑡) is given by 𝑥−0
𝑎−0 = 𝑦−0

𝑡−0 = 𝑧−𝑡
0−𝑡 , where the convention is made that if a 

denominator is zero, the corresponding numerator is also zero. We denote

𝑇 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑥
𝑎

= 𝑦
𝑡

= 𝑧 − 𝑡
−𝑡

= 𝑠 for 𝑡, 𝑠 ∈ ℝ},

𝑆 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑦(𝑥 − 𝑎) + 𝑧𝑥 = 0}

and prove that 𝑇 = 𝑆.

First suppose that (𝑥, 𝑦, 𝑧) ∈ 𝑇 . Then (𝑥, 𝑦, 𝑧) = (𝑎𝑠, 𝑡𝑠, 𝑡 − 𝑡𝑠), so we have 𝑦(𝑥 − 𝑎) + 𝑧𝑥 = 𝑡𝑠(𝑎𝑠 − 𝑎) +
(𝑡 − 𝑡𝑠)𝑎𝑠 = 0, that is, (𝑥, 𝑦, 𝑧) ∈ 𝑆. Conversely, choose arbitrary (𝑥, 𝑦, 𝑧) ∈ 𝑆 and let 𝑠 = 𝑥

𝑎 . Now we have 

𝑥 = 𝑎𝑠 and 𝑎 ≠ 0, thus

𝑦(𝑥 − 𝑎) + 𝑧𝑥 = 0 ⟹  𝑦(𝑎𝑠 − 𝑎) + 𝑧𝑎𝑠 = 0 ⟹  𝑦(𝑠 − 1) + 𝑧𝑠 = 0 ⟹  𝑦
𝑠

= 𝑧
1 − 𝑠

.

Letting 𝑦
𝑠 = 𝑧

1−𝑠 = 𝑡 gives the desired relation 𝑥
𝑎 = 𝑦

𝑡 = 𝑧−𝑡
𝑡 = 𝑠. Hence 𝑇 = 𝑆.

Now we prove that this set 𝑆 is a regular surface. Define 𝑓 : ℝ3 → ℝ as 𝑓(𝑥, 𝑦, 𝑧) = 𝑦(𝑥 − 𝑎) + 𝑧𝑥. Since 

𝑑𝑓𝐪 = (𝑦 + 𝑧, 𝑥 − 𝑎, 𝑥) = 0 implies 𝑥 = 0 ∧ 𝑥 = 𝑎, which is impossible, so every real number is a regular 

value of 𝑓 . In particular, 0 is a regular value, thus by Prop. 2, 𝑆 = 𝑓−1(0) is a regular surface.

16. a. Since three points 𝑁 = (0, 0, 2), (𝑥, 𝑦, 𝑧), (𝑢, 𝑣, 0) are contained in one straight line, we have 𝑥
𝑢 = 𝑦

𝑣 =
𝑧−2
0−2 = 𝑡. Then put (𝑥, 𝑦, 𝑧) = (𝑢𝑡, 𝑣𝑡, 2 − 2𝑡) into 𝑥2 + 𝑦2 + (𝑧 − 1)2 = 1 to obtain

𝑢2𝑡2 + 𝑣2𝑡2 + (1 − 2𝑡)2 = 1 ⟹  (𝑢2 + 𝑣2 + 4)𝑡2 = 4𝑡 ⟹  𝑡 = 4
𝑢2 + 𝑣2 + 4

.

Therefore we have

𝜋−1(𝑢, 𝑣) = (𝑥, 𝑦, 𝑧) = ( 4𝑢
𝑢2 + 𝑣2 + 4

, 4𝑣
𝑢2 + 𝑣2 + 4

,
2(𝑢2 + 𝑣2)
𝑢2 + 𝑣2 + 4

).

b. First we show that 𝐱 = 𝜋−1 : ℝ2 → 𝑆 is a parametrization for the given sphere. (i) It is easy to see 

that 𝐱 is differentiable. (iii) Since

𝑑𝐱𝐪 =

(





−4𝑢2+4𝑣2+16
(𝑢2+𝑣2+4)2

−8𝑢𝑣
(𝑢2+𝑣2+4)2

16𝑢
(𝑢2+𝑣2+4)2

−8𝑢𝑣
(𝑢2+𝑣2+4)2

4𝑢2−4𝑣2+16
(𝑢2+𝑣2+4)2

16𝑣
(𝑢2+𝑣2+4)2

)





, 𝜕(𝑥, 𝑧)
𝜕(𝑢, 𝑣)

= 64𝑣
(𝑢2 + 𝑣2 + 4)3 ≠ 0,

the differential 𝑑𝐱𝐪 is one-to-one for each 𝐪 ∈ 𝑈 . (ii) Let ( 4𝑢
𝑢2+𝑣2+4 , 4𝑣

𝑢2+𝑣2+4 , 2(𝑢2+𝑣2)
𝑢2+𝑣2+4) = (𝑥, 𝑦, 𝑧). 

Since 𝑢2 + 𝑣2 = 4𝑧
2−𝑧  and (𝑢, 𝑣) = 𝑢2+𝑣2+4

4 (𝑥, 𝑦), (𝑢, 𝑣) is determined by (𝑥, 𝑦, 𝑧). By Prop. 4, 𝐱−1 is 

continuous. Therefore 𝐱 is a parametrization for the sphere 𝕊2.
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Note that 𝐱(ℝ2) = 𝕊2 − {𝑁}, so this parametrization doesn’t cover the point 𝑁 . To resolve this 

issue, define new function 𝐱∗ : ℝ2 → 𝑆 as follows. Consider the another stereographic projection 

𝜋∗ : 𝕊2 − {𝟎} → ℝ2 which carries a point 𝐩 = (𝑥, 𝑦, 𝑧) ∈ 𝕊2 − {𝟎} onto the intersection of the plane 

{(𝑢, 𝑣, 2) | (𝑢, 𝑣) ∈ ℝ2} with the straight line which connects 𝟎 to 𝐩. Let (𝑢, 𝑣) = 𝜋∗(𝑥, 𝑦, 𝑧).

𝑧 = 0

𝑧 = 2

𝑧

𝟎

𝑁

𝐩

𝜋(𝐩)

𝜋∗(𝐩)

Since three points 𝟎 = (0, 0, 0), (𝑥, 𝑦, 𝑧), (𝑢, 𝑣, 2) lie on the same straight line, we obtain 𝑥
𝑢 = 𝑦

𝑣 = 𝑧
2 =

𝑡. Then put (𝑥, 𝑦, 𝑧) = (𝑢𝑡, 𝑣𝑡, 2𝑡) into 𝑥2 + 𝑦2 + (𝑧 − 1)2 = 1 to get

𝑢2𝑡2 + 𝑣2𝑡2 + (2𝑡 − 1)2 = 1 ⟹  (𝑢2 + 𝑣2 + 4)𝑡2 = 4𝑡 ⟹  𝑡 = 4
𝑢2 + 𝑣2 + 4

.

Therefore we have

(𝜋∗)−1(𝑢, 𝑣) = (𝑥, 𝑦, 𝑧) = ( 4𝑢
𝑢2 + 𝑣2 + 4

, 4𝑣
𝑢2 + 𝑣2 + 4

, 8
𝑢2 + 𝑣2 + 4

).

Similar to the argument above, we can show that 𝐱∗ = (𝜋∗)−1 : ℝ2 → 𝕊2 − {𝟎} is a parametrization 

for 𝕊2. Finally we have

𝐱(ℝ2) ∪ 𝐱∗(ℝ2) = (𝕊2 − {𝑁}) ∪ (𝕊2 − {𝟎}) = 𝕊2,

so it is possible to cover the sphere with two coordinate neighborhoods using stereographic projection.

17. A regular curve in ℝ3 is a subset 𝐶 ⊂ ℝ3 with following property: for each point 𝐩 ∈ 𝐶, there is a 

neighborhood 𝑉  of 𝐩 in ℝ3 and a differentiable homeomorphism 𝛼 : 𝐼 → 𝑉 ∩ 𝐶 of an open interval 𝐼 ⊂
ℝ onto 𝑉 ∩ 𝐶 such that the differential 𝑑𝛼𝑡 is one-to-one for each 𝑡 ∈ 𝐼 .

a. Suppose 𝐩 = (𝑥0, 𝑦0) be a point of 𝑓−1(𝑎). Since 𝑎 is a regular value of 𝑓 , it is possible to assume, by 

renaming the axes if necessary, that 𝑓𝑦 ≠ 0 at 𝐩. We define a mapping 𝐅 : 𝑈 ⊂ ℝ2 → ℝ3 by

𝐅(𝑥, 𝑦) = (𝑥, 𝑓(𝑥, 𝑦)),

and we indicate by (𝑢, 𝑣) the coordinates of a point in ℝ2 where 𝐅 takes its values. The differential 

of 𝐅 at 𝐩 is given by

𝑑𝐅𝐩 = ( 1
𝑓𝑥

0
𝑓𝑦

),

whence

det(𝑑𝐅𝐩) = 𝑓𝑦 ≠ 0.

We can therefore apply the inverse function theorem, which guarantees the existence of neighborhoods 

𝑉  of 𝐩 and 𝑊  of 𝐅(𝐩) such that 𝐅 : 𝑉 → 𝑊  is invertible and the inverse 𝐅−1 : 𝑊 → 𝑉  is differentiable. 

It follows that the coordinate functions of 𝐅−1, i.e., the functions

𝑥 = 𝑢, 𝑦 = 𝑔(𝑢, 𝑣), (𝑢, 𝑣) ∈ 𝑊

are differentiable. In particular, 𝑦 = 𝑔(𝑢, 𝑎) = ℎ(𝑥) is a differentiable function defined in the projection 

of 𝑉  onto the 𝑥 axis. Since

𝐅(𝑓−1(𝑎) ∩ 𝑉 ) = 𝑊 ∩ {(𝑢, 𝑣) | 𝑣 = 𝑎},
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we conclude that the graph of ℎ is 𝑓−1(𝑎) ∩ 𝑉 . By a similar argument of Prop. 1, 𝑓−1(𝑎) ∩ 𝑉  is 

a coordinate neighborhood of 𝐩. Therefore, every 𝐩 ∈ 𝑓−1(𝑎) can be covered by a coordinate neigh

borhood, and so 𝑓−1(𝑎) is a regular curve.

Now consider the function 𝑓(𝑥, 𝑦) = 𝑥2 − 𝑦2 − 1. Since 𝑑𝑓𝐪 = (2𝑥, −2𝑦) = (0, 0) implies (𝑥, 𝑦) = (0, 0), 
the critical value of 𝑓 is 𝑓(0, 0) = −1. Hence 𝑓−1(0) = {(𝑥, 𝑦) ∈ ℝ2 | 𝑥2 − 𝑦2 = 1} is a regular curve 

which is not connected.

b. Suppose 𝐩 = (𝑥0, 𝑦0, 𝑧0) be a point of 𝐅−1(𝐚). Since 𝐚 = (𝑎, 𝑏) is a regular value of 𝐅,

𝑑𝐅𝐩 = (
𝑓𝑥
𝑔𝑥

𝑓𝑦
𝑔𝑦

𝑓𝑧
𝑔𝑧

)

is surjective, and at least one of the determinants

|(
𝑓𝑥
𝑔𝑥

𝑓𝑦
𝑔𝑦

)|, |(𝑓𝑥
𝑔𝑥

𝑓𝑧
𝑔𝑧

)|, |(
𝑓𝑦
𝑔𝑦

𝑓𝑧
𝑔𝑧

)|

is nonzero. Hence it is possible to assume, by renaming the axes if necessary, that |(𝑓𝑥
𝑔𝑥

𝑓𝑦
𝑔𝑦

)| ≠ 0 at 

𝐩. We define a mapping 𝐆 : 𝑈 ⊂ ℝ3 → ℝ3 by

𝐆(𝑥, 𝑦, 𝑧) = (𝑥, 𝑓(𝑥, 𝑦, 𝑧), 𝑔(𝑥, 𝑦, 𝑧)),

and we indicate by (𝑢, 𝑣, 𝑡) the coordinates of a point in ℝ3 where 𝐆 takes its values. The differential 

of 𝐆 at 𝐩 is given by

𝑑𝐆𝐩 =

(



1
𝑓𝑥
𝑔𝑧

0
𝑓𝑦
𝑔𝑦

0
𝑓𝑦
𝑔𝑧)


,

whence

det(𝑑𝐆𝐩) = 1 ⋅ |(
𝑓𝑥
𝑔𝑥

𝑓𝑦
𝑔𝑦

)| ≠ 0.

We can therefore apply the inverse function theorem, which guarantees the existence of neighborhoods 

𝑉  of 𝐩 and 𝑊  of 𝐆(𝐩) such that 𝐆 : 𝑉 → 𝑊  is invertible and the inverse 𝐆−1 : 𝑊 → 𝑉  is differen

tiable. It follows that the coordinate functions of 𝐆−1, i.e., the functions

𝑥 = 𝑢, 𝑦 = 𝑖(𝑢, 𝑣, 𝑡), 𝑧 = 𝑗(𝑢, 𝑣, 𝑡), (𝑢, 𝑣, 𝑡) ∈ 𝑊

are differentiable. In particular, 𝑦 = 𝑖(𝑢, 𝑎, 𝑏) = 𝑖(𝑥) and 𝑧 = 𝑗(𝑢, 𝑎, 𝑏) = 𝑗(𝑥) is a differentiable func

tion defined in the projection of 𝑉  onto the 𝑥 axis. Since

𝐆(𝐅−1(𝐚) ∩ 𝑉 ) = 𝑊 ∩ {(𝑢, 𝑣, 𝑡) | 𝑣 = 𝑎,  𝑡 = 𝑏},

we conclude that the graph of (𝑖, 𝑗), that is

{(𝑥, 𝑖(𝑥), 𝑗(𝑥)) | (𝑥, 𝑦, 𝑧) ∈ 𝑉 for some 𝑦, 𝑧},

is equal to 𝐅−1(𝐚) ∩ 𝑉 . By a similar argument of Prop. 1, 𝐅−1(𝐚) ∩ 𝑉  is a coordinate neighborhood 

of 𝐩. Therefore, every 𝐩 ∈ 𝐅−1(𝐚) can be covered by a coordinate neighborhood, and so 𝐅−1(𝐚) is a 

regualr curve.

Now, using this proposition, we can show that the set defined by the intersection of two surfaces is 

a curve. If two surfaces are given by 𝑓(𝑥, 𝑦, 𝑧) = 𝑎 and 𝑔(𝑥, 𝑦, 𝑧) = 𝑏 respectively, the intersection is 

given by 𝐅−1(𝐚), where 𝐅(𝑥, 𝑦, 𝑧) = (𝑓(𝑥, 𝑦, 𝑧), 𝑔(𝑥, 𝑦, 𝑧)) and 𝐚 = (𝑎, 𝑏). Provided that 𝐚 is a regular 

value of 𝐅, the proposition just proved implies that this set is a regular curve.

c. We extend Prop. 3 for plane curves.

Proposition 3 for plane curves. Let 𝐶 ⊂ ℝ2 be a regular curve and 𝐩 ∈ 𝐶. Then there exists a 

neighborhood 𝑉  of 𝐩 in 𝐶 such that 𝑉  is a graph of a differentiable function which has one of the 

following two forms: 𝑦 = 𝑓(𝑥), 𝑥 = 𝑔(𝑦).
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The proof is as follows. Let 𝛼 : 𝐼 ⊂ ℝ → 𝐶 be a parametrization of 𝐶 in 𝐩, and write 𝛼(𝑡) = (𝑥(𝑡), 𝑦(𝑡)), 
𝑡 ∈ 𝐼 . By the definition of regular curve, one of the derivatives 𝑥𝑡, 𝑦𝑡 is not zero at 𝛼−1(𝐩) = 𝑞.
Suppose first that 𝑥𝑡 ≠ 0, and consider the map 𝜋 ∘ 𝛼 : 𝐼 → ℝ, where 𝜋 is the projection 𝜋(𝑥, 𝑦) = 𝑥. 

Then 𝜋 ∘ 𝛼(𝑡) = 𝑥(𝑡), and since (𝑑𝑥/𝑑𝑡)(𝑞) ≠ 0, we can apply the inverse function theorem to guarantee 

the existence of neighborhoods 𝑉1 of 𝑞, 𝑉2 of 𝜋 ∘ 𝛼(𝑞) such that 𝜋 ∘ 𝛼 maps 𝑉1 diffeomorphically onto 

𝑉2. It follows that 𝜋 restricted to 𝛼(𝑉1) = 𝑉  is one-to-one and that there is a differentiable inverse 

(𝜋 ∘ 𝛼)−1 : 𝑉2 → 𝑉1. Observe that, since 𝛼 is a homeomorphism, 𝑉  is a neighborhood of 𝐩 in 𝐶. Now, 

if we compose the map (𝜋 ∘ 𝛼)−1 : 𝑥 ↦ 𝑡(𝑥) with the function 𝑡 ↦ 𝑦(𝑡), we find that 𝑉  is the graph 

of the differentiable function 𝑦 = 𝑦(𝑡) = 𝑦(𝑡(𝑥)) = 𝑓(𝑥), and this settles the first case. The remaining 

case can be treated in the same way, yielding 𝑥 = 𝑔(𝑦).
Now we get back to the exercise. If 𝐶 = {(𝑥, 𝑦) ∈ ℝ2 | 𝑥2 = 𝑦3} is a regular curve, then by the 

proposition above, in a neighborhood of (0, 0) ∈ 𝐶, the graph of a differentiable function having one 

of two forms: 𝑦 = 𝑓(𝑥), 𝑥 = 𝑔(𝑦). The second form can be discarded by the simple fact that the 

projections of 𝐶 over the 𝑦 axis is not one-to-one. The first form would have to agree, in a neighborhood 

of (0, 0, 0), with 𝑦 = 𝑥2/3. Since 𝑦 = 𝑥2/3 is not differentiable at 0, this is impossible.

𝑥

𝑦

0

18. Define 𝐄 : ℝ3 → ℝ3 as 𝐄(𝑥, 𝑦, 𝑧) = (𝑓(𝑥, 𝑦, 𝑧), 𝑔(𝑥, 𝑦, 𝑧), ℎ(𝑥, 𝑦, 𝑧)). Since

det(𝑑𝐄𝐩) = 𝜕(𝑓, 𝑔, ℎ)
𝜕(𝑥, 𝑦, 𝑧)

(𝐩) ≠ 0,

by the inverse function theorem, there exists a neighborhood 𝑉  of 𝐩 and 𝑊  of 𝐄(𝑝) such that 𝐄|𝑉 : 𝑉 →
𝑊  is invertible and (𝐄|𝑉 )−1 : 𝑊 → 𝑉  is differentiable. Now denote 𝐅 = (𝐄|𝑉 )−1 then we can write

(𝑥, 𝑦, 𝑧) = 𝐅(𝑢, 𝑣, 𝑤),

so three families (𝑥, 𝑦, 𝑧) in a neighborhood of (𝑥0, 𝑦0, 𝑧0) can be described by a mapping 𝐅.

If 𝑓(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2 = 𝑢, 𝑔(𝑥, 𝑦, 𝑧) = 𝑦/𝑥 = 𝑣, ℎ(𝑥, 𝑦, 𝑧) = (𝑥2 + 𝑦2)/𝑧2 = 𝑤, then we have

𝑥2 = 𝑢𝑤
(𝑣2 + 1)(𝑤 + 1)

, 𝑦2 = 𝑢𝑣2𝑤
(𝑣2 + 1)(𝑤 + 1)

, 𝑧2 = 𝑢
𝑤 + 1

⟹ (𝑥, 𝑦, 𝑧) = (±√
𝑢𝑤

(𝑣2 + 1)(𝑤 + 1)
,  ±𝑣√

𝑢𝑤
(𝑣2 + 1)(𝑤 + 1)

,  ±√ 𝑢
𝑤 + 1

).

Note that there are four possibilities for choosing the signs, and that is completely determined by 

(𝑥0, 𝑦0, 𝑧0). To see this, let 𝜇1 = sgn(𝑥0) and 𝜇2 = sgn(𝑧0), then

𝐅(𝑢, 𝑣, 𝑤) = (𝜇1√
𝑢𝑤

(𝑣2 + 1)(𝑤 + 1)
,  𝜇1𝑣√

𝑢𝑤
(𝑣2 + 1)(𝑤 + 1)

,  𝜇2√
𝑢

𝑤 + 1
).

19. a. No, 𝐶 is not a regular curve. If 𝐶 is a regular curve, then by Prop. 3 for plane curves, in a neighborhood 

of 𝛼(−2) = (0, 0) ∈ 𝐶, it would be a graph of a differentiable function having the form 𝑦 = 𝑓(𝑥) or 

𝑥 = 𝑔(𝑦). However, given neighborhood 𝑉  of (0, 0), we can choose sufficiently small 𝜀 > 0 so that 

{(𝑥, 𝑦) ∈ ℝ2 | 𝑥2 + 𝑦2 < 𝜀2} ⊂ 𝑁  and large natural number 𝑛 > 1/(2𝜋𝑟), then we have
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𝛼(−2) = (0, 0), 𝛼(−2 − 𝜀
2
) = (0, 𝜀

2
), 𝛼(− 1

2𝑛𝜋
) = ( 1

2𝑛𝜋
, 0),

which implies that the projections of 𝐶 over the 𝑥 and 𝑦 axis are not one-to-one. Hence 𝐶 is not a 

regular curve.

Note  In this book, we distinguish between two types of regular curves:

1. Regular parametrized curves; differentiable map 𝛼 : 𝐼 → ℝ3 such that 𝛼′(𝑡) ≠ 𝟎 for all 𝑡 ∈ 𝐼 .

2. Regular curves; subset 𝐶 ⊂ ℝ3 with following property: for each point 𝐩 ∈ 𝐶, there is a neigh

borhood 𝑉  of 𝐩 in ℝ3 and a differentiable homeomorphism 𝛼 : 𝐼 ⊂ ℝ → 𝑉 ∩ 𝐶 such that the 

differential 𝑑𝛼𝑡 is one-to-one for each 𝑡 ∈ 𝐼 .

Note that the second definition is stricter; it requires 𝑉 ∩ 𝐶 to be homeomorphic to an open interval, 

which effectively forbids self-intersections. In the context of this exercise, the curve 𝐶 is a regular 

parametrized curve since 𝛼′(𝑡) ≠ 𝟎 for all 𝑡 ∈ (−3, 0), but it fails to be a regular curve.

b. No. Similar to argument above, we can see that in a neighborhood of (0, 0, 0), the projections of 𝑆 

over the 𝑥𝑦, 𝑦𝑧, 𝑥𝑧 planes are not one-to-one, so it cannot be a regular surface.

2-3. Change of Parameters; Differentiable Functions on Surface

1. Define a mapping 𝐁 : ℝ3 → ℝ3 as 𝐁(𝑥, 𝑦, 𝑧) = (−𝑥, −𝑦, −𝑧), then 𝐁 is differentiable. For arbitrary 𝐩 ∈
𝕊2, there is a parametrization 𝐱 : 𝑈 → 𝕊2 with open set 𝑈 ⊂ ℝ2 such that 𝐩 ∈ 𝐱(𝑈). Observe that 𝐁 ∘ 𝐱 

is differentiable at any point of 𝑈 . Since 𝐁|𝕊2 = 𝐀 and 𝐱(𝑈) ⊂ 𝕊2, we have 𝐀 ∘ 𝐱 = 𝐁 ∘ 𝐱 is differentiable 

at 𝐱−1(𝐩). Hence 𝐀 is differentiable in 𝕊2.

Now 𝐀2 = id𝕊2 , so we can see that 𝐀−1 = 𝐀 is also differentiable, that is, 𝐀 is a diffeomorphism.

Note  We can generalize this argument. Let 𝑆1 and 𝑆2 be regular surfaces. Assume 𝑆1 ⊂ 𝑉 ⊂ ℝ3, where 

𝑉  is an open set of ℝ3, and that 𝜑 : 𝑉 → ℝ3 is a differentiable map such that 𝜑(𝑆1) ⊂ 𝑆2. Then the 

restriction 𝜑|𝑆1
: 𝑆1 → 𝑆2 is a differentiable map in 𝑆1.

The proof is as follows. If we choose arbitrary 𝐩 ∈ 𝑆1 and parametrization 𝐱1 : 𝑈1 → 𝑆1 and 𝐱2 : 𝑈2 →
𝑆2 with 𝐩 ∈ 𝐱1(𝑈1), 𝜑(𝐱1(𝑈1)) ⊂ 𝐱2(𝑈2), we have that the map 𝐱−1

2 ∘ 𝜑 ∘ 𝐱1 : 𝑈1 → 𝑈2 is differentiable at 

𝐱−1
1 (𝐩). (see Example 3.)

2. Note that 𝜋 : 𝑆 → ℝ3 is defined as 𝜋(𝑥, 𝑦, 𝑧) = (𝑥, 𝑦, 0). Since the mapping 𝜋∗ : ℝ3 → ℝ3 defined by 

𝜋∗(𝑥, 𝑦, 𝑧) = (𝑥, 𝑦, 0) is differentiable and 𝜋∗(ℝ3) ⊂ ℝ2 × {0}, so 𝜋 = 𝜋∗|𝑆 is a differentiable map in 𝑆.

3. Denote the paraboloid and the plane by 𝑆1 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑧 = 𝑥2 + 𝑦2} and 𝑆2 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑧 =
0}. We want to show that 𝜋 : 𝑆1 → 𝑆2 defined as 𝜋(𝑥, 𝑦, 𝑧) = (𝑥, 𝑦, 0) is a diffeomorphism. Since 𝜋∗ : ℝ3 →
ℝ3, 𝜋∗(𝑥, 𝑦, 𝑧) = (𝑥, 𝑦, 0), the extension of 𝜋, is differentiable, and 𝜋∗(𝑆1) ⊂ 𝑆2, we have that 𝜋 = 𝜋∗|𝑆1

 is 

differentiable.

In addition, 𝜋 is bijective because

𝜋(𝑥1, 𝑦1, 𝑧1) = 𝜋(𝑥2, 𝑦2, 𝑧2) ⟹  𝑥1 = 𝑥2 and 𝑦1 = 𝑦2

⟹  𝑧1 = 𝑥2
1 + 𝑦2

1 = 𝑥2
2 + 𝑦2

2 = 𝑧1 ⟹  (𝑥1, 𝑦1, 𝑧1) = (𝑥2, 𝑦2, 𝑧2)

shows injectivity and

For arbitrary (𝑥, 𝑦, 0) ∈ 𝑆2,  𝜋(𝑥, 𝑦, 𝑥2 + 𝑦2) = (𝑥, 𝑦, 0)

shows surjectivity. The inverse function of 𝜋 is given by 𝜋−1(𝑥, 𝑦, 0) = (𝑥, 𝑦, 𝑥2 + 𝑦2). Since 𝜋∗∗ : ℝ3 → ℝ3, 

𝜋∗∗(𝑥, 𝑦, 𝑧) = (𝑥, 𝑦, 𝑥2 + 𝑦2) is differentiable and 𝜋∗∗(𝑆2) ⊂ 𝑆1, we obtain 𝜋−1 = 𝜋∗∗|𝑆2
 is differentiable. 

Therefore 𝜋 is a diffeomorphism.

4. Let 𝑆1 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑥2

𝑎2 + 𝑦2

𝑏2 + 𝑧2

𝑐2 = 1} be an ellipsoid and 𝑆2 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑥2 + 𝑦2 + 𝑧2 = 1} 

be a sphere. The goal is to show that 𝜑 : 𝑆1 → 𝑆2, 𝜑(𝑥, 𝑦, 𝑧) = (𝑥
𝑎 , 𝑦

𝑏 , 𝑧
𝑐) is a diffeomorphism between 𝑆1 

and 𝑆2. Note that 𝜑∗ : ℝ3 → ℝ3, 𝜑∗(𝑥, 𝑦, 𝑧) = (𝑥
𝑎 , 𝑦

𝑏 , 𝑧
𝑐) is differentiable map and 𝜑∗(𝑆1) ⊂ 𝑆2. Therefore 

𝜑 = 𝜑∗|𝑆1
 is differentiable.
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It is easy to see that 𝜑 has an inverse function 𝜑−1 : 𝑆2 → 𝑆1, 𝜑−1(𝑥, 𝑦, 𝑧) = (𝑎𝑥, 𝑏𝑦, 𝑐𝑧). Since 𝜑∗∗ : 𝑆2 →
𝑆1, 𝜑∗∗(𝑥, 𝑦, 𝑧) = (𝑎𝑥, 𝑏𝑦, 𝑐𝑧) is differentiable and 𝜑∗∗(𝑆2) ⊂ 𝑆1, we obtain 𝜑−1 = 𝜑∗∗|𝑆2

 is differentiable 

and that 𝜑 is a diffeomorphism.

5. Let 𝑑∗ : ℝ3 − {𝐩0} → ℝ, 𝑑∗(𝐩) = |𝐩 − 𝐩0|. Then 𝑑∗ is a differentiable function. Hence 𝑑 = 𝑑∗|𝑆 is also 

differentiable.

6. Suppose that a continuous map 𝜑 : 𝑉1 → 𝑆1 of an open set 𝑉1 of a regular surface 𝑆1 to a regular surface 

𝑆2 is differentiable at 𝐩 ∈ 𝑉1. That is, given parametrizations 𝐱1 : 𝑈1 → 𝑆1, 𝐱2 : 𝑈2 → 𝑆2 with 𝐩 ∈ 𝐱1(𝑈1) 
and 𝜑(𝐱1(𝑈1)) ⊂ 𝐱2(𝑈2), the map 𝐱−1

2 ∘ 𝜑 ∘ 𝐱1 : 𝑈1 → 𝑈2 is differentiable at 𝐪 = 𝐱−1
1 (𝐩).

Now assume that 𝐲1 : 𝑉1 → 𝑆1, 𝐲2 : 𝑉2 → 𝑆2 is another parametrization for 𝑆1 and 𝑆2 with 𝐩 ∈ 𝐲1(𝑉1) and 

𝜑(𝐲1(𝑉1)) ⊂ 𝐲2(𝑉2). Let 𝑊1 = 𝐱1(𝑈1) ∩ 𝐲1(𝑉1) and 𝑊2 = 𝐱2(𝑈2) ∩ 𝐲2(𝑉2), then the change of coordinates

𝐡1 = 𝐱−1
1 ∘ 𝐲1 : 𝐲−1

1 (𝑊1) → 𝐱−1
1 (𝑊1), 𝐡2 = 𝐱−1

2 ∘ 𝐲2 : 𝐲−1
2 (𝑊2) → 𝐱−1

2 (𝑊2)

are diffeomorphisms. Therefore

𝐲−1
2 ∘ 𝜑 ∘ 𝐲1 = (𝐡−1

2 ∘ 𝐱−1
2 ) ∘ 𝜑 ∘ (𝐱1 ∘ 𝐡1) = 𝐡−1

2 ∘ (𝐱−1
2 ∘ 𝜑 ∘ 𝐱1) ∘ 𝐡1

is also differentiable, whence the asserted independence.

7. (i) reflexivity: We define idℝ3 : ℝ3 → ℝ3 as idℝ3(𝑥, 𝑦, 𝑧) = (𝑥, 𝑦, 𝑧). Since idℝ3 is differentiable and 

idℝ3(𝑆1) ⊂ 𝑆1, we have that id𝑆1
= idℝ3 |𝑆1

 is differentiable. Moreover, (id𝑆1
)

−1
= id𝑆1

, so id𝑆1
 is a 

differmorphism and 𝑆1 is diffeomorphic to 𝑆1.

(ii) symmetry: Suppose 𝑆1 is diffeomorphic to 𝑆2, that is, there is a diffeomorphism 𝜑 : 𝑆1 → 𝑆2. Now 

𝜑−1 : 𝑆2 → 𝑆1 is also diffeomorphism because 𝜑−1 and (𝜑−1)−1 = 𝜑 is differentiable. Hence 𝑆2 is 

diffeomorphic to 𝑆1.

(iii) transitivity: Suppose 𝑆1 is diffeomorphic to 𝑆2 and 𝑆2 is diffeomorphic to 𝑆3. Then there exist diffeo

morphisms 𝜑 : 𝑆1 → 𝑆2 and 𝜓 : 𝑆2 → 𝑆3. Since 𝜑 ∘ 𝜓 and (𝜑 ∘ 𝜓)−1 = 𝜓−1 ∘ 𝜑−1 are differentiable, 

𝑆1 is diffeomorphic to 𝑆3.

8. The half-line 𝑙 is given by 𝑙(𝑡) = (𝑡𝑥, 𝑡𝑦, 𝑧), 𝑡 > 0. As 𝐅(𝐩) = 𝑙 ∩ 𝐻, we obtain 𝑡2𝑥2 + 𝑡2𝑦2 − 𝑥2 = 1, so 

𝑡 = √(1 + 𝑧2)/(𝑥2 + 𝑦2). Therefore

𝐅(𝑥, 𝑦, 𝑧) = (𝑡𝑥, 𝑡𝑦, 𝑧) =
(
𝑥√ 1 + 𝑧2

𝑥2 + 𝑦2 ,  𝑦√ 1 + 𝑧2

𝑥2 + 𝑦2 ,  𝑧
)
.

Since 𝐅∗ : ℝ3 − {0} → ℝ3 defined as 𝐅∗(𝑥, 𝑦, 𝑧) = (𝑥√ 1+𝑧2

𝑥2+𝑦2 ,  𝑦√ 1+𝑧2

𝑥2+𝑦2 ,  𝑧) is differentiable, we can 

conclude that 𝐅 = 𝐅∗|𝑆 is also differentiable.

9. a. Differentiable function on a regular curve. Let 𝑓 : 𝑉 ⊂ 𝐶 → ℝ be a function defined in an open 

subset 𝑉  of a regular curve 𝐶. Then 𝑓 is said to be differentiable at 𝐩 ∈ 𝑉  if, for some parametrization 

𝛼 : 𝐼 ⊂ ℝ → 𝐶 with 𝐩 ∈ 𝛼(𝐼) ⊂ 𝑉 , the composition 𝑓 ∘ 𝛼 : 𝐼 ⊂ ℝ → ℝ is differentiable at 𝛼−1(𝐩). 𝑓 

is differentiable in 𝑉  if it is differentiable at all points of 𝑉 .

Differentiable function between regular curves. A continuous map 𝜑 : 𝑉1 ⊂ 𝐶1 → 𝐶2 of an open 

set 𝑉1 of a regular curve 𝐶1 to a regular curve 𝐶2 is said to be differentiable at 𝐩 ∈ 𝑉1 if, given 

parametrizations

𝛼1 : 𝐼1 ⊂ ℝ → 𝐶1, 𝛼2 : 𝐼2 ⊂ ℝ → 𝐶2

with 𝐩 ∈ 𝛼1(𝐼1) and 𝜑(𝛼1(𝐼1)) ⊂ 𝛼2(𝐼2), the map

𝛼−1
2 ∘ 𝜑 ∘ 𝛼1 : 𝐼1 → 𝐼2

is differentiable at 𝑞 = 𝛼−1
1 (𝐩). 𝜑 is differentiable in 𝑉1 if it is differentiable at all points of 𝑉1.

Note that we need to prove that both definitions do not depend on the choice of the parametrization 

𝛼 for the definitions to make sense.

b. Observe that 𝐄 is a mapping between two regular curves 𝐶1 = ℝ × {0} and 𝐶2 = 𝕊1. Now choose 

arbitrary 𝐩 ∈ 𝐶1 and given parametrizations 𝛼1 : 𝐼1 ⊂ ℝ → 𝐶1 and 𝛼2 : 𝐼2 ⊂ ℝ → 𝐶2, with following 

property 𝐩 ∈ 𝛼1(𝐼1) and 𝐄(𝛼1(𝐼1)) ⊂ 𝛼2(𝐼2). Then we have to show that 𝛼−1
2 ∘ 𝐄 ∘ 𝛼1 is differentiable 

at 𝑞 = 𝛼−1
1 (𝐩). To achieve this, we proceed similarly to argument in proof of Prop. 1.
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𝛼1 𝐄 𝛼−1
2

𝛼2

𝑞𝐼1

( )
𝐿

𝑥

𝑦

𝐶1
𝐩

( )
𝑁

𝑥

𝑦

𝐶2

𝐄(𝐩) = 𝛼2(𝑟)
𝑀

𝑟𝐼2

Let 𝑟 = (𝛼−1
2 ∘ 𝐄 ∘ 𝛼1)(𝑞) = (𝛼−1

2 ∘ 𝐄)(𝐩). Since 𝛼2(𝑡) = (𝑥(𝑡), 𝑦(𝑡)) is a parametrization, we can 

assume, by renaming the axes if necessary, that 𝑑𝑥/𝑑𝑡(𝑟) ≠ 0. We extend 𝛼2 to a map 𝐅 : 𝐼2 × ℝ →
ℝ2 defined by

𝐅(𝑡, 𝑢) = (𝑥(𝑡), 𝑦(𝑡) + 𝑢), 𝑡 ∈ 𝐼2, 𝑢 ∈ ℝ.

It is clear that 𝐅 is differentiable and that the restriction 𝐅|𝐼2×{0} = 𝛼2. Calculating the determinant 

of the differential 𝑑𝐅𝐪,

|(
𝑑𝑥
𝑑𝑡
𝑑𝑦
𝑑𝑡

0
1
)| = 𝑑𝑥

𝑑𝑡
(𝑟) ≠ 0.

It is possible therefore to apply the inverse function theorem, which guarantees the existence of a 

neighborhood 𝑀  of 𝛼2(𝑟) in ℝ2 such that 𝐅−1 exists and is differentiable in 𝑀 .

By the continuity of 𝐄, there exists a neighborhood 𝑁  of 𝐩 in 𝐶1 such that 𝐄(𝑁) ⊂ 𝑀 . Furthermore, 

by the continuity of 𝛼1, there exists a neighborhood 𝐿 of 𝑞 in 𝐼1 such that 𝛼1(𝐿) ⊂ 𝑁 . Notice that, 

restricted to 𝐿,

(𝛼−1
2 ∘ 𝐄 ∘ 𝛼1)|𝐿 = 𝐅−1 ∘ 𝐄 ∘ 𝛼1|𝐿

is a composition of differentiable maps. Thus, we can apply the chain rule for maps and conclude that 

𝐄 is differentiable at 𝐩. Since 𝐩 is arbitrary, 𝐄 is differentiable on 𝐶1.

10. The condition is that the curve 𝐶 must meet the axis 𝑟 orthogonally at points 𝐩 and 𝐪. We shall take 𝑥𝑧 
plane as the plane of the curve and the 𝑧 axis as the rotation axis. Let

𝑥 = 𝑓(𝑣), 𝑧 = 𝑔(𝑣), 𝑎 ≤ 𝑣 ≤ 𝑏, 𝑓(𝑣) > 0 for 𝑎 < 𝑣 < 𝑏, 𝑓(𝑣) = 0 for 𝑣 = 𝑎, 𝑏.

The region obtained by rotating the part of 𝑎 < 𝑣 < 𝑏 is regular surface since 𝑓(𝑣) > 0. Hence it is sufficient 

to check regularity at the points 𝐩 and 𝐪. We consider the point 𝐩. By Prop. 3 of Sec. 2-2, there exists 

a neighborhood 𝑉  of 𝐩 in 𝑆 such that 𝑉  is the graph of a differentiable function which has one of the 

three forms 𝑧 = ℎ(𝑥, 𝑦), 𝑦 = 𝑖(𝑥, 𝑧), 𝑥 = 𝑗(𝑦, 𝑧). Since 𝑆 is a surface of revolution, it must be represented 

by 𝑧 = ℎ(𝑥, 𝑦). Then for every 𝑣 ∈ [𝑎, 𝑏] and 𝜃 ∈ [0, 2𝜋), we have

𝑔(𝑣) = ℎ(𝑓(𝑣) cos 𝜃, 𝑓(𝑣) sin 𝜃).

Since ℎ is differentiable, we can write ℎ as

ℎ(𝑥, 𝑦) = ℎ(0, 0) + ℎ𝑥(0, 0)𝑥 + ℎ𝑦(0, 0)𝑦 + 𝜀(𝑥, 𝑦)√𝑥2 + 𝑦2

where 𝜀(𝑥, 𝑦) → 0 as (𝑥, 𝑦) → (0, 0). Then put 𝑥 = 𝑓(𝑣) cos 𝜃, 𝑦 = 𝑓(𝑣) sin 𝜃 to obtain

𝑔(𝑣) = 𝑔(𝑎) + ℎ𝑥(0, 0)𝑓(𝑣) cos 𝜃 + ℎ𝑦(0, 0)𝑓(𝑣) sin 𝜃 + 𝜀(𝑓(𝑣) cos 𝜃, 𝑓(𝑣) sin 𝜃)|𝑓(𝑣)|.

In consequence,

𝑔(𝑣) − 𝑔(𝑎)
𝑣 − 𝑎

= ℎ𝑥(0, 0) 𝑓(𝑣)
𝑣 − 𝑎

cos 𝜃 + ℎ𝑦(0, 0) 𝑓(𝑣)
𝑣 − 𝑎

sin 𝜃 + 𝜀(𝑓(𝑣) cos 𝜃, 𝑓(𝑣) sin 𝜃)|𝑓(𝑣)|
𝑣 − 𝑎

.

Taking the limit 𝑣 → 𝑎+, we obtain 𝑔′(𝑎) = (ℎ𝑥(0, 0) cos 𝜃 + ℎ𝑦(0, 0) sin 𝜃)𝑓 ′(𝑎). If 𝑓 ′(𝑎) = 0, then 𝑔′(𝑎) =
0, so it contradicts the regularity of the generating curve. So 𝑓 ′(𝑎) = 0. “To ensure the right-hand side 

yields a constant value 𝑔′(𝑎) regardless of 𝜃, it must be ℎ𝑥(0, 0) = ℎ𝑦(0, 0) = 0, and 𝑔′(𝑎) = 0. Therefore 

the curve 𝐶 meets the 𝑟-axis orthogonally at points 𝐩 and 𝐪.
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Unsolved  The conditions mentioned above are sufficient for the surface of revolution to have a well-

defined tangent plane at every point. However, to satisfy the book’s definition of a regular surface (having a 

parametrization which has continuous partial derivatives of all orders), additional conditions are required; 

specifically, it seems like

• 𝑔′(𝑎) = 𝑔′(𝑏) = 0,

• 𝑓 ′(𝑎) ≠ 0, 𝑓 ′(𝑏) ≠ 0,

• 𝑔(2𝑘−1)(𝑎) = 𝑔(2𝑘−1)(𝑏) = 0 for every 𝑘 ∈ ℕ,
• 𝑓 (2𝑘)(𝑎) = 𝑓 (2𝑘)(𝑏) = 0 for every 𝑘 ∈ ℕ.
Nevertheless, I have not yet been able to provide a rigorous proof for this.

11. Let 𝑅𝜃,𝑟 denote the rotation by an angle 𝜃 about the axis 𝑟. Since

𝑅𝜃,𝑟(𝐩 + 𝐪) = 𝑅𝜃,𝑟(𝐩) + 𝑅𝜃,𝑟(𝐪), 𝑅𝜃,𝑟(𝑐𝐩) = 𝑐𝑅𝜃,𝑟(𝐩), 𝐩, 𝐪 ∈ ℝ3

𝑅𝜃,𝑟 is a linear map and is therefore differentiable. Moreover, as 𝑆 is a surface of revolution about axis 𝑟, 
it follows that 𝑅𝜃,𝑟(𝑆) ⊂ 𝑆. Thus the restriction 𝜑 = 𝑅𝜃,𝑟|𝑆 and its inverse 𝜑−1 = (𝑅𝜃,𝑟)

−1|𝑆 = 𝑅−𝜃,𝑟|𝑆 

are differentiable. Consequently, 𝜑 is a diffeomorphism of 𝑆.

12. a. Since the straight line passing through a moving point 𝛼(𝑡) ∈ 𝐶 and the fixed point 𝟎 is given by 

{𝑣𝛼(𝑡) | 𝑣 ∈ 𝑅}, we can represent Σ by the trace of a parametrized surface

𝐱 : 𝑈 → Σ, 𝐱(𝑣, 𝑡) = 𝑣𝛼(𝑡),

where 𝑈 = {(𝑣, 𝑡) | 𝑣 ∈ ℝ,  𝑡 ∈ (𝑎, 𝑏)}.
b. For a given point 𝐪 ∈ 𝑈  to be regular, the differential 𝑑𝐱𝐪 : ℝ2 → ℝ3 must be one-to-one. We denote 

𝛼(𝑡) = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)), then

𝑑𝐱𝐪 =
(

𝑥(𝑡)

𝑦(𝑡)
𝑧(𝑡)

𝑣𝑥′(𝑡)
𝑣𝑦′(𝑡)
𝑣𝑧′(𝑡))


.

Observe that

(𝜕(𝑥, 𝑦)
𝜕(𝑣, 𝑡)

, −𝜕(𝑥, 𝑧)
𝜕(𝑣, 𝑡)

, 𝜕(𝑦, 𝑧)
𝜕(𝑣, 𝑡)

) = 𝑣(𝑥𝑦′ − 𝑥′𝑦, 𝑧𝑥′ − 𝑥𝑧′, 𝑦𝑧′ − 𝑧𝑦′) = 𝑣𝛼(𝑡) ∧ 𝛼′(𝑡),

so 𝑑𝐱𝐪 is one-to-one if and only if 𝑣𝛼(𝑡) ∧ 𝛼′(𝑡) ≠ 0. Hence 𝐱 is not regular at the origin (𝑣 = 0) and 

at points where the tangent passes through the origin (𝛼(𝑡) ∥ 𝛼′(𝑡)).
c. For the remaining set of Σ to be a regular surface, we must first remove the points where the 

parametrization 𝐱 is not regular.

Additionally, as shown in the given figure, we must remove the lines of self-intersection in Σ, because 

Σ might fail to satisfy the condition of being locally homeomorphic to a plane at these points. Let’s 

examine this condition in more detail.

First, for a self-intersection to occur, there must exist distinct 𝑡1, 𝑡2 ∈ (𝑎, 𝑏) such that 𝛼(𝑡1) ∥ 𝛼(𝑡2). 
Since the normal vector of the tangent plane at a given point 𝐪 = (𝑣, 𝑡) is determined by 𝐱𝑣 ∧ 𝐱𝑡 =
𝑣𝛼(𝑡) ∧ 𝛼′(𝑡), the condition for the tangent planes to be distinct (non-parallel) at the intersection is

𝑣1𝛼(𝑡1) ∧ 𝛼′(𝑡1) ∦ 𝑣2𝛼(𝑡2) ∧ 𝛼′(𝑡2).

Since non-zero scalars 𝑣1, 𝑣2 ≠ 0 do not affect the direction, and because 𝛼(𝑡1) ∥ 𝛼(𝑡2), this condition 

can be rewritten as

𝛼(𝑡1) ∧ 𝛼′(𝑡1) ∦ 𝛼(𝑡1) ∧ 𝛼′(𝑡2).

This is equivalent to their cross product being non-zero. Using the vector quadruple product identity, 

we can derive

𝟎 ≠ (𝛼(𝑡1) ∧ 𝛼′(𝑡1)) ∧ (𝛼(𝑡1) ∧ 𝛼′(𝑡2))
= det(𝛼(𝑡1), 𝛼′(𝑡1), 𝛼′(𝑡2)) ⋅ 𝛼(𝑡2) − det(𝛼(𝑡1), 𝛼′(𝑡1), 𝛼(𝑡2)) ⋅ 𝛼′(𝑡2)
= det(𝛼(𝑡1), 𝛼′(𝑡1), 𝛼′(𝑡2)) ⋅ 𝛼(𝑡2).

Since 𝛼(𝑡2) ≠ 𝟎, this condition is equivalent to
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det(𝛼(𝑡1), 𝛼′(𝑡1), 𝛼′(𝑡2)) ≠ 0.

In summary, the points and lines that must be removed are:

1. The origin 𝟎,

2. The line of non-regular points: {𝐱(𝑣, 𝑡) ∈ Σ | 𝑣 ∈ ℝ, 𝑡 ∈ (𝑎, 𝑏) such that 𝛼(𝑡) ∥ 𝛼′(𝑡)}
3. The line of self-intersections:

{𝐱(𝑣, 𝑡1) ∈ Σ |
𝑣 ∈ ℝ, ∃ 𝑡1 ≠ 𝑡2 ∈ (𝑎, 𝑏) such that 𝛼(𝑡1) ∥ 𝛼(𝑡2)

and det(𝛼(𝑡1), 𝛼′(𝑡1), 𝛼′(𝑡2)) ≠ 0
}

13. We have to show that 𝑓 : 𝑉 ⊂ 𝑆 → ℝ is differentiable at 𝐩 ∈ 𝑉  if and only if 𝑓 = 𝑓∗|𝑉  for some differen

tiable function 𝑓∗ : 𝑉 ∗ → ℝ, where 𝐩 is contained in an open set 𝑉 ∗ ⊂ ℝ3.

First suppose that 𝑓 is such a restriction. Since 𝑓∗ is differentiable, 𝑓 = 𝑓∗|𝑉  is also differentiable.

Conversely, suppose 𝑓 is differentiable at 𝐩 ∈ 𝑉 , that is, if 𝐱 : 𝑈 → ℝ3 is a parametrization for 𝑆 at 𝐩, 

then 𝑓 ∘ 𝐱 is differentiable at 𝐱−1(𝐩). Since

𝐱(𝑢, 𝑣) = (𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣))

is a parametrization, we can assume, by renaming the axes if necessary, that 𝜕(𝑥,𝑦)
𝜕(𝑢,𝑣)(𝑞) ≠ 0. We extend 𝐱 

to a map 𝐹 : 𝑈 × ℝ → ℝ3 as

𝐅(𝑢, 𝑣, 𝑡) = 𝐱(𝑢, 𝑣) + 𝑡𝐳̂ = (𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣) + 𝑡).

We can see that 𝐅 is differentiable and 𝐅|𝑈×{0} = 𝐱. Since

det(𝑑𝐅𝐪) = det

(




𝑑𝑥
𝑑𝑢
𝑑𝑦
𝑑𝑢
𝑑𝑧
𝑑𝑢

𝑑𝑥
𝑑𝑣
𝑑𝑦
𝑑𝑣
𝑑𝑧
𝑑𝑣

0
0
1)




= 𝜕(𝑥, 𝑦)
𝜕(𝑢, 𝑣)

(𝑞) ≠ 0,

we can apply the inverse theorem, which guarantees the existence of a neighborhood 𝑊  of 𝐩 in ℝ3 such 

that 𝐅−1 is a diffeomorphism. Define 𝑔 : 𝑊 → ℝ by

𝑔 = 𝑓 ∘ 𝐱 ∘ 𝜋 ∘ 𝐅−1,

where 𝜋 : 𝑈 × ℝ → 𝑈,  𝜋(𝑢, 𝑣, 𝑡) = (𝑢, 𝑣) is the natural projection. Then 𝑔 is differentiable at 𝐩, because 

it is a composition of differentiable functions. Now observe that 𝑓 is the restriction to 𝑊 ∩ 𝑆 of a 

differentiable function 𝑔, i.e., 𝑓 = 𝑔|𝑊∩𝑆.

14. First suppose that 𝐴 is a regular surface. Given point 𝐩 ∈ 𝐴, we wish to find a neighborhood of 𝐩 in 

𝑆 that is contained in 𝐴. Since 𝑆 is a regular surface, there exists a neighborhood 𝑉 ⊂ ℝ3 of 𝐩 and 

parametrization

𝐱 : 𝑈 → 𝑉 ∩ 𝑆,

where 𝑈 ⊂ ℝ2 is open. Since 𝐴 is a regular surface, there exists a neighborhood 𝑉 ′ ⊂ ℝ3 of 𝐩 and 

parametrization

𝐲 : 𝑈 ′ → 𝑉 ′ ∩ 𝐴,

where 𝑈 ′ ⊂ ℝ2 is open. By shrinking the neighborhoods if necessary, we can assume that 𝑉 ′ ∩ 𝐴 ⊂ 𝑉 ∩
𝑆. Now consider the map 𝐡 : 𝑈 ′ → 𝑈  defined by

𝐡 = 𝐱−1 ∘ 𝐲.

Since 𝐲(𝑈 ′) = 𝑉 ′ ∩ 𝐴 ⊂ 𝑉 ∩ 𝑆 and 𝐱 is a homeomorphism onto 𝑉 ∩ 𝑆, this map is well-defined. Applying 

the chain rule to 𝐲 = 𝐱 ∘ 𝐡, we obtain

𝑑𝐲𝐪 = 𝑑𝐱𝐡(𝐪) ∘ 𝑑𝐡𝐪

for 𝐪 = 𝐲−1(𝐩) ∈ 𝑈 ′. Since 𝐲 is a parametrization, 𝑑𝐲𝐪 is one-to-one. Thus 𝑑𝐡𝐪 is also one-to-one, that 

is, 𝑑𝐡𝐪 : ℝ2 → ℝ2 is an isomorphism. By the inverse function theorem, there exists a neighborhood 𝑁  of 

𝐪 in 𝑈 ′ and 𝑁  of 𝐡(𝐪) in 𝑈  such that 𝐡 : 𝑀 → 𝑁  has a differentiable inverse 𝐡−1 : 𝑁 → 𝑀 . Specifically, 

𝐡 maps an open neighborhood of 𝐪 in 𝑈 ′ to an open neighborhood of 𝐡(𝐪) in 𝑈 .

Now let 𝑀 ′ ⊂ 𝑀  be an open neighborhood of 𝐪. Then 𝐡(𝑀 ′) is open in 𝑈 . Moreover, because 𝐱 is a 

homeomorphism, it maps an open set 𝐡(𝑀 ′) to an open set in 𝑉 ∩ 𝑆, that is, an open set in 𝑆. Therefore 
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𝐱(𝐡(𝑀 ′)) = 𝐲(𝑀 ′) is a neighborhood of 𝐩 in 𝑆. Since 𝐲(𝑀 ′) ⊂ 𝐴, we found a neighborhood of 𝐩 in 𝑆 

that is entirely contained in 𝐴. Therefore 𝐴 is open in 𝑆.

Conversely, suppose that 𝐴 is open in 𝑆. Given point 𝐩 ∈ 𝐴 ⊂ 𝑆, since 𝑆 is a regular surface, there exists 

a neighborhood 𝑉  in ℝ3 and a parametrization 𝐱 : 𝑈 → 𝑉 ∩ 𝑆 of an open set 𝑈 ⊂ ℝ2 onto 𝑉 ∩ 𝑆 ⊂ ℝ3. 

Observe that 𝑉 ∩ 𝐴 is open in 𝑆. Now we show that

𝐲 = 𝐱|𝐱−1(𝑉 ∩𝐴) : 𝐱−1(𝑉 ∩ 𝐴) → 𝑉 ∩ 𝐴.

is a parametrization for 𝐴 at 𝐩. (i) 𝐲 is differentiable since 𝐱 is differentiable. (ii) 𝐲 is homeomorphism, 

being restriction of the homeomorphism 𝐱 to the open set 𝐱−1(𝑉 ∩ 𝐴). (iii) the differential 𝑑𝐲𝐪 is one-

to-one for each 𝐪 ∈ 𝐱−1(𝑉 ∩ 𝐴), since 𝑑𝐱𝐪 is injective for each 𝐪 ∈ 𝑈 . Therefore 𝐴 is a regular surface.

15. a. Let 𝑟 ∈ 𝛽−1(𝑊) and 𝑞 = ℎ(𝑟). Since 𝛼(𝑡) = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)) is a parametrization, we can assume, by 

renaming the axes if necessary, that 𝑑𝑥/𝑑𝑡(𝑞) ≠ 0. We extend 𝛼 to a map 𝐅 : 𝐼 × ℝ2 → ℝ3 defined by

𝐅(𝑡, 𝑢, 𝑣) = (𝑥(𝑡), 𝑦(𝑡) + 𝑢, 𝑧(𝑡) + 𝑣), 𝑡 ∈ 𝐼,  𝑢, 𝑣 ∈ ℝ.

It is clear that 𝐅 is differentiable and 𝐅|𝐼×{0}×{0} = 𝛼. Calculating the determinant of the differential 

𝑑𝐅𝐪, we obtain

det(𝑑𝐅𝐪) = det

(




𝑑𝑥
𝑑𝑡
𝑑𝑦
𝑑𝑡
𝑑𝑧
𝑑𝑡

0
1
0

0
0
1)




= 𝑑𝑥
𝑑𝑡

(𝑞) ≠ 0.

It is possible therefore to apply inverse function theorem, which guarantees the existence of a neigh

borhood 𝑀  of 𝛼(𝑞) in ℝ3 such that 𝐅−1 exists and is differentiable in 𝑀 .

By the continuity of 𝛽, there exists neighborhood 𝑁  of 𝑟 in 𝐽  such that 𝛽(𝑁) ⊂ 𝑀 . Notice that, 

restricted to 𝑁 , ℎ|𝑁 = 𝐅−1 ∘ 𝛽|𝑁  is a composition of differentiable maps. Thus, we can apply the 

chain rules for maps and conclude that ℎ is differentiable at 𝑟. Since 𝑟 is arbitrary, ℎ is differentiable 

on 𝛽−1(𝑊).
Exactly the same argument can be applied to show that the map ℎ−1 is differentiable, and so ℎ is a 

diffeomorphism.

b. Let 𝑡 = ℎ(𝜏). Differentiating both sides of 𝛼(𝑡) = 𝛽(𝜏) with respect to 𝑡, then we obtain

𝛼′(𝑡) = 𝛽′(𝜏)𝑑𝜏
𝑑𝑡

.

Note that 𝑑𝜏/𝑑𝑡 ≠ 0 doesn’t change the sign. If not, there exists 𝑡 such that 𝑑𝜏/𝑑𝑡 = 0 by the 

intermediate value theorem. Then we have 𝛼′(𝑡) = 0, which contradicts the regularity of 𝛼. Hence 

there exists a sign 𝜇 = ±1 such that

𝑑𝜏
𝑑𝑡

= 𝜇 |𝛼′(𝑡)|
|𝛽′(𝜏)|

for every 𝑡 ∈ 𝐼 . Therefore

|∫
𝜏

𝜏0

|𝛽′(𝜏)| 𝑑𝜏| = |∫
𝑡

𝑡0

|𝛽′(𝜏)|𝑑𝜏
𝑑𝑡

𝑑𝑡| = |∫
𝑡

𝑡0

𝜇|𝛼′(𝑡)| 𝑑𝑡| = |𝜇||∫
𝑡

𝑡0

|𝛼′(𝑡)| 𝑑𝑡| = |∫
𝑡

𝑡0

|𝛼′(𝑡)| 𝑑𝑡|.

16. We first assert that 𝐅 is differentiable on 𝕊2 − {𝑁}. To show this, for each 𝐩 ∈ 𝕊2 − {𝑁}, and given 

parametrization 𝐱1 and 𝐱2 at 𝐩, we must show that

𝐱−1
2 ∘ 𝐅 ∘ 𝐱1 = 𝐱−1

2 ∘ 𝜋−1
𝑁 ∘ 𝑃 ∘ 𝜋𝑁 ∘ 𝐱1

is differentiable at 𝐱−1
1 (𝐩). Since 𝜋−1

𝑁  is a parametrization for 𝕊2, the change of coordinates

𝜋𝑁 ∘ 𝐱1 = (𝜋−1
𝑁 )−1 ∘ 𝐱1 and 𝜋𝑁 ∘ 𝐱2 = (𝜋−1

𝑁 )−1 ∘ 𝐱2

are diffeomorphisms. Therefore

𝐱−1
2 ∘ 𝜋−1

𝑁 ∘ 𝑃 ∘ 𝜋𝑁 ∘ 𝐱1 = (𝜋𝑁 ∘ 𝐱1)
−1 ∘ 𝑃 ∘ (𝜋𝑁 ∘ 𝐱1)
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is differentiable at 𝐱−1
1 (𝐩). Now we show that 𝐅 is differentiable at 𝑁 . Consider the stereographic 

projection 𝜋𝑆 from the south pole 𝑆 = (0, 0, −1) to ℂ. (Here, we identify the plane 𝑧 = 1 with ℂ.) Define 

the complex polynomial 𝑄 : ℂ → ℂ as

𝑄(𝜁) = 4/𝑃(4/𝜁) = 4𝜁𝑛

4𝑛𝑎0 + 4𝑛−1𝑎1𝜁 + ⋯ + 𝑎𝑛𝜁𝑛 ,

and we shall show that the equation

𝐅 = 𝜋−1
𝑆 ∘ 𝑄 ∘ 𝜋𝑆

holds in the neighborhood of 𝑁 . For 𝐩 = 𝑁 , we can easily check that the equation holds, because 𝐅(𝑁) =
𝑁  and 𝜋−1

𝑆 (𝑄(𝜋𝑆(𝑁))) = 𝜋−1
𝑆 (𝑄(0)) = 𝜋−1

𝑆 (0) = 𝑁 . Now suppose that 𝐩 ≠ 𝑁 . We have to show that

𝜋−1
𝑁 ∘ 𝑃 ∘ 𝜋𝑁 = 𝜋−1

𝑆 ∘ 𝑄 ∘ 𝜋𝑆

in the neighborhood of 𝑁 . Observe that

𝜋−1
𝑁 (𝑢, 𝑣) = ( 4𝑢

𝑢2 + 𝑣2 + 4
, 4𝑣
𝑢2 + 𝑣2 + 4

, 𝑢2 + 𝑣2 − 4
𝑢2 + 𝑣2 + 4

),

𝜋−1
𝑆 (𝑢, 𝑣) = ( 4𝑢

𝑢2 + 𝑣2 + 4
, 4𝑣
𝑢2 + 𝑣2 + 4

, 4 − 𝑢2 − 𝑣2

𝑢2 + 𝑣2 + 4
).

Let 𝜉 = (𝜋𝑁 ∘ 𝜋−1
𝑆 )(𝜁), then 𝜋−1

𝑁 (𝜉) = 𝜋−1
𝑆 (𝜁). By a slight abuse of notation, we have

( 4𝜉
|𝜉|2 + 4

, |𝜉|2 − 4
|𝜉|2 + 4

) = 𝜋−1
𝑁 (𝜉) = 𝜋−1

𝑆 (𝜁) = ( 4𝜁
|𝜁|2 + 4

, 4 − |𝜁|2

|𝜁|2 + 4
).

From (|𝜉|2 − 4)/(|𝜉|2 + 4) = (4 − |𝜁|2)/(|𝜁|2 + 4), we obtain |𝜉| = 4/|𝜁|, then from (4𝜉)/(|𝜉|2 + 4) =
(4𝜁)/(|𝜁|2 + 4), we get 𝜉 = 4/𝜁. By the definition of 𝑄,

(𝜋𝑆 ∘ 𝜋−1
𝑁 ∘ 𝑃 ∘ 𝜋𝑁 ∘ 𝜋−1

𝑆 )(𝜁) = ((𝜋𝑁 ∘ 𝜋−1
𝑆 )−1 ∘ 𝑃 ∘ (𝜋𝑁 ∘ 𝜋−1

𝑆 ))(𝜁) = 4/𝑃(4/𝜁) = 𝑄(𝜁),

which means 𝜋−1
𝑁 ∘ 𝑃 ∘ 𝜋𝑁 = 𝜋−1

𝑆 ∘ 𝑄 ∘ 𝜋𝑆. Therefore we have 𝐅 = 𝜋−1
𝑆 ∘ 𝑄 ∘ 𝜋𝑆 in the neighborhood of 𝑁 . 

Since 𝑄 is differentiable at 𝜁 = 0, 𝐅 = 𝜋−1
𝑆 ∘ 𝑄 ∘ 𝜋𝑆 is differentiable at 𝑁 .

2-4. The Tangent Plane; The Differential of a Map

1. The regular surface 𝑆 is given by 𝑆 = {(𝑥, 𝑦, 𝑧) | 𝑓(𝑥, 𝑦, 𝑧) = 0}. Let 𝐩 = (𝑥, 𝑦, 𝑧) and 𝐩0 = (𝑥0, 𝑦0, 𝑧0). 
Suppose 𝐰 = 𝐩 − 𝐩0 is a tangent vector to 𝑆 at a point 𝐩0, that is, 𝐰 = 𝛼′(0) where 𝛼 : (−𝜀, 𝜀) → 𝑆 is 

differentiable and 𝛼(0) = 𝐩0. Write the curve as 𝛼(𝑡) = (𝑥𝛼(𝑡), 𝑦𝛼(𝑡), 𝑧𝛼(𝑡)), then we have

(𝑓 ∘ 𝛼)(𝑡) = 𝑓(𝛼(𝑡)) = 𝑓(𝑥𝛼(𝑡), 𝑦𝛼(𝑡), 𝑧𝛼(𝑡)) = 0

because 𝛼(𝑡) ∈ 𝑆 for every 𝑡 ∈ (−𝜀, 𝜀). Now differentiate both sides with respect to 𝑡, then

𝑓𝑥(𝛼(𝑡))𝑥𝛼′(𝑡) + 𝑓𝑦(𝛼(𝑡))𝑦𝛼′(𝑡) + 𝑓𝑧(𝛼(𝑡))𝑧𝛼′(𝑡) = 0.

Evaluating this at 𝑡 = 0, we obtain

𝑓𝑥(𝐩0)𝑥𝛼′(0) + 𝑓𝑦(𝐩0)𝑦𝛼′(0) + 𝑓𝑧(𝐩0)𝑧𝛼′(0) = 0.

Since (𝑥𝛼′(0), 𝑦𝛼′(0), 𝑧𝛼′(0)) = 𝛼′(0) = 𝐰 = 𝐩 − 𝐩0 = (𝑥 − 𝑥0, 𝑦 − 𝑦0, 𝑧 − 𝑧0), we have

𝑓𝑥(𝐩0)(𝑥 − 𝑥0) + 𝑓𝑦(𝐩0)(𝑦 − 𝑦0) + 𝑓𝑧(𝐩0)(𝑧 − 𝑧0) = 0.

Conversely, suppose this equation holds, and we will show that (𝑥 − 𝑥0, 𝑦 − 𝑦0, 𝑧 − 𝑧0) is a tangent vector 

to 𝑆 at 𝐩0. Since 0 is a regular value of 𝑓 , it is possible to assume, by renaming the axes if necessary, 

that 𝑓𝑧 ≠ 0 at 𝐩0. Based on the argument from Prop. 2 of Sec. 2-2, the curve can be expressed by the 

equation 𝑧 = 𝑔(𝑥, 𝑦) in the neighborhood of 𝐩0. Now we define the curve 𝛼 : (−𝜀, 𝜀) → 𝑆 as

𝛼(𝑡) = (𝑥0 + (𝑥 − 𝑥0)𝑡,  𝑦0 + (𝑦 − 𝑦0)𝑡,  𝑔(𝑥0 + (𝑥 − 𝑥0)𝑡, 𝑦0 + (𝑦 − 𝑦0)𝑡)).
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Since 𝑓(𝑥, 𝑦, 𝑔(𝑥, 𝑦)) = 0 in the neighborhood of 𝐩0, differentiating both sides with respect to 𝑥 and 𝑦 

respectively, evaluating these at (𝑥0, 𝑦0) yields

𝑓𝑥(𝐩0) + 𝑓𝑧(𝐩0)𝑔𝑥(𝑥0, 𝑦0) = 0, 𝑓𝑦(𝐩0) + 𝑓𝑧(𝐩0)𝑔𝑦(𝑥0, 𝑦0) = 0.

Recall that 𝑓𝑥(𝐩0)(𝑥 − 𝑥0) + 𝑓𝑦(𝐩0)(𝑦 − 𝑦0) + 𝑓𝑧(𝐩0)(𝑧 − 𝑧0) = 0, we have

𝛼′(0) = (𝑥 − 𝑥0, 𝑦 − 𝑦0, 𝑔𝑥(𝑥0, 𝑦0)(𝑥 − 𝑥0) + 𝑔𝑦(𝑥0, 𝑦0)(𝑦 − 𝑦0))

= (𝑥 − 𝑥0, 𝑦 − 𝑦0, (−𝑓𝑥(𝐩0)
𝑓𝑧(𝐩0)

)(𝑥 − 𝑥0) + (−
𝑓𝑦(𝐩0)
𝑓𝑧(𝐩0)

)(𝑦 − 𝑦0))

= (𝑥 − 𝑥0, 𝑦 − 𝑦0, 𝑧 − 𝑧0).

Therefore (𝑥 − 𝑥0, 𝑦 − 𝑦0, 𝑧 − 𝑧0) is a tangent vector to 𝑆 at 𝐩0.

2. Let 𝑓 : ℝ3 → ℝ3 as 𝑓(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 − 𝑧2 − 1. Since 𝑑𝑓𝐪 = (2𝑥, 2𝑦, −2𝑥) = (0, 0, 0) implies (𝑥, 𝑦, 𝑧) =
(0, 0, 0), the critical value of 𝑓 is 𝑓(0, 0, 0) = −1. Thus the given surface 𝑓−1(0) is a regular surface by 

Prop. 2 of Sec. 2-2. By Exercise 1, the equation of the tangent plane at (𝑥0, 𝑦0, 𝑧0) is given by 2𝑥0(𝑥 −
𝑥0) + 2𝑦0(𝑦 − 𝑦0) − 2𝑧0(𝑧 − 𝑧0) = 0. Put 𝑧0 = 0 then we obtain

𝑥0(𝑥 − 𝑥0) + 𝑦0(𝑦 − 𝑦0) = 0.

The normal vector of the tangent plane is (𝑥0, 𝑦0, 0), which is perpendicular to 𝐳̂ = (0, 0, 1). Therefore 

the tangent planes are all parallel to the 𝑧 axis.

3. Let 𝑔(𝑥, 𝑦, 𝑧) = 𝑓(𝑥, 𝑦) − 𝑧. Since 𝑑𝑔𝐪 = (𝑓𝑥, 𝑓𝑦, −1) ≠ (0, 0, 0), we see that 𝑆 = 𝑔−1(0) is a regular surface. 

By Exercise 1, the equation of the tangent plane at (𝑥0, 𝑦0, 𝑧0) is given by

𝑓𝑥(𝑥0, 𝑦0)(𝑥 − 𝑥0) + 𝑓𝑦(𝑥0, 𝑦0)(𝑦 − 𝑦0) − (𝑧 − 𝑧0) = 0,

where 𝑧0 = 𝑓(𝑥0, 𝑦0), which is equivalent to

𝑧 = 𝑓(𝑥0, 𝑦0) + 𝑓𝑥(𝑥0, 𝑦0)(𝑥 − 𝑥0) + 𝑓𝑦(𝑥0, 𝑦0)(𝑦 − 𝑦0).

To see that the graph of the differential 𝑑𝑓𝐩 is the tangent plane, choose arbitrary 𝐰 ∈ 𝑇𝐩0
(𝑆) and find 

the differentiable parametrized curve 𝛼 : (−𝜀, 𝜀) → 𝑆 with 𝛼(0) = 𝐩0 and 𝛼′(0) = 𝐰. We denote 𝛼(𝑡) =
(𝑥𝛼(𝑡), 𝑦𝛼(𝑡)). Then for 𝛽 = 𝑓 ∘ 𝛼 : (−𝜀, 𝜀) → ℝ, we have

𝑑𝑓𝐩0
(𝐰) = 𝛽′(0) = 𝑑

𝑑𝑡
𝑓(𝑥𝛼(𝑡), 𝑦𝛼(𝑡))|

𝑡=0

= 𝑓𝑥(𝐩0)𝑥′
𝛼(0) + 𝑓𝑦(𝐩0)𝑦′

𝛼(0).

Denote 𝐰 = (𝑥′
𝛼(0), 𝑦′

𝛼(0)) = (𝑥𝐰, 𝑦𝐰), then the graph of the differential 𝑑𝑓𝐩0
 is

{(𝑥𝐰, 𝑦𝐰, 𝑑𝑓𝐩0
(𝑥𝐰, 𝑦𝐰)) | 𝑓𝑥(𝐩0)𝑥𝐰 + 𝑓𝑦(𝐩0)𝑦𝐰 = 𝑑𝑓𝐩0

(𝑥𝐰, 𝑦𝐰)}

= {(𝑥 − 𝑥0, 𝑦 − 𝑦0, 𝑧 − 𝑧0) | 𝑓𝑥(𝐩0)(𝑥 − 𝑥0) + 𝑓𝑦(𝐩0)(𝑦 − 𝑦0) = 𝑧 − 𝑧0}

= {(𝑥, 𝑦, 𝑧) | 𝑓𝑥(𝐩0)(𝑥 − 𝑥0) + 𝑓𝑦(𝐩0)(𝑦 − 𝑦0) = 𝑧 − 𝑧0} − (𝑥0, 𝑦0, 𝑧0),

which is the translation of the tangent plane at 𝐩0.

4. Let 𝑔(𝑥, 𝑦) = 𝑥𝑓(𝑦/𝑥). Since 𝑔 : ℝ2 − {0} → ℝ is the differentiable function defined on an open set, 𝑆 =
{(𝑥, 𝑦, 𝑔(𝑥, 𝑦)) | (𝑥, 𝑦) ∈ ℝ2 − {0}} is a regular surface by Prop. 1 of Sec. 2-2. By Exercise 3, the tangent 

plane at 𝐩0 = (𝑥0, 𝑦0, 𝑧0) is given by

𝑧 = 𝑔(𝑥0, 𝑦0) + 𝑔𝑥(𝑥0, 𝑦0)(𝑥 − 𝑥0) + 𝑔𝑦(𝑥0, 𝑦0)(𝑦 − 𝑦0)

= 𝑥0𝑓(𝑦0
𝑥0

) + (𝑓(𝑦0
𝑥0

) − 𝑦0
𝑥0

𝑓 ′(𝑦0
𝑥0

))(𝑥 − 𝑥0) + 𝑓 ′(𝑦0
𝑥0

)(𝑦 − 𝑦0).

Now put 𝑥 = 𝑦 = 0 then we obtain

𝑧 = 𝑥0𝑓(𝑦0
𝑥0

) + (𝑓(𝑦0
𝑥0

) − 𝑦0
𝑥0

𝑓 ′(𝑦0
𝑥0

))(−𝑥0) + 𝑓 ′(𝑦0
𝑥0

)(−𝑦0) = 0.

Hence the tangent planes all pass through the origin (0, 0, 0).
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5. We first show that the normal vector of the tangent plane of 𝑆 at 𝐩 = 𝐱(𝑢, 𝑣) is given by 𝐱𝑢(𝑢, 𝑣) ∧
𝐱𝑣(𝑢, 𝑣). if we define 𝛼 : (−𝜀, 𝜀) → 𝑆 as 𝛼(𝑡) = 𝐱(𝑢 + 𝑡, 𝑣), then we have 𝛼′(0) = 𝐱𝑢(𝑢, 𝑣) so 𝐱𝑢(𝑢, 𝑣) ∈
𝑇𝐩(𝑆). Similarly, 𝐱𝑣(𝑢, 𝑣) ∈ 𝑇𝐩(𝑆). Since 𝐱 is a parametrization for 𝑆,

𝑑𝐱(𝑢,𝑣) =
(

𝐱𝑢 𝐱𝑣

)



is one-to-one, that is, 𝐱𝑢 ∧ 𝐱𝑣 ≠ 𝟎 at (𝑢, 𝑣). Therefore 𝐱𝑢 ∧ 𝐱𝑣 is the normal vector of 𝑇𝐩(𝑆).
Now consider the fixed coordinate curve 𝑢 = 𝑢0. The parametrization of the surface is given by 𝐱(𝑢, 𝑣) =
𝛼1(𝑢) + 𝛼2(𝑣), thus the normal vector of the tangent plane at 𝐱(𝑢0, 𝑣) is 𝛼′

1(𝑢0) ∧ 𝛼′
2(𝑣), which is 

perpendicular to 𝛼′
1(𝑢0) for every 𝑣. Therefore the tangent planes along a fixed coordinate curve 𝑢 = 𝑢0 

are all parallel to a line.

6. The tangent plane of the surface 𝑆 at 𝐩 = 𝐱(𝑡, 𝑣) contains two vectors 𝐱𝑡 = 𝛼′(𝑡) + 𝑣𝛼″(𝑡) and 𝐱𝑣 = 𝛼′(𝑡). 
Observe that 𝐱𝑡 ∧ 𝐱𝑣 = 𝑣𝛼″(𝑡) ∧ 𝛼′(𝑡). Since the curvature of the parametrized curve 𝛼 is everywhere 

nonzero, we have 𝑘(𝑡) = |𝛼′(𝑡) ∧ 𝛼″(𝑡)|/|𝛼′(𝑡)|3 ≠ 0, therefore the normal vector of 𝑇𝐩(𝑆) is 𝐱𝑡 ∧ 𝐱𝑣 =
𝑣𝛼″(𝑡) ∧ 𝛼′(𝑡) ≠ 𝟎.
Now fix 𝑡 = 𝑡0. The equation of tangent plane at 𝐩𝑣 = 𝐱(𝑡0, 𝑣) is given by

𝐲 ∈ 𝑇𝐩𝑣
(𝑆) ⟺  (𝛼″(𝑡0) ∧ 𝛼′(𝑡0)) ⋅ (𝐲 − 𝐱(𝑡0, 𝑣)) = 0.

For arbitrary 𝑣1, 𝑣2, observe that

𝐱(𝑡0, 𝑣2) − 𝐱(𝑡0, 𝑣1) = (𝑣2 − 𝑣1)𝛼′(𝑡0) ⟂ 𝛼″(𝑡0) ∧ 𝛼′(𝑡0).

Therefore

𝐲 ∈ 𝑇𝐩𝑣2
(𝑆) ⟺  (𝛼″(𝑡0) ∧ 𝛼′(𝑡0)) ⋅ (𝐲 − 𝐱(𝑡0, 𝑣2)) = 0

⟺  (𝛼″(𝑡0) ∧ 𝛼′(𝑡0)) ⋅ (𝐲 − 𝐱(𝑡0, 𝑣2) + 𝐱(𝑡0, 𝑣2) − 𝐱(𝑡0, 𝑣1)) = 0
⟺  (𝛼″(𝑡0) ∧ 𝛼′(𝑡0)) ⋅ (𝐲 − 𝐱(𝑡0, 𝑣1)) = 0
⟺  𝐲 ∈ 𝑇𝐩𝑣1

(𝑆).

Since 𝑣1 and 𝑣2 are arbitrary, the tangent planes along the curve 𝐱(𝑡0, 𝑣) all coincide.

7. Given 𝐰 ∈ 𝑇𝐩(𝑆), we can choose differentiable curve 𝛼 : (−𝜀, 𝜀) → 𝑆 with 𝛼(0) = 𝐩, 𝛼′(0) = 𝐰. Since 

𝑓(𝛼(𝑡)) = |𝛼(𝑡) − 𝐩0|
2 = (𝛼(𝑡) − 𝐩0) ⋅ (𝛼(𝑡) − 𝐩0),

𝑑𝑓𝐩(𝐰) = 𝑑
𝑑𝑡

𝑓(𝛼(𝑡))|
𝑡=0

= (2𝛼′(𝑡) ⋅ (𝛼(𝑡) − 𝐩0))|𝑡=0 = 2𝛼′(0) ⋅ (𝛼(0) − 𝐩0) = 2𝐰 ⋅ (𝐩 − 𝐩0).

8. Since the linear map 𝐋 is differentiable and 𝐋(𝑆) ⊂ 𝑆, 𝐋|𝑆 is also differentiable. Given 𝐰 ∈ 𝑇𝐩(𝑆), we 

can choose differentiable curve 𝛼 : (−𝜀, 𝜀) → 𝑆 with 𝛼(0) = 𝐩, 𝛼′(0) = 𝐰. Then

𝑑𝐋𝐩(𝐰) = 𝑑
𝑑𝑡

𝐋(𝛼(𝑡))|
𝑡=0

= 𝑑𝐋𝛼(0)(𝛼′(0)) = 𝑑𝐋𝐩(𝐰) = 𝐋(𝐰).

9. We first show that given parametrized surface is regular. (i) It is easy to see that 𝐱 is differentiable. 

(iii) Since

𝑑𝐱𝐪 =
(

−𝑣 sin 𝑢

𝑣 cos 𝑢
𝑎

cos 𝑢
sin 𝑢

0 )

, (𝜕(𝑥, 𝑧)

𝜕(𝑢, 𝑣)
)

2

+ (𝜕(𝑦, 𝑧)
𝜕(𝑢, 𝑣)

)
2

= (−𝑎 cos 𝑢)2 + (−𝑎 sin 𝑢)2 = 𝑎2 ≠ 0,

the differential 𝑑𝐱𝐪 is one-to-one for each 𝐪 ∈ 𝑈 . (ii) Let (𝑣 cos 𝑢, 𝑣 sin 𝑢, 𝑎𝑢) = (𝑥, 𝑦, 𝑧). Since 𝑢 = 𝑧/𝑎 

and the equation (𝑣 cos 𝑢, 𝑣 sin 𝑢) = (𝑥, 𝑦) determines 𝑣, 𝐱 is one-to-one. By Prop. 4 of Sec 2-2, 𝐱−1 is 

continuous. Therefore the surface 𝑆 given by parametrization 𝐱 is regular.

Now 𝐱𝑢 = (−𝑣 sin 𝑢, 𝑣 cos 𝑢, 𝑎) and 𝐱𝑣 = (cos 𝑢, sin 𝑢, 0), so 𝐱𝑢 ∧ 𝐱𝑣 = (−𝑎 sin 𝑢, 𝑎 cos 𝑢, −𝑣) and 𝐍(𝑢, 𝑣) =
1√

𝑎2+𝑣2 (−𝑎 sin 𝑢, 𝑎 cos 𝑢, −𝑣). Let 𝜃(𝑣) ∈ (0, 𝜋/2) denote the angle between the tangent plane of 𝑆 at 

𝐱(𝑢0, 𝑣) and the 𝑧 axis. If 𝜙(𝑣) is the angle between the unit normal vector of 𝑇𝐱(𝑢0,𝑣)(𝑆) and 𝑧 axis, then 

sin 𝜃(𝑣) = |cos 𝜙(𝑣)|. Since
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cos 𝜙(𝑣) = 𝐍(𝑢0, 𝑣) ⋅ (0, 0, 1) = − 𝑣√
𝑎2 + 𝑣2

,

we have sin 𝜃(𝑣) = 𝑣/
√

𝑎2 + 𝑣2 and cos 𝜃(𝑣) = |𝑎|/
√

𝑎2 + 𝑣2. Finally, we can see that tan 𝜃(𝑣) = |𝑎|/𝑣 is 
proportional to the inverse of the distance 𝑣 of the point 𝐱(𝑢0, 𝑣) to the 𝑧 axis.

10. Observe that

𝐱𝑠 = 𝛼′(𝑠) + 𝑟(𝐧′(𝑠) cos 𝑣 + 𝐛′(𝑠) sin 𝑣)
= 𝐭(𝑠) + 𝑟((−𝑘(𝑠)𝐭(𝑠) − 𝜏(𝑠)𝐛(𝑠)) cos 𝑣 + 𝜏(𝑠)𝐧(𝑠) sin 𝑣),

𝐱𝑣 = 𝑟(−𝐧(𝑠) sin 𝑣 + 𝐛(𝑠) cos 𝑣)

and

𝐱𝑠 ∧ 𝐱𝑣 = −𝑟𝐛(𝑠) sin 𝑣 − 𝑟𝐧(𝑠) cos 𝑣

+𝑟2(𝑘(𝑠)𝐛(𝑠) sin 𝑣 cos 𝑣 + 𝑘(𝑠)𝐧(𝑠) cos2 𝑣 − 𝜏(𝑠)𝐭(𝑠) sin 𝑣 cos 𝑣 + 𝜏(𝑠)𝐭(𝑠) sin 𝑣 cos 𝑣)

= −𝑟𝐛(𝑠) sin 𝑣 − 𝑟𝐧(𝑠) cos 𝑣 + 𝑟2𝑘(𝑠) cos 𝑣(𝐛(𝑠) sin 𝑣 + 𝐧(𝑠) cos 𝑣)
= −𝑟(1 − 𝑟𝑘(𝑠) cos 𝑣)(𝐛(𝑠) sin 𝑣 + 𝐧(𝑠) cos 𝑣).

Since 𝐱 is a parametrization for the surface, 𝐱𝑠 and 𝐱𝑣 are linearly independent, that is, 𝐱𝑠 ∧ 𝐱𝑣 ≠ 𝟎. 

Therefore we obtain 1 − 𝑟𝑘(𝑠) cos 𝑣 ≠ 0. Finally, the unit normal vector is

𝐍(𝑠, 𝑣) = − sgn(𝑟(1 − 𝑟𝑘(𝑠) cos 𝑣))(𝐧(𝑠) cos 𝑣 + 𝐛(𝑠) sin 𝑣).

Note  If we suppose the natural situation, that is, 𝑟 > 0 and 1/𝑘(𝑠) > 𝑟, then we can conclude that 

𝐍(𝑠, 𝑣) = −(𝐧(𝑠) cos 𝑣 + 𝐛(𝑠) sin 𝑣). However, if 1/𝑘(𝑠) < 𝑟, in the case where the tubular surface has a 

self-intersection, then 𝐍(𝑠, 𝑣) might change direction.

𝑦

𝛼(𝑠)

𝑥

11. Observe that

𝐱𝑢 = (𝑓 ′(𝑢) cos 𝑣, 𝑓 ′(𝑢) sin 𝑣, 𝑔′(𝑢)),
𝐱𝑣 = (−𝑓(𝑢) sin 𝑣, 𝑓(𝑢) cos 𝑣, 0),

thus

𝐱𝑢 ∧ 𝐱𝑣 = (−𝑔′(𝑢)𝑓(𝑢) cos 𝑣, −𝑔′(𝑢)𝑓(𝑢) sin 𝑣, 𝑓 ′(𝑢)𝑓(𝑢)).

Note that 𝐱𝑢 ∧ 𝐱𝑣 ≠ 𝟎 because 𝑔′(𝑢) ≠ 0. Since normal vector 𝐱𝑢 ∧ 𝐱𝑣 is parallel to

(−𝑔′(𝑢) cos 𝑣, −𝑔′(𝑢) sin 𝑣, 𝑓 ′(𝑢)),

the normal line at 𝐱(𝑢, 𝑣) = (𝑓(𝑢) cos 𝑣, 𝑓(𝑢) sin 𝑣, 𝑔(𝑢)) is given by

𝑥 − 𝑓(𝑢) cos 𝑣
−𝑔′(𝑢) cos 𝑣

= 𝑦 − 𝑓(𝑢) sin 𝑣
−𝑔′(𝑢) sin 𝑣

= 𝑧 − 𝑔(𝑢)
𝑓 ′(𝑢)

.

This line passes through (0, 0, 𝑔(𝑢) + 𝑓(𝑢)
𝑔′(𝑢)𝑓

′(𝑢)), so all the normals to the surface all pass through the 

𝑧 axis.

12. We denote
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𝑆1 = {(𝑥, 𝑦, 𝑧) | 𝑥2 + 𝑦2 + 𝑧2 = 𝑎𝑥},

𝑆2 = {(𝑥, 𝑦, 𝑧) | 𝑥2 + 𝑦2 + 𝑧2 = 𝑏𝑦},

𝑆3 = {(𝑥, 𝑦, 𝑧) | 𝑥2 + 𝑦2 + 𝑧2 = 𝑐𝑧}.

Define 𝑓1(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2 − 𝑎𝑥. Since 𝑑(𝑓1)𝐪 = (2𝑥 − 𝑎, 2𝑦, 2𝑧) = (0, 0, 0) implies (𝑥, 𝑦, 𝑧) =
(𝑎/2, 0, 0), the critical value of 𝑓1 is 𝑓1(𝑎/2, 0, 0) = −𝑎2/4 ≠ 0. Therefore 𝑆1 = 𝑓−1

1 (0) is a regular surface 

by Prop. 2, Sec. 2-2. Similarly, 𝑆2 and 𝑆3 are also regular surfaces.

Now we show that they all intersect orthogonally. Consider the intersections of 𝑆1 and 𝑆2, that is, 𝑥2 +
𝑦2 + 𝑧2 = 𝑎𝑥 = 𝑏𝑦. Denote the unit normal vector of 𝑆1 and 𝑆2 at (𝑥, 𝑦, 𝑧) as 𝐍1(𝑥, 𝑦, 𝑧) and 𝐍2(𝑥, 𝑦, 𝑧), 
respectively. By Exercise 1, the unit normal vectors are given by

𝐍1(𝑥, 𝑦, 𝑧) = (2𝑥 − 𝑎, 2𝑦, 2𝑧)
√(2𝑥 − 𝑎)2 + (2𝑦)2 + (2𝑧)2

, 𝐍2(𝑥, 𝑦, 𝑧) = (2𝑥, 2𝑦 − 𝑏, 2𝑧)
√(2𝑥)2 + (2𝑦 − 𝑏)2 + (2𝑧)2

.

Since

(2𝑥 − 𝑎, 2𝑦, 2𝑧) ⋅ (2𝑥, 2𝑦 − 𝑏, 2𝑧) = 4(𝑥2 + 𝑦2 + 𝑧2) − 2(𝑎𝑥 + 𝑏𝑦) = 0

for every (𝑥, 𝑦, 𝑧) ∈ 𝑆1 ∩ 𝑆2, we obtain 𝐍1(𝑥, 𝑦, 𝑧) ⋅ 𝐍2(𝑥, 𝑦, 𝑧) = 0 and that 𝑆1 and 𝑆2 intersect orthogo

nally. Similarly, we can show that 𝑆2 and 𝑆3, 𝑆3 and 𝑆1 intersect orthogonally.

13. a. Given 𝐰 ∈ 𝑇𝐩(𝑆), we can find parametrization 𝛼 : (−𝜀, 𝜀) → 𝑆 with 𝛼(0) = 𝐩, 𝛼′(0) = 𝐰.

𝑑𝑓𝐩(𝐰) = 𝑑
𝑑𝑡

𝑓(𝛼(𝑡))|
𝑡=0

= 𝑑
𝑑𝑡

|𝛼(𝑡) − 𝐩0||
𝑡=0

= 𝑑
𝑑𝑡

√(𝛼(𝑡) − 𝐩0) ⋅ (𝛼(𝑡) − 𝐩0)|
𝑡=0

= 2(𝛼(𝑡) − 𝐩0) ⋅ 𝛼′(𝑡)
2√(𝛼(𝑡) − 𝐩0) ⋅ (𝛼(𝑡) − 𝐩0)

|
𝑡=0

= (𝛼(𝑡) − 𝐩0) ⋅ 𝛼′(𝑡)
(𝛼(𝑡) − 𝐩0)

|
𝑡=0

= (𝐩 − 𝐩0) ⋅ 𝐰
|𝐩 − 𝐩0|

.

Therefore

𝑑𝑓𝐩 = 0 ⟺  (𝐩 − 𝐩0) ⋅ 𝐰 = 0 for all 𝐰 ∈ 𝑇𝐩(𝑆) ⟺  𝑇𝐩(𝑆) ⟂ (𝐩 − 𝐩0).

b. By Example 1, 𝑑ℎ𝐩(𝐰) = 𝐰 ⋅ 𝐯. Therefore

𝑑ℎ𝐩 = 0 ⟺  𝐰 ⋅ 𝐯 = 0 for all 𝐰 ∈ 𝑇𝐩(𝑆) ⟺  𝑇𝐩(𝑆) ⟂ 𝐯.

14. a. The graph of the function 𝑓(𝑡) is as follows. Therefore the equation 𝑓(𝑡) = 1 has three distinct real 

roots.

𝑡

𝑓(𝑡)

𝑐 𝑏 𝑎

𝑥2

𝑎 + 𝑦2

𝑏 + 𝑧2

𝑐

1

b. Define

𝑓𝑘(𝑥, 𝑦, 𝑧) = 𝑥2

𝑎 − 𝑡𝑘
+ 𝑦2

𝑏 − 𝑡𝑘
+ 𝑧2

𝑐 − 𝑡𝑘
− 1
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for 𝑘 = 1, 2, 3. Then 𝑑(𝑓𝑘)𝐪 = ( 2𝑥
𝑎−𝑡 ,

2𝑦
𝑏−𝑡 ,

2𝑧
𝑐−𝑡) = (0, 0, 0) implies (𝑥, 𝑦, 𝑧) = (0, 0, 0), therefore the sin

gular value of 𝑓𝑘 is 𝑓𝑘(0, 0, 0) = −1. Hence the sets given by 𝑆𝑘 = 𝑓−1
𝑘 (0) are regular surfaces by Prop. 

2, Sec. 2-2. Note that these surfaces pass through 𝐩 = (𝑥, 𝑦, 𝑧).
Now 𝐍𝑘(𝑥, 𝑦, 𝑧) denote the unit normal vector of 𝑆𝑘 at (𝑥, 𝑦, 𝑧). By Exercise 1,

𝐍𝑘(𝑥, 𝑦, 𝑧) ∥ ( 2𝑥
𝑎 − 𝑡𝑘

, 2𝑦
𝑏 − 𝑡𝑘

, 2𝑧
𝑐 − 𝑡𝑘

).

Now given distinct 𝑘, 𝑙 ∈ {1, 2, 3}, we have

( 2𝑥
𝑎 − 𝑡𝑘

, 2𝑦
𝑏 − 𝑡𝑘

, 2𝑧
𝑐 − 𝑡𝑘

) ⋅ ( 2𝑥
𝑎 − 𝑡𝑙

, 2𝑦
𝑏 − 𝑡𝑙

, 2𝑧
𝑐 − 𝑡𝑙

)

= 4( 𝑥2

(𝑎 − 𝑡𝑘)(𝑎 − 𝑡𝑙)
+ 𝑦2

(𝑏 − 𝑡𝑘)(𝑏 − 𝑡𝑙)
+ 𝑧2

(𝑐 − 𝑡𝑘)(𝑐 − 𝑡𝑙)
)

= 4
𝑡𝑘 − 𝑡𝑙

(( 𝑥2

𝑎 − 𝑡𝑘
+ 𝑦2

𝑏 − 𝑡𝑘
+ 𝑧2

𝑐 − 𝑡𝑘
− 1) − ( 𝑥2

𝑎 − 𝑡𝑙
+ 𝑦2

𝑏 − 𝑡𝑙
+ 𝑧2

𝑐 − 𝑡𝑙
− 1))

= 0.
Therefore 𝐍𝑘(𝑥, 𝑦, 𝑧) ⋅ 𝐍𝑙(𝑥, 𝑦, 𝑧) = 0 for every (𝑥, 𝑦, 𝑧) ∈ 𝑆𝑘 ∩ 𝑆𝑙, that is, they are pairwise orthog

onal.

15. Suppose that all normals to a connected surface 𝑆 pass through the fixed point 𝐩0. Define 𝑓 : 𝑆 → ℝ as 

𝑓(𝐩) = |𝐩 − 𝐩0|
2. By Exercise 7, the differential of 𝑓 is 𝑑𝑓𝐩(𝐰) = 2𝐰 ⋅ (𝐩 − 𝐩0). Since the normal at 𝐩 

passes through 𝐩0, we have 𝐰 ⋅ (𝐩 − 𝐩0) for every 𝐰 ∈ 𝑇𝐩(𝑆). Therefore 𝑑𝑓𝐩 = 0 for all 𝐩 ∈ 𝑆. Since 𝑆 

is a connected surface, 𝑓 is constant on 𝑆 by Exercise 21, which means that the surface is contained in 

a sphere.

16. For parametrizations 𝐱 : 𝑈 ⊂ ℝ2 → 𝑆 and 𝐱 : 𝑈 ⊂ ℝ2 → 𝑆, let 𝑊 = 𝐱(𝑈) ∩ 𝐱(𝑈). Then the change of 

coordinates is given by

𝐱−1 ∘ 𝐱 : 𝐱−1(𝑊) → 𝐱−1(𝑊), (𝐱−1 ∘ 𝐱)(𝑢, 𝑣) = (𝑢(𝑢, 𝑣), 𝑣(𝑢, 𝑣)).

Hence 𝐱(𝑢, 𝑣) = 𝐱(𝑢(𝑢, 𝑣), 𝑣(𝑢, 𝑣)). Differentiating both sides with respect to 𝑢 and 𝑣, respectively, then

𝐱𝑢 = 𝐱𝑢
𝜕𝑢
𝜕𝑢

+ 𝐱𝑣
𝜕𝑣
𝜕𝑢

, 𝐱𝑣 = 𝐱𝑢
𝜕𝑢
𝜕𝑣

+ 𝐱𝑣
𝜕𝑣
𝜕𝑣

.

Since

𝐰 = 𝛼1𝐱𝑢 + 𝛼2𝐱𝑣 = 𝛼1(𝐱𝑢
𝜕𝑢
𝜕𝑢

+ 𝐱𝑣
𝜕𝑣
𝜕𝑢

) + 𝛼2(𝐱𝑢
𝜕𝑢
𝜕𝑣

+ 𝐱𝑣
𝜕𝑣
𝜕𝑣

)

= (𝛼1
𝜕𝑢
𝜕𝑢

+ 𝛼2
𝜕𝑢
𝜕𝑣

)𝐱𝑢 + (𝛼1
𝜕𝑣
𝜕𝑢

+ 𝛼2
𝜕𝑣
𝜕𝑣

)𝐱𝑣 = 𝛽1𝐱𝑢 + 𝛽2𝐱𝑣,

we conclude that the coordinates of 𝐰 are related by

𝛽1 = 𝛼1
𝜕𝑢
𝜕𝑢

+ 𝛼2
𝜕𝑢
𝜕𝑣

, 𝛽2 = 𝛼1
𝜕𝑣
𝜕𝑢

+ 𝛼2
𝜕𝑣
𝜕𝑣

.

17. In the neighborhood of 𝐩 ∈ 𝑆1 ∩ 𝑆2, 𝑆1 can be expressed by one of the equations 𝑧 = 𝑎(𝑥, 𝑦), 𝑦 =
𝑏(𝑥, 𝑧), 𝑥 = 𝑐(𝑦, 𝑧) by Prop. 3, Sec 2-2. We can assume, by renaming the axes if necessary, that 𝑆1 can 

be expressed by the equation 𝑧 = 𝑎(𝑥, 𝑦). Then we can define 𝑓(𝑥, 𝑦, 𝑧) = 𝑧 − 𝑎(𝑥, 𝑦) and express 𝑆1 by 

𝑓−1(0) in the neighborhood of 𝐩. Note that 𝑑𝑓𝐪 = (∗, ∗, 1) ≠ (0, 0, 0), so 0 is a regular value of 𝑓 . Similarly, 

there exists the function 𝑔 such that 𝑔(𝑥, 𝑦, 𝑧) = 0 expresses 𝑆2 in the neighborhood of 𝐩.

Now define 𝐅 : 𝑈 ⊂ ℝ3 → ℝ2 as 𝐅(𝑥, 𝑦, 𝑧) = (𝑓(𝑥, 𝑦, 𝑧), 𝑔(𝑥, 𝑦, 𝑧)) in the neighborhood 𝑈  of 𝐩. Note that 

𝑆1 ∩ 𝑆2 is given as the inverse image of (0, 0) under 𝐅 in the neighborhood of 𝐩. Since 𝑆1 intersects 

𝑆2 transversally, the normal vectors (𝑓𝑥, 𝑓𝑦, 𝑓𝑧) and (𝑔𝑥, 𝑔𝑦, 𝑔𝑧) are linearly independent. Therefore the 

differential of 𝐹 ,
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𝑑𝐅𝐪 = (
𝑓𝑥
𝑔𝑥

𝑓𝑦
𝑔𝑦

𝑓𝑥
𝑔𝑥

),

is surjective for every 𝐪 ∈ 𝑈 ∩ (𝑆1 ∩ 𝑆2). Hence 𝟎 = (0, 0) is a regular value of 𝐅. Since 𝑆1 ∩ 𝑆2 can be 

expressed locally by 𝐅−1(𝟎), which is a regular curve by Exercise 17(b) of Sec. 2-2, we can conclude that 

𝑆1 ∩ 𝑆2 is a regular curve.

18. Suppose that 𝑇𝐩(𝑆) ≠ 𝑃 . Since 𝑇𝐩(𝑃 ) = 𝑃 , we have 𝑇𝐩(𝑆) ≠ 𝑇𝐩(𝑃 ). Then Exercise 17 shows that 𝑆 ∩
𝑃 = {𝐩} is a regular curve, which is a contradiction; therefore, the plane 𝑃  coincides with the tangent 

plane of 𝑆 at 𝐩.

19. Choose arbitrary 𝐩 ∈ 𝑃 ∩ 𝑆. Let 𝐯 be an unit normal vector of 𝑃 , pointing the side where 𝑆 exists. Now 

define 𝑓 : 𝑆 → ℝ as 𝑓(𝐱) = (𝐱 − 𝐩) ⋅ 𝐯. For any 𝐰 ∈ 𝑇𝐩(𝑆), we can find parametrized curve 𝛼 : (−𝜀, 𝜀) →
𝑆 with 𝛼(0) = 𝐩 and 𝛼′(0) = 𝐰. Since 𝑓(𝛼(𝑡)) = (𝛼(𝑡) − 𝐩) ⋅ 𝐯 ≥ 0 for all 𝑡 ∈ (−𝜀, 𝜀) and 𝑓(𝛼(0)) = 𝟎 ⋅
𝐯 = 0, we have 𝑑

𝑑𝑡𝑓(𝛼(𝑡))|𝑡=0 = 0, that is, 𝑑𝑓𝐩(𝐰) = 0 for every 𝐰 ∈ 𝑇𝐩(𝑆). Note that 𝑑𝑓𝐩(𝐰) = 𝐰 ⋅ 𝐯 by 

Example 1, so 𝐰 ⋅ 𝐯 = 0 for every 𝐰 ∈ 𝑇𝐩(𝑆). Therefore 𝑇𝐩(𝑆) = 𝑃 .

20. Since the ellipsoid 𝑆 is the inverse image of 𝑓(𝑥, 𝑦, 𝑧) = 𝑥2

𝑎2 + 𝑦2

𝑏2 + 𝑧2

𝑐2 − 1 at regular value 0, it is a regular 

surface. We first show that if (𝑥, 𝑦, 𝑧) ≠ 𝟎 is the perpendicular projection of the center 𝟎 onto its tangent 

plane, then it satisfies the equation (𝑥2 + 𝑦2 + 𝑧2)2 = 𝑎2𝑥2 + 𝑏2𝑦2 + 𝑐2𝑧2. By Exercise 1, the equation of 

the tangent plane at (𝑥0, 𝑦0, 𝑧0) is
2𝑥0
𝑎2 (𝑥 − 𝑥0) + 2𝑦0

𝑏2 (𝑦 − 𝑦0) + 2𝑧0
𝑐2 (𝑧 − 𝑧0) = 0 ⟹  𝑥𝑥0

𝑎2 + 𝑦𝑦0
𝑏2 + 𝑧𝑧0

𝑐2 = 1.

The line through 𝟎 and perpendicular to the tangent plane is given by

𝑥𝑎2

𝑥0
= 𝑦𝑏2

𝑦0
= 𝑧𝑐2

𝑧0
.

From the last expression, we obtain

𝑥2𝑎2

𝑥𝑥0
= 𝑦2𝑏2

𝑦𝑦0
= 𝑧2𝑐2

𝑧𝑧0
= 𝑎2𝑥2 + 𝑏2𝑦2 + 𝑐2𝑧2

𝑥𝑥0 + 𝑦𝑦0 + 𝑧𝑧0
.

From the same expression, and taking into account the equation of the ellipsoid, we obtain

𝑥𝑥0
𝑥2

0/𝑎2 = 𝑦𝑦0
𝑦2

0/𝑏2 = 𝑧𝑧0
𝑧2

0/𝑐2 = 𝑥𝑥0 + 𝑦𝑦0 + 𝑧𝑧0
1

.

Again from the same expression and using the equation of the tangent plane, we obtain

𝑥2

(𝑥0𝑥)/𝑎2 = 𝑦2

(𝑦0𝑦)/𝑏2 = 𝑧2

(𝑧0𝑧)/𝑐2 = 𝑥2 + 𝑦2 + 𝑧2

1
.

The right-hand sides of the three last equations are therefore equal, and hence the asserted equation.

Conversely, suppose that (𝑥, 𝑦, 𝑧) ≠ 𝟎 satisfies the given equation. From the last equation, we can calculate 

(𝑥0, 𝑦0, 𝑧0) from (𝑥, 𝑦, 𝑧), that is,

(𝑥0, 𝑦0, 𝑧0) = ( 𝑥𝑎2

𝑥2 + 𝑦2 + 𝑧2 , 𝑦𝑏2

𝑥2 + 𝑦2 + 𝑧2 , 𝑧𝑐2

𝑥2 + 𝑦2 + 𝑧2 ).

Then we can see that (𝑥, 𝑦, 𝑧) is the perpendicular projection of the center 𝟎 onto the tangent plane at 

(𝑥0, 𝑦0, 𝑧0). Therefore the trace of the perpendicular projections constitutes a surface given by

𝑇 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | (𝑥2 + 𝑦2 + 𝑧2)2 = 𝑎2𝑥2 + 𝑏2𝑦2 + 𝑐2𝑧2} − {(0, 0, 0)}.

Now we show that 𝑇  is a regular surface. Define 𝑔 : ℝ3 − {0} → ℝ as

𝑔(𝑥, 𝑦, 𝑧) = (𝑥2 + 𝑦2 + 𝑧2)2 − (𝑎2𝑥2 + 𝑏2𝑦2 + 𝑐2𝑧2).

Since
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𝑑𝑔𝐪 = (4𝑥(𝑥2 + 𝑦2 + 𝑧2 − 𝑎2

2
), 4𝑦(𝑥2 + 𝑦2 + 𝑧2 − 𝑏2

2
), 4𝑧(𝑥2 + 𝑦2 + 𝑧2 − 𝑐2

2
)),

the equation 𝑑𝑔𝐪 = (0, 0, 0) implies

(𝑥 = 0 ∨ 𝑥2 + 𝑦2 + 𝑧2 = 𝑎2

2
) ∧ (𝑦 = 0 ∨ 𝑥2 + 𝑦2 + 𝑧2 = 𝑏2

2
) ∧ (𝑧 = 0 ∨ 𝑥2 + 𝑦2 + 𝑧2 = 𝑐2

2
).

There are several cases depending on the values of 𝑎, 𝑏, 𝑐. If they are all distinct, then at least 2 variables 

must be zero. For example, 𝑥2 + 𝑦2 + 𝑧2 = 𝑎2/2 and 𝑦 = 𝑧 = 0 then 𝑔(𝑥, 𝑦, 𝑧) = (𝑥2)2 − 𝑎2𝑥2 = (𝑎2/2)2 −
𝑎2(𝑎2/2) = −𝑎4/4 ≠ 0.
Next, suppose that two values are equal, e.g., 𝑎 = 𝑏 ≠ 𝑐. This allows for the case 𝑥2 + 𝑦2 + 𝑧2 = 𝑎2/2 =
𝑏2/2 and 𝑧 = 0, and 𝑔(𝑥, 𝑦, 𝑧) = (𝑥2 + 𝑦2)2 − (𝑎2𝑥2 + 𝑏2𝑦2) = (𝑎2/2)2 − 𝑎2(𝑎2/2) = −𝑎2/4 ≠ 0.

Finally, if 𝑎 = 𝑏 = 𝑐, then this allows for the case 𝑥2 + 𝑦2 + 𝑧2 = 𝑎2/2 = 𝑏2/2 = 𝑐2/2 and 𝑔(𝑥, 𝑦, 𝑧) =
(𝑥2 + 𝑦2 + 𝑧2)2 − (𝑎2𝑥2 + 𝑏2𝑦2 + 𝑐2𝑧2) = (𝑎2/2)2 − 𝑎2(𝑎2/2) = −𝑎2/4 ≠ 0.
In all cases, we can see that 0 is a regular value of 𝑔, hence 𝑆 = 𝑔−1(0) is a regular surface by Prop. 2, 

Sec. 2-2.

21. Let 𝐩 ∈ 𝑆. Since 𝑆 is a regular surface, there exists a circular neighborhood 𝑉  in ℝ3 and a parametrization 

𝐱 : 𝑈 → 𝑉 ∩ 𝑆 of an open set 𝑈 ⊂ ℝ2 onto 𝑉 ∩ 𝑆 ⊂ ℝ3. Any point 𝐪 ∈ 𝑉 ∩ 𝑆 can be joined to 𝐩 by 

the segment 𝛽 : [0, 1] → 𝑉 ∩ 𝑆, where 𝛽(𝑡) = 𝐱(𝑡𝐱−1(𝐩) + (1 − 𝑡)𝐱−1(𝐪)). Since 𝑉 ∩ 𝑆 is open, we can 

extend 𝛽 to (0 − 𝜀, 1 + 𝜀). Now, 𝑓 ∘ 𝛽 : (0 − 𝜀, 1 + 𝜀) → ℝ is a function defined in an open interval, and 

𝑑(𝑓 ∘ 𝛽)𝑡 = 𝑑𝑓𝛽(𝑡) ∘ 𝑑𝛽𝑡 = 0, since 𝑑𝑓𝐩 ≡ 0. Thus, 𝑑
𝑑𝑡(𝑓 ∘ 𝛽) = 0 for all 𝑡 ∈ (0 − 𝜀, 1 + 𝜀), and hence (𝑓 ∘

𝛽) = const.. This means that 𝑓(𝐩) = 𝑓(𝛽(0)) = 𝑓(𝛽(1)) = 𝑓(𝐪); that is, 𝑓 is constant on 𝑉 ∩ 𝑆.

Let 𝐫 be an arbitrary point of 𝑆. Since 𝑆 is connected, there exists a continuous curve 𝛼 : [𝑎, 𝑏] → ℝ, with 

𝛼(𝑎) = 𝐩, 𝛼(𝑏) = 𝐫. The function 𝛼 : [𝑎, 𝑏] → ℝ is continuous in [𝑎, 𝑏]. By the first part of the proof, for 

each 𝑡 ∈ [𝑎, 𝑏], there exists an interval 𝐼𝑡, open in [𝑎, 𝑏], such that 𝑓 ∘ 𝛼 is constant on 𝐼𝑡. Since ⋃𝑡 𝐼𝑡 =
[𝑎, 𝑏], we can apply the Heine-Borel theorem. Thus, we can choose a finite number 𝐼1, …, 𝐼𝑘 of the intervals 

𝐼𝑡 so that ⋃𝑖 𝐼𝑖 = [𝑎, 𝑏], 𝑖 = 1, …, 𝑘. We can assume, by renumbering the intervals, if necessary, that two 

consecutive intervals overlap. Thus, 𝑓 ∘ 𝛼 is constant in the union of two consecutive intervals. It follows 

that 𝑓 is constant on [𝑎, 𝑏]; that is,

𝑓(𝐩) = 𝑓(𝛼(𝑎)) = 𝑓(𝛼(𝑏)) = 𝑓(𝐫).

Since 𝐫 is arbitrary, 𝑓 is constant on 𝑆.

22. Let 𝑟 be a fixed line which is met by the normals of 𝑆, and let 𝐩 ∈ 𝑆. The plane 𝑃1, which contains 𝐩 

and 𝑟, contains all the normals to 𝑆 at the points of 𝑃1 ∩ 𝑆. Consider a plane 𝑃2 passing through 𝐩 and 

perpendicular to 𝑟. Since the normal through 𝐩 meets 𝑟, 𝑃2 is transversal to 𝑇𝐩(𝑆). Hence, 𝑃2 ∩ 𝑆 is a 

regular plane curve 𝐶 in a neighborhood of 𝐩, by Exercise 17. Furthermore, 𝑃1 ∩ 𝑃2 is perpendicular to 

𝑇𝐩(𝑆) ∩ 𝑃2. Hence 𝑃1 ∩ 𝑃2 is normal to 𝐶. It follows that the normal at 𝐩 pass through a point 𝐪 = 𝑟 ∩ 𝑃2. 

Since 𝐪 is determined by the plane 𝑃2, we can conclude that the normals s of 𝐶 all pass through a fixed 

point 𝐪 = 𝑟 ∩ 𝑃2. Hence 𝐶 is contained in a circle by Exercise 4 of Sec 1-5. Finally, 𝑃1 is also transversal to 

𝑇𝐩(𝑆), so 𝑃1 ∩ 𝑆 is a regular plane curve. Then 𝑆, in the neighborhood of 𝐩, can be obtained by rotating a 

regular plane curve 𝑃1 ∩ 𝑆. Thus every 𝐩 ∈ 𝑆 has a neighborhood contained in some surface of revolution 

with axis 𝑟.
Note  We proved that 𝑆 is locally piece of a surface of revolution at every point 𝐩 ∈ 𝑆. However, we 

can’t extend this property to global. For example, there is a counterexample such that all normal lines to 

a connected regular surface 𝑆 meets a fixed straight line, but 𝑆 is not a piece of a surface of revolution.

Define 𝐱 : 𝑈 → 𝑅3 in the open set 𝑈 = (0, 2𝜋) × (0, 1) ∪ ((0, 𝜋/2) ∪ (𝜋, 3𝜋/2) × [1, 3) as

𝐱(𝜃, 𝑧) = (𝑟(𝜃, 𝑧) cos 𝜃, 𝑟(𝜃, 𝑧) sin 𝜃, 𝑧),

where

41



𝑟(𝜃, 𝑧) =

{



1 (0 < 𝑧 < 1)

𝑟∗(𝑧) (1 ≤ 𝑧 < 2,  0 < 𝜃 < 𝜋/2)
1 (1 ≤ 𝑧 < 2,  𝜋 < 𝜃 < 3𝜋/2)
1/2 (2 ≤ 𝑧 < 3,  0 < 𝜃 < 𝜋/2)
1 (2 ≤ 𝑧 < 3,  𝜋 < 𝜃 < 3𝜋/2)

and a bump function 𝑟∗(𝑧) is a differentiable function satisfying 𝑟∗(1) = 1 and 𝑟∗(2) = 1/2, e.g.,

𝜓(𝑥) = {𝑒−1/𝑥 𝑥 > 0
0 𝑥 ≤ 0, 𝜎(𝑡) = 𝜓(1 − 𝑡)

𝜓(1 − 𝑡) + 𝜓(𝑡)
, 𝑟∗(𝑧) = 1

2
+ 1

2
𝜎(𝑧 − 1).

Then this surface 𝑆 = 𝐱(𝑈) satisfies the condition that all normals meet a fixed straight line (𝑧 axis) 

because it is locally a piece of surface of revolution at every point in 𝑆, but it is not a piece of surface of 

revolution.

𝑦

𝑥

𝑧

23. Recall that 𝐅(𝐩) = (𝜋−1
𝑁 ∘ 𝑃 ∘ 𝜋𝑁)(𝐩) for 𝐩 ∈ 𝕊2 − {𝑁}, and 𝐅(𝑁) = 𝑁 . We assert that there is only a 

finite number of critical points in 𝕊2 − {𝑁}. Since 𝜋−1
𝑁 : ℝ2 → 𝕊2 − {𝑁} is defined by

𝜋−1
𝑁 (𝑢, 𝑣) = ( 4𝑢

𝑢2 + 𝑣2 + 4
, 4𝑣
𝑢2 + 𝑣2 + 4

, 𝑢2 + 𝑣2 − 4
𝑢2 + 𝑣2 + 4

),

we obtain

𝑑(𝜋−1
𝑁 )

𝐪
=

(





−4𝑢2+4𝑣2+16
(𝑢2+𝑣2+4)2

−8𝑢𝑣
(𝑢2+𝑣2+4)2

16𝑢
(𝑢2+𝑣2+4)2

−8𝑢𝑣
(𝑢2+𝑣2+4)2

4𝑢2−4𝑣2+16
(𝑢2+𝑣2+4)2

16𝑣
(𝑢2+𝑣2+4)2

)





.

Therefore there is no 𝐪 ∈ ℝ2 such that 𝑑(𝜋−1
𝑁 )

𝐪
= 𝟎. Similarly, there is no point 𝐩 ∈ 𝕊2 − {𝑁} such that

𝑑(𝜋−1
𝑁 )

𝐩
= (𝑑(𝜋−1

𝑁 )
𝜋𝑁(𝐩)

)
−1

= 𝟎.

We now consider the complex polynomial 𝑃(𝜁) = 𝑎0𝜁𝑛 + 𝑎1𝜁𝑛−1 + ⋯ + 𝑎𝑛. If we consider 𝑃  as a map 

from ℝ2 to ℝ2, then for the differential 𝑑𝑃𝐪, it follows that det(𝑑𝑃𝐪) = |𝑃 ′(𝜁)|2. (See Proposition 2.3 in 

Stein’s Complex Analysis.) Therefore 𝑑𝑃𝐪 = 0 only if 𝑃 ′(𝜁) = 0. Since 𝑃  is a polynomial of degree 𝑛, its 

derivative 𝑃 ′ has degree 𝑛 − 1, and thus there are at most 𝑛 − 1 such points. We conclude that 𝐅 has at 

most 𝑛 critical points, including the potential critical point at 𝑁 .

24. We first show that if 𝜑 : 𝑆1 → 𝑆2 and 𝜓 : 𝑆2 → 𝑆3 are differentiable maps, then 𝜓 ∘ 𝜑 : 𝑆2 → 𝑆3 is 

differentiable. Given 𝐩 ∈ 𝑆1, let 𝐱1, 𝐱2, 𝐱3 be a parametrizations of 𝑆1, 𝑆2, 𝑆3, at 𝐩, 𝜑(𝐩), 𝜓(𝜑(𝐩)), 
respectively. Then 𝐱−1

2 ∘ 𝜑 ∘ 𝐱1 is differentiable at 𝐱−1
1 (𝐩) and 𝐱−1

3 ∘ 𝜓 ∘ 𝐱2 is differentiable at 𝐱−1
2 (𝜑(𝐩)). 

Therefore

𝐱−1
3 ∘ (𝜓 ∘ 𝜑) ∘ 𝐱1 = (𝐱−1

3 ∘ 𝜓 ∘ 𝐱2) ∘ (𝐱−1
2 ∘ 𝜑 ∘ 𝐱1)

is differentiable at 𝐱−1
1 (𝐩). Since 𝐩 ∈ 𝑆1 is arbitrary, 𝜓 ∘ 𝜑 is a differentiable map.

Now fix any 𝐰 ∈ 𝑇𝐩(𝑆1), and find a parametrized curve 𝛼 : (−𝜀, 𝜀) → 𝑆1 with 𝛼(0) = 𝐩 and 𝛼′(0) = 𝐰. 

By definition, the map 𝑑(𝜓 ∘ 𝜑)𝐩 : 𝑇𝐩(𝑆1) → 𝑇(𝜓∘𝜑)(𝐩)(𝑆3) is given by
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𝑑(𝜓 ∘ 𝜑)𝐩(𝐰) = 𝛾′(0)

where 𝛾 = 𝜓 ∘ 𝜑 ∘ 𝛼. Let 𝛽 = 𝜑 ∘ 𝛼, then we obtain

𝑑𝜑𝐩(𝐰) = (𝜑 ∘ 𝛼)′(0) = 𝛽′(0),

𝑑𝜓𝜑(𝐩)(𝛽′(0)) = (𝜓 ∘ 𝛽)′(0) = 𝛾′(0).

Therefore

(𝑑𝜓𝜑(𝐩) ∘ 𝑑𝜑𝐩)(𝐰) = 𝛾′(0).

Since 𝐰 ∈ 𝑇𝐩(𝑆1) is arbitrary, we conclude that 𝑑(𝜓 ∘ 𝜑)𝐩 = 𝑑𝜓𝜑(𝐩) ∘ 𝑑𝜑𝐩.

25. Note that the tangent vector at 𝐩 of regular curve 𝐶, which is parametrized by 𝛼 : 𝐼 → 𝑉 ∩ 𝐶 at 𝐩 =
𝛼(𝑡0), is given as 𝛼′(𝑡0).
We first show that 𝜑(𝐶1) and 𝜑(𝐶2) are regular curves. Since the curves 𝐶1 and 𝐶2 are regular, there 

are parametrizations 𝛼1 : 𝐼1 → 𝑉1 ∩ 𝐶1, where 𝑑(𝛼1)𝑡 is one-to-one for each 𝑡 ∈ 𝐼1, and 𝛼2 : 𝐼2 → 𝑉2 ∩ 𝐶2, 

where 𝑑(𝛼2)𝑡 is one-to-one for each 𝑡 ∈ 𝐼2. Fix arbitrary 𝜑(𝐩) ∈ 𝜑(𝐶1), and we will show that the map 

𝜑 ∘ 𝛼1 : 𝐼1 → 𝜑(𝑉1 ∩ 𝐶1) ⊂ 𝑉 ′
1 ∩ 𝜑(𝐶1) is a parametrization for 𝜑(𝐶1) at 𝜑(𝐩). Differentiating both sides 

of 𝜑−1 ∘ 𝜑 = Id𝑆 yields 𝑑(𝜑−1)
𝜑(𝐩)

∘ 𝑑𝜑𝐩 = 𝑑(Id𝑆)𝐩 = Id𝑇𝐩(𝑆). Since Id𝑇𝐩(𝑆) is one-to-one, 𝑑𝜑𝐩 is one-to-

one for every 𝐩 ∈ 𝑆. therefore 𝑑(𝜑 ∘ 𝛼1)𝑡 = 𝑑𝜑𝛼1(𝑡) ∘ 𝑑(𝛼1)𝑡 is a composition of injective mappings, which 

is also one-to-one. Therefore 𝜑(𝐶1) is a regular curve. Similarly, 𝜑(𝐶2) is a regular curve.

Now suppose that regular curves 𝐶1 and 𝐶2 are tangent at a point 𝐩 = 𝛼1(𝑡1) = 𝛼2(𝑡2) ∈ 𝑆, that is, 

𝛼′
1(𝑡1) ∥ 𝛼′

2(𝑡2). Then we have 𝑐1𝛼′
1(𝑡1) + 𝑐2𝛼′

2(𝑡2) = 𝟎 for 𝑐1, 𝑐2 ∈ ℝ, 𝑐2
1 + 𝑐2

2 ≠ 0. Since

(𝜑 ∘ 𝛼1)
′(𝑡1) = 𝑑𝜑𝛼1(𝑡1)(𝛼′

1(𝑡1)) = 𝑑𝜑𝐩(𝛼′
1(𝑡1)),

(𝜑 ∘ 𝛼2)
′(𝑡2) = 𝑑𝜑𝛼2(𝑡2)(𝛼′

2(𝑡2)) = 𝑑𝜑𝐩(𝛼′
2(𝑡2)),

and 𝑑𝜑𝐩 is linear, we obtain

𝑐1𝑑𝜑𝐩(𝛼′
1(𝑡1)) + 𝑐2𝑑𝜑𝐩(𝛼′

2(𝑡2)) = 𝑑𝜑𝐩(𝑐1𝛼′
1(𝑡1) + 𝑐2𝛼′

2(𝑡2)) = 𝑑𝜑𝐩(𝟎) = 𝟎.

Hence 𝜑(𝐶1) and 𝜑(𝐶2) are regular curves which are tangent at 𝜑(𝐩).

26. Let 𝐱 : 𝑈 ⊂ ℝ2 → 𝑆 be a parametrization of 𝑆 in 𝐩, and write 𝐱(𝑢, 𝑣) = (𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣)). Take 

any orthonormal basis {𝐯1, 𝐯2} of 𝑇𝐩(𝑆) and let 𝐯3 = ±(𝐱𝑢 ∧ 𝐱𝑣)/|𝐱𝑢 ∧ 𝐱𝑣|, where the sign of 𝐯3 is chosen 

so that det(𝐯1, 𝐯2, 𝐯3) = 1. Then we have 𝐯1 ∧ 𝐯2 = 𝐯3. For the point 𝐱 ∈ ℝ3 in the original coordinate 

system, we define the new coordinates 𝐱 = (𝑥, 𝑦, 𝑧) as

𝑥 = (𝐱 − 𝐩) ⋅ 𝐯1, 𝑦 = (𝐱 − 𝐩) ⋅ 𝐯2, 𝑧 = (𝐱 − 𝐩) ⋅ 𝐯3, 𝐱 = (𝑥, 𝑦, 𝑧).

Now we represent the neighborhood of 𝐩 in 𝑆 in the form 𝑧 = 𝑓(𝑥, 𝑦). Define 𝜋 : ℝ3 → ℝ2 as

𝜋(𝑥, 𝑦, 𝑧) = (𝑥(𝑥, 𝑦, 𝑧), 𝑦(𝑥, 𝑦, 𝑧))

and consider the map 𝜋 ∘ 𝐱 : ℝ2 → ℝ2. Since

𝜕(𝑥, 𝑦)
𝜕(𝑢, 𝑣)

= |(𝜕𝑥/𝜕𝑢
𝜕𝑦/𝜕𝑢

𝜕𝑥/𝜕𝑣
𝜕𝑦/𝜕𝑣)| = |(𝐱𝑢 ⋅ 𝐯1

𝐱𝑢 ⋅ 𝐯2

𝐱𝑣 ⋅ 𝐯1
𝐱𝑣 ⋅ 𝐯2

)|

= (𝐱𝑢 ⋅ 𝐯1)(𝐱𝑣 ⋅ 𝐯2) − (𝐱𝑢 ⋅ 𝐯2)(𝐱𝑣 ⋅ 𝐯1)
= (𝐱𝑢 ∧ 𝐱𝑣) ⋅ (𝐯1 ∧ 𝐯2) = (𝐱𝑢 ∧ 𝐱𝑣) ⋅ 𝐯3

= |𝐱𝑢 ∧ 𝐱𝑣| ≠ 0

at 𝐪 = 𝐱−1(𝐩), we can apply the inverse function theorem to guarantee the existence of neighborhoods 

𝑉1 of 𝐪, 𝑉2 of (𝜋 ∘ 𝐱)(𝐪) such that 𝜋 ∘ 𝐱 maps 𝑉1 diffeomorphically onto 𝑉2. It follows that 𝜋 restricted 

to 𝐱(𝑉1) = 𝑉  is one-to-one and that there is a differentiable inverse (𝜋 ∘ 𝐱)−1 : 𝑉2 → 𝑉1. Since 𝐱 is a 

homeomorphism, 𝑉  is a neighborhood of 𝐩 in 𝑆. We compose the map (𝜋 ∘ 𝐱)−1 : (𝑥, 𝑦) ↦ (𝑢(𝑥, 𝑦), 𝑣(𝑥, 𝑦)) 
and the map (𝑢, 𝑣) ↦ 𝑧(𝐱(𝑢, 𝑣)) = (𝐱(𝑢, 𝑣) − 𝐩) ⋅ 𝐯3, then we find that 𝑉  is the graph of the differentiable 

function

𝑧 = 𝑧(𝑢(𝑥, 𝑦), 𝑣(𝑥, 𝑦)) = 𝑓(𝑥, 𝑦).
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Now we show that 𝑓(0, 0) = 𝑓𝑥(0, 0) = 𝑓𝑦(0, 0) = 0. Since the surface 𝑆 passes the point 𝐩, which has the 

coordinates (𝑥, 𝑦, 𝑧) = (0, 0, 0), we have that 𝑓(0, 0) = 0. Moreover,

𝜕𝑓
𝜕𝑥

= 𝜕𝑧
𝜕𝑢

𝜕𝑢
𝜕𝑥

+ 𝜕𝑧
𝜕𝑣

𝜕𝑣
𝜕𝑥

= (𝐱𝑢 ⋅ 𝐯3)
𝜕𝑢
𝜕𝑥

+ (𝐱𝑣 ⋅ 𝐯3)
𝜕𝑣
𝜕𝑥

= 0

at 𝐩, because 𝐱𝑢, 𝐱𝑣 ∈ 𝑇𝐩(𝑆) and 𝐯3 is the unit normal vector of 𝑇𝐩(𝑆). Thus we have 𝑓𝑥(0, 0) = 0. 
Similarly, we obtain 𝑓𝑦(0, 0) = 0.

27. a. Let 𝐱(𝑢, 𝑣) be the parametrization of 𝑆 at 𝐩, where 𝐱(𝑢0, 𝑣0) = 𝐩. We assert that

𝐱(𝑢, 𝑣) = 𝐩 + 𝐱𝑢(𝑢0, 𝑣0)(𝑢 − 𝑢0) + 𝐱𝑣(𝑢0, 𝑣0)(𝑣 − 𝑣0)

is a parametrization for 𝑇𝐩(𝑆) at 𝐩. (i) It is easy to see that 𝐱 is differentiable. (iii) Since

𝑑𝐱𝐪 =
(

𝐱𝑢(𝑢0, 𝑣0) 𝐱𝑣(𝑢0, 𝑣0)

)

,

𝑑𝐱𝐪 is one-to-one for each 𝐪. (ii) 𝐱 is one-to-one because 𝐱𝑢(𝑢0, 𝑣0) and 𝐱𝑣(𝑢0, 𝑣0) are linearly 

independent. By Prop. 4 of Sec. 2-2, 𝐱−1 is continuous. Therefore 𝐱 is a parametrization for 𝑇𝐩(𝑆) at 

𝐩. Since 𝐱𝑢 = 𝐱𝑢 and 𝐱𝑣 = 𝐱𝑣 at (𝑢0, 𝑣0), we conclude that 𝑇𝐩(𝑆) has contact of order ≥ 1 with the 

surface at 𝐩.

b. Let 𝐱(𝑢, 𝑣) be a parametrization for 𝑆 at 𝐩. By (𝑎), there exists a parametrization 𝐱(𝑢, 𝑣) for 𝑇𝐩(𝑆) 
at 𝐩, which satisfies the equation 𝐱𝑢 = 𝐱𝑢 and 𝐱𝑣 = 𝐱𝑣. Since a plane 𝑃  has contact of order ≥ 1 

with a surface 𝑆 at 𝐩, there exists a parametrization 𝐱̃(𝑢, 𝑣) for 𝑃  at 𝐩, with 𝐱𝑢 = 𝐱̃𝑢 and 𝐱𝑣 = 𝐱̃𝑣. 

Therefore we obtain 𝐱𝑢 = 𝐱̃𝑢 and 𝐱𝑣 = 𝐱̃𝑣. Observe that two planes 𝑇𝐩(𝑆) and 𝑃  pass through the 

same point 𝐩 and normal to 𝐱𝑢 ∧ 𝐱𝑣 = 𝐱̃𝑢 ∧ 𝐱̃𝑣. Hence 𝑇𝐩(𝑆) = 𝑃 .
c. First suppose that two regular surfaces 𝑆 and 𝑆 have contact of order ≥ 1. Then there exist param

etrizations 𝐱(𝑢, 𝑣), 𝐱(𝑢, 𝑣) at 𝐩 of 𝑆 and 𝑆, respectively, such that 𝐱𝑢 = 𝐱𝑢 and 𝐱𝑣 = 𝐱𝑣 at 𝐩. Since 

both 𝑇𝐩(𝑆) and 𝑇𝐩(𝑆) contain the point 𝐩 and perpendicular to 𝐱𝑢 ∧ 𝐱𝑢 = 𝐱𝑣 ∧ 𝐱𝑣, these planes are 

the same.

Conversely, suppose that the regular curves 𝑆 and 𝑆 have a common tangent plane at 𝐩. Let

𝐱(𝑢, 𝑣) = (𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣)), 𝐱(𝑢, 𝑣) = (𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣))

be a parametrizations at 𝐩 for 𝑆 and 𝑆, respectively, with 𝐱(0, 0) = 𝐱(0, 0) = 𝐩. Since two surfaces 

have a common tangent plane at 𝐩, we have 𝐱𝑢 ∧ 𝐱𝑣 ⟂ 𝐱𝑢 ∧ 𝐱𝑣. Observe that

𝐱𝑢 ∧ 𝐱𝑣 = (𝜕(𝑦, 𝑧)
𝜕(𝑢, 𝑣)

, 𝜕(𝑧, 𝑥)
𝜕(𝑢, 𝑣)

, 𝜕(𝑥, 𝑦)
𝜕(𝑢, 𝑣)

).

Since 𝐱𝑢 ∧ 𝐱𝑣 ≠ 𝟎, one of the Jacobian determinants is not zero. Without loss of generality, we suppose 

that 𝜕(𝑥, 𝑦)/𝜕(𝑢, 𝑣) ≠ 0 at 𝟎. Then we can express the surface 𝑆 as the form 𝑧 = 𝑓(𝑥, 𝑦) in the 

neighborhood of 𝐩. Note that 𝜕(𝑥, 𝑦)/𝜕(𝑢, 𝑣) is also nonzero, since 𝐱𝑢 ∧ 𝐱𝑣 and 𝐱𝑢 ∧ 𝐱𝑣 is parallel. 

Therefore we can also represent the surface 𝑆 as the form 𝑧 = 𝑓(𝑥, 𝑦) in the neighborhood of 𝐩. Now 

we define

𝐲(𝑢, 𝑣) = (𝑢, 𝑣, 𝑓(𝑢, 𝑣)), 𝐲(𝑢, 𝑣) = (𝑢, 𝑣, 𝑓(𝑢, 𝑣))

be the parametrizations at 𝐩 for 𝑆 and 𝑆. Since 𝐲𝑢 = 𝐲𝑢 = (1, 0, 0) and 𝐲𝑣 = 𝐲𝑣 = (0, 1, 0), we 

conclude that 𝑆 and 𝑆 have contact of order ≥ 1.

d. Let 𝐱 : 𝑈 → 𝑆 be a parametrization of 𝑆 at given point 𝐩. We shall show that 𝐅 ∘ 𝐱 : 𝑈 → 𝐅(𝑆) is a 

parametrization for 𝐅(𝑆) at 𝐅(𝐩). (i) 𝐅 ∘ 𝐱 is differentiable, since it is composition of two differentiable 

functions 𝐅 and 𝐱. (ii) 𝐅 ∘ 𝐱 is a homeomorphism, since both 𝐅 and 𝐱 are homeomorphisms. (iii) 

We show that 𝑑(𝐅 ∘ 𝐱)𝐪 = 𝑑𝐅𝐱(𝐪) ∘ 𝑑𝐱𝐪 is one-to-one for each 𝐪. 𝑑𝐱𝐪 is one-to-one since 𝐱 is a 

parametrization. From the equation 𝐅−1 ∘ 𝐅 = Idℝ3 , we obtain

𝑑(𝐅−1)
𝐅(𝐩)

∘ 𝑑𝐅𝐩 = 𝑑(Idℝ3)𝐩 = Idℝ3 .
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Since Idℝ3 is one-to-one, 𝑑𝐅𝐩 is also one-to-one. Therefore 𝑑(𝐅 ∘ 𝐱)𝐪 = 𝑑𝐅𝐱(𝐪) ∘ 𝑑𝐱𝐪 is one-to-one for 

each 𝐪, being composition of two injective maps.

Now since 𝑆 and 𝑆 have contact of order ≥ 1 at 𝐩, there exist parametrizations 𝐱(𝑢, 𝑣), 𝐱(𝑢, 𝑣) 
of 𝑆 and 𝑆, respectively, such that 𝐱𝑢 = 𝐱𝑢, 𝐱𝑣 = 𝐱𝑣. We showed that (𝐅 ∘ 𝐱)(𝑢, 𝑣), (𝐅 ∘ 𝐱)(𝑢, 𝑣) is 
parametrizations for 𝐅(𝑆) and 𝐅(𝑆) at 𝐅(𝐩). Furthermore,

(𝐅 ∘ 𝐱)𝑢 = 𝑑𝐅(𝐱𝑢) = 𝑑𝐅(𝐱𝑢) = (𝐅 ∘ 𝐱)𝑢, (𝐅 ∘ 𝐱)𝑣 = 𝑑𝐅(𝐱𝑣) = 𝑑𝐅(𝐱𝑣) = (𝐅 ∘ 𝐱)𝑣.

Hence 𝐅(𝑆) and 𝐅(𝑆) are regular surfaces which have contact of order ≥ 1 at 𝐅(𝐩).
e. Let 𝐱(𝑢, 𝑣) and 𝐱(𝑢, 𝑣) be the parametrizations at 𝐩 for 𝑆 and 𝑆, respectively, with 𝐱𝑢 = 𝐱𝑢, 𝐱𝑣 =

𝐱𝑣 and 𝐱(0, 0) = 𝐱(0, 0) = 𝐩. Since 𝐱 and 𝐱 are differentiable, by Taylor’s formula,

𝐱(𝑢, 𝑣) = 𝐱(0, 0) + 𝐱𝑢𝑢 + 𝐱𝑣𝑣 + 𝐑, 𝐱(𝑢, 𝑣) = 𝐱(0, 0) + 𝐱𝑢𝑢 + 𝐱𝑣𝑣 + 𝐑,

where the remainder 𝐑, 𝐑 satisfies the condition

lim
𝑟→0

𝐑
𝑟

= lim
𝑟→0

𝐑
𝑟

= 𝟎, 𝑟 = √𝑢2 + 𝑣2.

Let 𝐍 be a common normal of the surfaces at 𝐩, then

𝑑 = ⟨𝐱(𝑢, 𝑣) − 𝐱(𝑢, 𝑣), 𝐍⟩ = ⟨𝐑 − 𝐑, 𝐍⟩.

Therefore we have 𝑑/𝑟 = ⟨𝐑/𝑟 − 𝐑/𝑟, 𝐍⟩ → ⟨𝟎, 𝐍⟩ = 0 as 𝑟 → 0.

28. a. Given a differentiable map 𝑓 : 𝑆 → ℝ defined in regular surface 𝑆, we say that 𝐩 ∈ 𝑆 is a critical point 

of 𝑓 if the differential 𝑑𝑓𝐩 : 𝑇𝐩(𝑆) → ℝ is not a surjective mapping. The image 𝑓(𝐩) ∈ ℝ of a critical 

point is called a critical value of 𝑓 . A point of ℝ which is not a critical value is called a regular value 

of 𝑓 .

b. Let 𝑎 be a regular value of a differentiable function 𝑓 on a regular surface 𝑆. We shall show that 

𝑓−1(𝑎) ⊂ 𝑆 is a regular curve on 𝑆. For arbitrary point 𝐩 ∈ 𝑓−1(𝑎), let 𝐱 : 𝑈 ⊂ ℝ2 → 𝑆 be the 

parametrization for 𝑆 at 𝐩. Since 𝑎 is a regular value, 𝑑𝑓𝐩 is surjective. If (𝑓 ∘ 𝐱)𝑢 = 𝑑𝑓𝐩(𝐱𝑢) and 

(𝑓 ∘ 𝐱)𝑣 = 𝑑𝑓𝐩(𝐱𝑣) are both zero, then 𝑑𝑓𝐩(𝐰) = 0 for every 𝐰 ∈ 𝑇𝐩(𝑆) since 𝐱𝑢 and 𝐱𝑣 are linearly 

independent, which contradicts with the surjectivity of 𝑓𝐩. Therefore one of the derivatives (𝑓 ∘ 𝐱)𝑢 

and (𝑓 ∘ 𝐱)𝑣 are nonzero. We assume that (𝑓 ∘ 𝐱)𝑣 ≠ 0.

Define a mapping 𝐅 : 𝑈 ⊂ ℝ2 → ℝ2 as 𝐅(𝑢, 𝑣) = (𝑢, (𝑓 ∘ 𝐱)(𝑢, 𝑣)), and we indicate by (𝑤, 𝑡) the 

coordinates of a point in ℝ2 where 𝐅 takes its values. Since

𝑑𝐅𝐪 = ( 1
(𝑓 ∘ 𝐱)𝑢

0
(𝑓 ∘ 𝐱)𝑣

), det(𝑑𝐅𝐪) = (𝑓 ∘ 𝐱)𝑣 ≠ 0, where 𝐪 = 𝐱−1(𝐩),

We can apply the inverse function theorem, which guarantees the existence of neighborhoods 𝑉  of 𝐪 

and 𝑊  of 𝐅(𝐪) such that 𝐅 : 𝑉 → 𝑊  is a diffeomorphism. It follows that the coordinate functions of 

𝐅−1, i.e., the functions

𝑢 = 𝑤, 𝑣 = 𝑔(𝑤, 𝑡), (𝑤, 𝑡) ∈ 𝑊

are differentiable. In particular, 𝑣 = 𝑔(𝑤, 𝑎) = ℎ(𝑢) is a differentiable function defined in the projection 

of 𝑉  onto the 𝑢 axis. Now we assert that 𝛼 : 𝐼 = 𝜋1(𝑉 ) → 𝑆, 𝛼(𝑢) = 𝐱(𝑢, ℎ(𝑢)) is the parametrization 

for 𝑓−1(𝑎) at 𝐩. (i) 𝛼 is differentiable since 𝐱 and ℎ are differentiable. (ii) Continuity of 𝛼 is immediate. 

To see the injectivity, suppose that 𝛼(𝑢1) = 𝛼(𝑢2) for some 𝑢1, 𝑢2 ∈ 𝐼 . Since 𝐱 is homeomorphic, 

𝐱(𝑢1, ℎ(𝑢1)) = 𝐱(𝑢2, ℎ(𝑢2)) implies that (𝑢1, ℎ(𝑢1)) = (𝑢2, ℎ(𝑢2)), which leads 𝑢1 = 𝑢2. Hence 𝛼 is 

injective. Finally, since 𝛼−1 = 𝜋1 ∘ 𝐱−1 is continuous, 𝛼 is a homeomorphism. (iii) Note that

𝑑𝛼𝑢 = 𝐱𝑢(𝑢, ℎ(𝑢)) + 𝐱𝑣(𝑢, ℎ(𝑢))ℎ′(𝑢) ≠ 𝟎

because 𝐱𝑢 and 𝐱𝑣 are linearly independent. Therefore 𝑑𝛼𝑢 is one-to-one for every 𝑢 ∈ 𝜋1(𝑉 ). We 

conclude that 𝛼 is the parametrization for 𝑓−1(𝑎) at 𝐩 and that 𝑓−1(𝑎) is a regular curve on 𝑆.
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2-5. The First Fundamental Form; Area

1. First of all, note that if 𝐰 is a tangent vector to the surface at the point 𝐱(𝑢, 𝑣), given in the basis 

associated to 𝐱(𝑢, 𝑣) by 𝐰 = 𝑎𝐱𝑢 + 𝑏𝐱𝑣, then the first fundamental form is given by

𝐈(𝐰) = 𝐸𝑎2 + 2𝐹𝑎𝑏 + 𝐺𝑏2

where 𝐸 = ⟨𝐱𝑢, 𝐱𝑢⟩,  𝐹 = ⟨𝐱𝑢, 𝐱𝑣⟩,  𝐺 = ⟨𝐱𝑣, 𝐱𝑣⟩ are the coefficients of the first fundamental form in the 

basis {𝐱𝑢, 𝐱𝑣}.

a. Since 𝐱𝑢 = (𝑎 cos 𝑢 cos 𝑣, 𝑏 cos 𝑢 sin 𝑣, −𝑐 sin 𝑢) and 𝐱𝑣 = (−𝑎 sin 𝑢 sin 𝑣, 𝑏 sin 𝑢 cos 𝑣, 0),

𝐸 = ⟨𝐱𝑢, 𝐱𝑢⟩ = 𝑎2 cos2 𝑢 cos2 𝑣 + 𝑏2 cos2 𝑢 sin2 𝑣 + 𝑐2 sin2 𝑢,

𝐹 = ⟨𝐱𝑢, 𝐱𝑣⟩ = (−𝑎2 + 𝑏2) cos 𝑢 sin 𝑢 cos 𝑣 sin 𝑣,

𝐺 = ⟨𝐱𝑣, 𝐱𝑣⟩ = (𝑎2 sin2 𝑣 + 𝑏2 cos2 𝑣) sin2 𝑢.

b. Since 𝐱𝑢 = (𝑎 cos 𝑣, 𝑏 sin 𝑣, 2𝑢) and 𝐱𝑣 = (−𝑎𝑢 sin 𝑣, 𝑏𝑢 cos 𝑣, 0),

𝐸 = ⟨𝐱𝑢, 𝐱𝑢⟩ = 𝑎2 cos2 𝑣 + 𝑏2 sin2 𝑣 + 4𝑢2,

𝐹 = ⟨𝐱𝑢, 𝐱𝑣⟩ = (−𝑎2 + 𝑏2)𝑢 cos 𝑣 sin 𝑣,

𝐺 = ⟨𝐱𝑣, 𝐱𝑣⟩ = (𝑎2 sin2 𝑣 + 𝑏2 cos2 𝑣)𝑢2.

c. Since 𝐱𝑢 = (𝑎 cosh 𝑣, 𝑏 sinh 𝑣, 2𝑢) and 𝐱𝑣 = (𝑎𝑢 sinh 𝑣, 𝑏𝑢 cosh 𝑣, 0),

𝐸 = ⟨𝐱𝑢, 𝐱𝑢⟩ = 𝑎2 cosh2 𝑣 + 𝑏2 sinh2 𝑣 + 4𝑢2,

𝐹 = ⟨𝐱𝑢, 𝐱𝑣⟩ = (𝑎2 + 𝑏2)𝑢 cosh 𝑣 sinh 𝑣,

𝐺 = ⟨𝐱𝑣, 𝐱𝑣⟩ = (𝑎2 sinh2 𝑣 + 𝑏2 cosh2 𝑣)𝑢2.

d. Since 𝐱𝑢 = (𝑎 cosh 𝑢 cos 𝑣, 𝑏 cosh 𝑢 sin 𝑣, 𝑐 sinh 𝑢) and 𝐱𝑣 = (−𝑎 sinh 𝑢 sin 𝑣, 𝑏 sinh 𝑢 cos 𝑣, 0),

𝐸 = ⟨𝐱𝑢, 𝐱𝑢⟩ = 𝑎2 cosh2 𝑢 cos2 𝑣 + 𝑏2 cosh2 𝑢 sin2 𝑣 + 𝑐2 sinh2 𝑢,

𝐹 = ⟨𝐱𝑢, 𝐱𝑣⟩ = (−𝑎2 + 𝑏2) cosh 𝑢 sinh 𝑢 cos 𝑣 sin 𝑣,

𝐺 = ⟨𝐱𝑣, 𝐱𝑣⟩ = (𝑎2 sin2 𝑣 + 𝑏2 cos2 𝑣) sinh2 𝑢.

2. The curve 𝑃 ∩ 𝕊2 is contained in the plane perpendicular to (sin 𝛼, 0, − cos 𝛼), and the semimeridian 𝜑 =
𝜑0 is contained in the plane perpendicular to (sin 𝜑0, − cos 𝜑0, 0). Since the angle between two curves is 

equal to the angle made by two planes, we have

cos 𝛽 = |⟨(sin 𝛼, 0, − cos 𝛼), (sin 𝜑0, − cos 𝜑0, 0)⟩| = |sin 𝛼 sin 𝜑0| = sin 𝛼|sin 𝜑0|.

We wrote |sin 𝛼| = sin 𝛼 because 0 < 𝛼 < 𝜋.

3. Note that the parametrization for the stereographic projection is given by

𝐱(𝑢, 𝑣) = ( 4𝑢
𝑢2 + 𝑣2 + 4

, 4𝑣
𝑢2 + 𝑣2 + 4

,
2(𝑢2 + 𝑣2)
𝑢2 + 𝑣2 + 4

).

Since

𝐱𝑢 = 4
(𝑢2 + 𝑣2 + 4)2 (−𝑢2 + 𝑣2 + 4, −2𝑢𝑣, 4𝑢), 𝐱𝑣 = 4

(𝑢2 + 𝑣2 + 4)2 (−2𝑢𝑣, 𝑢2 − 𝑣2 + 4, 4𝑢),

We have

𝐸 = ⟨𝐱𝑢, 𝐱𝑢⟩ = 16/(𝑢2 + 𝑣2 + 4)2,
𝐹 = ⟨𝐱𝑢, 𝐱𝑣⟩ = 0,

𝐺 = ⟨𝐱𝑣, 𝐱𝑣⟩ = 16/(𝑢2 + 𝑣2 + 4)2.

Therefore the first fundamental form for a tangent vector 𝐰 = 𝑎𝐱𝑢 + 𝑏𝐱𝑣 is given by

𝐈(𝐰) =
16(𝑎2 + 𝑏2)

(𝑢2 + 𝑣2 + 4)2 .
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4. Since 𝐱𝑢 = (cos 𝑣, sin 𝑣, 1) and 𝐱𝑣 = (−𝑢 sin 𝑣, 𝑢 cos 𝑣, − tan 𝑣), the coefficients of the first fundamental 

form are

𝐸 = 2, 𝐹 = − tan 𝑣, 𝐺 = 𝑢2 + tan2 𝑣.

Now consider a 𝑢-parameter curve 𝛼 : 𝐼 → 𝑆, 𝛼(𝑡) = 𝐱(𝑢(𝑡), 𝑣(𝑡)) where 𝑢(𝑡1) = 𝑢1 < 𝑢(𝑡2) = 𝑢2 and 

𝑣(𝑡) = 𝑣0. Since 𝑣′(𝑡) ≡ 0, the arc length 𝑠 of 𝛼 from 𝑢 = 𝑢1 to 𝑢 = 𝑢2 is given by

𝑠 = ∫
𝑡2

𝑡1

√𝐸(𝑢′)2 + 2𝐹𝑢′𝑣′ + 𝐺(𝑣′)2 𝑑𝑡 = ∫
𝑡2

𝑡1

√
2𝑢′ 𝑑𝑡 =

√
2(𝑢2 − 𝑢1).

Therefore, since the length of the segment is independent of 𝑣0, the two curves 𝐱(𝑢1, 𝑣) and 𝐱(𝑢2, 𝑣) 
determine segments of equal length on all curves 𝐱(𝑢, const.).
Note  There is a typo in the problem. The two curves should be denoted as 𝐱(𝑢1, 𝑣) and 𝐱(𝑢2, 𝑣) 
instead of 𝐱(𝑢, 𝑣1) and 𝐱(𝑢, 𝑣2). This change is necessary because we are measuring segments along the 

𝑢-parameter curves (𝐱(𝑢, const.)), which must be bounded by two distinct 𝑣-parameter curves (𝑢 = 𝑢1 

and 𝑢 = 𝑢2).

5. We can see that the map 𝐱 : 𝑈 ⊂ ℝ2 → 𝑆, 𝐱(𝑥, 𝑦) = (𝑥, 𝑦, 𝑓(𝑥, 𝑦)) is the parametrization for the surface 

𝑆 given by 𝑧 = 𝑓(𝑥, 𝑦). Then the area 𝐴 of a bounded region 𝑅 is

𝐴 = ∬
𝑄

|𝐱𝑥 ∧ 𝐱𝑦| 𝑑𝑥 𝑑𝑦,

where 𝑄 = 𝐱−1(𝑅) is the normal projection of 𝑅 onto the 𝑥𝑦 plane. Since 𝐱𝑥 = (1, 0, 𝑓𝑥) and 𝐱𝑦 =
(0, 1, 𝑓𝑦), we have |𝐱𝑥 ∧ 𝐱𝑦| = |(−𝑓𝑥, −𝑓𝑦, 1)| = √1 + 𝑓2

𝑥 + 𝑓2
𝑦 . Hence

𝐴 = ∬
𝑄

√1 + 𝑓2
𝑥 + 𝑓2

𝑦 𝑑𝑥 𝑑𝑦.

6. We first show that 𝐱(𝑢, 𝑣) = (𝑢 sin 𝛼 cos 𝑣, 𝑢 sin 𝛼 sin 𝑣, 𝑢 cos 𝛼) is a parametrization of the cone 

with 2𝛼 as the angle of the vertex. (i) It is trivial that 𝐱 is differentiable. (ii) Let 𝐱(𝑢, 𝑣) =
(𝑢 sin 𝛼 cos 𝑣, 𝑢 sin 𝛼 sin 𝑣, 𝑢 cos 𝛼) = (𝑥, 𝑦, 𝑧). Since 𝑢 = √𝑥2 + 𝑦2 + 𝑧2, 𝑢 is a continuous function of 

(𝑥, 𝑦, 𝑧). Furthermore, since √𝑥2 + 𝑦2 = 𝑢 sin 𝛼 > 0, we obtain

cos 𝑣 = 𝑥
√𝑥2 + 𝑦2

, sin 𝑣 = 𝑦
√𝑥2 + 𝑦2

.

Therefore 𝑣 is also a continuous function of (𝑥, 𝑦, 𝑧) and 𝐱 is a homeomorphism. (iii) Since

𝑑𝐱𝐪 =
(

sin 𝛼 cos 𝑣

sin 𝛼 sin 𝑣
cos 𝛼

−𝑢 sin 𝛼 sin 𝑣
𝑢 sin 𝛼 cos 𝑣

0 )

, 𝜕(𝑥, 𝑦)

𝜕(𝑢, 𝑣)
= 𝑢 sin2 𝛼 ≠ 0,

the differential 𝑑𝐱𝐪 is one-to-one for each 𝐪 ∈ 𝑈 . Therefore 𝐱 is a parametrization.

Observe that 𝐱𝑢 = (sin 𝛼 cos 𝑣, sin 𝛼 sin 𝑣, cos 𝛼) and 𝐱𝑣 = (−𝑢 sin 𝛼 sin 𝑣, 𝑢 sin 𝛼 cos 𝑣, 0), thus

𝐸 = 1, 𝐹 = 0, 𝐺 = 𝑢2 sin2 𝛼.

Consider the curve 𝛼(𝑡) = 𝐱(𝑢(𝑡), 𝑣(𝑡)) = 𝐱(𝑐 exp(𝑣(𝑡) sin 𝛼 cot 𝛽), 𝑣(𝑡)), whose tangent vector is 𝛼′(𝑡) =
𝐱𝑢𝑢′(𝑡) + 𝐱𝑣𝑣′(𝑡). Note that

𝑢′(𝑡) = 𝑐𝑣′(𝑡) sin 𝛼 cot 𝛽 exp(𝑣(𝑡) sin 𝛼 cot 𝛽) = 𝑢(𝑡)𝑣′(𝑡) sin 𝛼 cot 𝛽.

Let 𝜃(𝑡) denote the angle between the curve 𝛼 and generators of the cone (𝑣 = 𝑣0) at the intersection 

𝛼(𝑡). Then
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cos 𝜃(𝑡) = ⟨𝐱𝑢, 𝛼′⟩
|𝐱𝑢||𝛼′|

= 𝐸𝑢′ + 𝐹𝑣′

√𝐸(𝑢′)2 + 2𝐹𝑢′𝑣′ + 𝐺(𝑣′)2

= 𝐸𝑢𝑣′ sin 𝛼 cot 𝛽
√𝐸(𝑢𝑣′ sin 𝛼 cot 𝛽)2 + 𝐺(𝑣′)2

= 𝐸𝑢 sin 𝛼 cot 𝛽
√𝐸𝑢2 sin2 𝛼 cot2 𝛽 + 𝐺

= 𝑢 sin 𝛼 cot 𝛽
√𝑢2 sin2 𝛼 cot2 𝛽 + 𝑢2 sin2 𝛼

= cot 𝛽
√cot2 𝛽 + 1

= sgn(sin 𝛽) cos 𝛽.

Therefore the curve 𝐱(𝑢(𝑡), 𝑣(𝑡)) intersects the generators of the cone at a constant angle 𝜃(𝑡) = 𝜃.
Note  We can see that 𝜃 is not always equal to 𝛽. Specifically, 𝜃 = 𝛽 for 𝛽 ∈ (0, 𝜋), and 𝜃 = 𝛽 − 𝜋 for 

𝛽 ∈ (𝜋, 2𝜋).

7. Consider a quadrilateral formed by two 𝑢-parameter curves 𝑣 = 𝑣1, 𝑣 = 𝑣2 and two 𝑣-parameter curves 

𝑢 = 𝑢1, 𝑢 = 𝑢2. The lengths of the opposite sides corresponding to the 𝑢-parameter curves are given by

𝑠1 = ∫
𝑡2

𝑡1

√𝐸(𝑢(𝑡), 𝑣1)(𝑢′(𝑡))2 𝑑𝑡 = ∫
𝑢2

𝑢1

√𝐸(𝑢, 𝑣1) 𝑑𝑢,

𝑠2 = ∫
𝑡2

𝑡1

√𝐸(𝑢(𝑡), 𝑣2)(𝑢′(𝑡))2 𝑑𝑡 = ∫
𝑢2

𝑢1

√𝐸(𝑢, 𝑣2) 𝑑𝑢

because 𝑣′ ≡ 0 along the 𝑢-parameter curves. These values are equal for arbitrary 𝑢1, 𝑢2, 𝑣1, 𝑣2 if and 

only if

∫
𝑢2

𝑢1

(√𝐸(𝑢, 𝑣1) − √𝐸(𝑢, 𝑣2)) 𝑑𝑢 = 0 for arbitrary 𝑢1, 𝑢2, 𝑣1, 𝑣2.

This is equivalent to the statement √𝐸(𝑢, 𝑣1) − √𝐸(𝑢, 𝑣2) = 0 for arbitrary 𝑢, 𝑣1, 𝑣2, which is equivalent 

to 𝐸(𝑢, 𝑣) = 𝐸(𝑢). Similarly, we can show that lengths of the opposite sides corresponding to the 𝑣-
parameter curves are always equal if and only if 𝐺(𝑢, 𝑣) = 𝐺(𝑣). Therefore the coordinate curves of a 

parametrization 𝐱(𝑢, 𝑣) constitute a Tchebyshef net if and only if 𝜕𝐸/𝜕𝑣 = 𝜕𝐺/𝜕𝑢 = 0.

8. Let 𝐱(𝑢, 𝑣) be the parametrization constituting a Tchebyshef net. By Exercise 7, the coefficients of the 

first fundamental form satisfy the condition 𝐸 = 𝐸(𝑢) and 𝐺 = 𝐺(𝑣). Note that 𝐸(𝑢) = |𝑥𝑢|2 ≠ 0 and 

𝐺(𝑣) = |𝑥𝑣|
2 ≠ 0, because 𝑑𝐱𝐪 = (𝐱𝑢 𝐱𝑣) is one-to-one. We define

𝑢(𝑢) = ∫
𝑢

𝑢0

√𝐸(𝑢) 𝑑𝑢, 𝑣(𝑣) = ∫
𝑣

𝑣0

√𝐺(𝑣) 𝑑𝑣.

Since 𝑑𝑢/𝑑𝑢 = √𝐸(𝑢) ≠ 0 and 𝑑𝑣/𝑑𝑣 = √𝐺(𝑣) ≠ 0, there exists an inverse function 𝑢(𝑢) of 𝑢(𝑢) and 

𝑣(𝑣) of 𝑣(𝑣), respectively. Now we reparametrize the coordinate neighborhood 𝐱 to 𝐱 by

𝐱(𝑢, 𝑣) = 𝐱(𝑢(𝑢), 𝑣(𝑣)).

Then

|𝐱𝑢| = |𝐱𝑢
𝑑𝑢
𝑑𝑢

| = |𝐱𝑢||𝑑𝑢
𝑑𝑢

|
−1

= √𝐸(𝑢) ⋅ 1
√𝐸(𝑢)

= 1 ⟹  𝐸 = ⟨𝐱𝑢, 𝐱𝑢⟩ = 1.

Similarly, we obtain 𝐺 = ⟨𝐱𝑣, 𝐱𝑣⟩ = 1. Furthermore,

𝐹 = ⟨𝐱𝑢, 𝐱𝑣⟩ = |𝐱𝑢||𝐱𝑣| cos 𝜃 = cos 𝜃

where 𝜃 is the angle of the coordinate curves.

9. Let 𝑆 be the surface of revolution obtained by rotating a regular connected plane curve 𝐶. We shall take 

𝑥𝑧 plane as the plane of the curve and the 𝑧 axis as the rotation axis. Let

𝑥 = 𝑓(𝑣), 𝑧 = 𝑔(𝑣), 𝑎 < 𝑣 < 𝑏, 𝑓(𝑣) > 0

be a parametrization for 𝐶. We can suppose that the curve 𝐶 is parametrized by an arc length, that is, 

𝑓 ′(𝑣)2 + 𝑔′(𝑣)2 = 1. Now we obtain a parametrization for 𝑆 by 𝐱 : 𝑈 → 𝑆,

𝐱(𝑢, 𝑣) = (𝑓(𝑣) cos 𝑢, 𝑓(𝑣) sin 𝑢, 𝑔(𝑣))),
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from the open set 𝑈 = {(𝑢, 𝑣) ∈ ℝ2 | 0 < 𝑢 < 2𝜋,  𝑎 < 𝑣 < 𝑏} into 𝑆. Since

𝐱𝑢 = (−𝑓(𝑣) sin 𝑢, 𝑓(𝑣) cos 𝑢, 0), 𝐱𝑣 = (𝑓 ′(𝑣) cos 𝑢, 𝑓 ′(𝑣) sin 𝑢, 𝑔′(𝑣))),

The coefficients of the first fundamental form are

𝐸 = 𝑓(𝑣)2 = 𝐸(𝑣), 𝐹 = 0, 𝐺 = 𝑓 ′(𝑣)2 + 𝑔′(𝑣)2 = 1.

10. Since 𝐱𝜌 = (cos 𝜃, sin 𝜃) and 𝐱𝜃 = (−𝜌 sin 𝜃, 𝜌 cos 𝜃),

𝐸 = ⟨𝐱𝜌, 𝐱𝜌⟩ = 1, 𝐹 = ⟨𝐱𝑢, 𝐱𝑣⟩ = 0, 𝐺 = ⟨𝐱𝑣, 𝐱𝑣⟩ = 𝜌2.

11. a. We take the 𝑧 axis as the rotation axis and the 𝑥𝑧 plane as the plane of the curve 𝐶. Let

𝑥 = 𝜌(𝑠), 𝑧 = ℎ(𝑠), 0 < 𝑠 < 𝑙,  𝜌(𝑠) > 0

be the parametrization for 𝐶, where 𝑠 is the arc length, so (𝜌′(𝑠))2 + (ℎ′(𝑠))2 = 1. Then the param

etrization for the surface of revolution 𝑆 is given by

𝐱(𝜃, 𝑠) = (𝜌(𝑠) cos 𝜃, 𝜌(𝑠) sin 𝜃, ℎ(𝑠)), 0 < 𝑠 < 𝑙,  0 < 𝜃 < 2𝜋.

Since

𝐱𝜃 = (−𝜌(𝑠) sin 𝜃, 𝜌(𝑠) cos 𝜃, 0), 𝐱𝑠 = (𝜌′(𝑠) cos 𝜃, 𝜌′(𝑠) sin 𝜃, ℎ′(𝑠)),

we obtain

𝐸 = 𝜌(𝑠)2, 𝐹 = 0, 𝐺 = (𝜌′(𝑠))2 + (ℎ′(𝑠))2 = 1.

Therefore the area of 𝑆 is

𝐴 = ∫
𝑙

0
∫

2𝜋

0

√
𝐸𝐺 − 𝐹 2 𝑑𝜃 𝑑𝑠 = ∫

𝑙

0
∫

2𝜋

0
𝜌(𝑠) 𝑑𝜃 𝑑𝑠 = 2𝜋 ∫

𝑙

0
𝜌(𝑠) 𝑑𝑠.

b. Consider the torus generated by rotating a circle of radius 𝑟 about a straight line belonging to the 

plane of the circle and at a distance 𝑎 > 𝑟 away from the center of the circle. Then the parametrization 

for the circle of radius 𝑟 is given by

𝑥 = 𝜌(𝑠) = 𝑎 + 𝑟 cos 𝑠
𝑟
, 𝑧 = ℎ(𝑠) = 𝑟 sin 𝑠

𝑟
, 0 < 𝑠 < 2𝜋𝑟.

Note that 𝑠 is the arc length because (𝜌′(𝑠))2 + (ℎ′(𝑠))2 = 1. By (a), the area of a torus is

𝐴 = 2𝜋 ∫
2𝜋𝑟

0
𝜌(𝑠) 𝑑𝑠 = 2𝜋 ∫

2𝜋𝑟

0
(𝑎 + 𝑟 cos 𝑠

𝑟
) 𝑑𝑠 = 4𝜋2𝑟𝑎.

𝑦

𝑎 − 𝑟

𝑧

𝑎 + 𝑟

𝑥

12. Note  We suppose the natural situation, that is, 𝑟 > 0 and 1/𝑘(𝑠) > 𝑟.
The parametrization for the regular tube of radius 𝑟 around a curve 𝛼 is given by

𝐱(𝑠, 𝑣) = 𝛼(𝑠) + 𝑟(𝐧(𝑠) cos 𝑣 + 𝐛(𝑠) sin 𝑣), 𝑟 = const. ≠ 0,  𝑠 ∈ 𝐼.

In the proof of Exercise 10 of Sec. 2-4, we obtained

𝐱𝑠 ∧ 𝐱𝑣 = −𝑟(1 − 𝑟𝑘(𝑠) cos 𝑣)(𝐛(𝑠) sin 𝑣 + 𝐧(𝑠) cos 𝑣).

Since |𝐱𝑠 ∧ 𝐱𝑣| = 𝑟(1 − 𝑟𝑘(𝑠) cos 𝑣), the area of a regular tube is
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𝐴 = ∫
𝑙

0
∫

2𝜋

0
|𝐱𝑠 ∧ 𝐱𝑣| 𝑑𝑣 𝑑𝑠 = ∫

𝑙

0
∫

2𝜋

0
𝑟(1 − 𝑟𝑘(𝑠) cos 𝑣) 𝑑𝑣 𝑑𝑠 = ∫

𝑙

0
2𝜋𝑟 𝑑𝑠 = 2𝜋𝑟𝑙,

where 𝑙 is the length of 𝛼.

13. a. We show that 𝐱 : 𝑈 → 𝑆, 𝐱(𝑠, 𝑢) = (𝑓(𝑠) cos 𝑢, 𝑓(𝑠) sin 𝑢, 𝑔(𝑠) + 𝑐𝑢) is a parametrization for 𝑆. (i) It 

is easy to see that 𝐱 is differentiable. (ii) Let

𝐱(𝑠, 𝑢) = (𝑓(𝑠) cos 𝑢, 𝑓(𝑠) sin 𝑢, 𝑔(𝑠) + 𝑐𝑢) = (𝑥, 𝑦, 𝑧).

From the equation (𝑓(𝑠) cos 𝑢, 𝑓(𝑠) sin 𝑢) = (𝑥, 𝑦), we can determine 𝑓(𝑠) and 𝑢 as

𝑓(𝑠) = √𝑥2 + 𝑦2, 𝑢 = arg( 𝑥 + 𝑖𝑦
√𝑥2 + 𝑦2

),

where arg : {𝑧 ∈ ℂ | |𝑧| = 1} → (0, 2𝜋) is an inverse function of 𝑧 ↦ 𝑒𝑖𝑧. So 𝑢 is a continuous function 

of (𝑥, 𝑦, 𝑧). Furthermore, 𝑔(𝑠) + 𝑐𝑢 = 𝑧 yields

𝑔(𝑠) = 𝑧 − 𝑐𝑢 = 𝑧 − 𝑐 arg( 𝑥 + 𝑖𝑦
√𝑥2 + 𝑦2

).

Since 𝛼(𝑠) = (𝑓(𝑠), 𝑔(𝑠)) is a parametrization for the regular plane curve 𝐶, 𝛼 is a homeomorphism. 

Hence

𝑠 = 𝛼−1(√𝑥2 + 𝑦2, 𝑧 − 𝑐 arg( 𝑥 + 𝑖𝑦
√𝑥2 + 𝑦2

))

is a continuous function of (𝑥, 𝑦, 𝑧). Therefore 𝐱 is a homeomorphism. (iii) Since

𝑑𝐱𝐪 =
(

𝑓 ′(𝑠) cos 𝑢

𝑓 ′(𝑠) sin 𝑢
𝑔′(𝑠)

−𝑓(𝑠) sin 𝑢
𝑓(𝑠) cos 𝑢

𝑐 )

,

we have

(𝜕(𝑥, 𝑦)
𝜕(𝑠, 𝑢)

)
2

+ (𝜕(𝑥, 𝑧)
𝜕(𝑠, 𝑢)

)
2

+ (𝜕(𝑦, 𝑧)
𝜕(𝑠, 𝑢)

)
2

= (𝑓(𝑠)𝑓 ′(𝑠))2 + (𝑐𝑓 ′(𝑠) cos 𝑢 + 𝑓(𝑠)𝑔′(𝑠) sin 𝑢)2 + (𝑐𝑓 ′(𝑠) sin 𝑢 − 𝑓(𝑠)𝑔′(𝑠) cos 𝑢)2

= 𝑓(𝑠)2(𝑓 ′(𝑠)2 + 𝑔′(𝑠)2) + 𝑐2𝑓 ′(𝑠)2 = 𝑓(𝑠)2 + 𝑐2𝑓 ′(𝑠)2 ≥ 𝑓(𝑠)2 > 0,

which implies that 𝑑𝐱𝐪 is one-to-one for every 𝐪 ∈ 𝑈 . Therefore 𝐱 is a parametrization for 𝑆 and we 

conclude that 𝑆 is a regular surface.

b. The coordinate lines of the above parametrization are orthogonal if and only if

𝐹 = ⟨𝐱𝑠, 𝐱𝑢⟩ = (𝑓 ′(𝑠) cos 𝑢, 𝑓 ′(𝑠) sin 𝑢, 𝑔′(𝑠)) ⋅ (−𝑓(𝑠) sin 𝑢, 𝑓(𝑠) cos 𝑢, 𝑐) = 𝑐𝑔′(𝑠) = 0,

which occurs if and only if 𝑐 = 0 (𝐱(𝑈) is a surface of revolution), or 𝑔′(𝑠) = 0 for all 𝑠 ∈ (𝑎, 𝑏) (𝐱(𝑈) 
is a piece of the standard helicoid).

14. a. Since grad 𝑓(𝐩) ∈ 𝑇𝐩(𝑆), it can be expressed as

grad 𝑓(𝐩) = 𝐴𝐱𝑢(𝐪) + 𝐵𝐱𝑣(𝐪)

for appropriate real numbers 𝐴 and 𝐵 where 𝐪 = 𝐱−1(𝐩). Recall that

⟨grad 𝑓(𝐩), 𝐯⟩𝐩 = 𝑑𝑓𝐩(𝐯) for all 𝐯 ∈ 𝑇𝐩(𝑆).

Letting 𝐯 = 𝐱𝑢(𝐪) in the equation above yields

⟨grad 𝑓(𝐩), 𝐱𝑢(𝐪)⟩𝐩 = 𝑑𝑓𝐩(𝐱𝑢(𝐪)).

Since
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⟨grad 𝑓(𝐩), 𝐱𝑢(𝐪)⟩𝐩 = ⟨𝐴𝐱𝑢(𝐪) + 𝐵𝐱𝑣(𝐪), 𝐱𝑢(𝐪)⟩𝐩

= 𝐴⟨𝐱𝑢(𝐪), 𝐱𝑢(𝐪)⟩𝐩
+ 𝐵⟨𝐱𝑣(𝐪), 𝐱𝑢(𝐪)⟩𝐩

= 𝐴𝐸 + 𝐵𝐹
and

𝑓𝑢(𝐩) ≔ (𝑓 ∘ 𝐱)𝑢(𝐪) = 𝑑(𝑓 ∘ 𝐱)𝐪(𝐞1) = 𝑑𝑓𝐩(𝑑𝐱𝐪(𝐞1)) = 𝑑𝑓𝐩(𝐱𝑢(𝐪)),

we obtain 𝑓𝑢(𝐩) = 𝐴𝐸 + 𝐵𝐹. Similarly, letting 𝐯 = 𝐱𝑣(𝐪) gives 𝑓𝑣(𝐩) = 𝐴𝐹 + 𝐵𝐺. Hence

(𝑓𝑢
𝑓𝑣

) = (𝐸
𝐹

𝐹
𝐺)(𝐴

𝐵) ⟹  (𝐴
𝐵) = (𝐸

𝐹
𝐹
𝐺)

−1

(𝑓𝑢
𝑓𝑣

) = 1
𝐸𝐺 − 𝐹 2 ( 𝐺

−𝐹
−𝐹
𝐸 )(𝑓𝑢

𝑓𝑣
)

 ⟹  𝐴 = 𝑓𝑢𝐺 − 𝑓𝑣𝐹
𝐸𝐺 − 𝐹 2 ,  𝐵 = 𝑓𝑣𝐸 − 𝑓𝑢𝐹

𝐸𝐺 − 𝐹 2

 ⟹  grad 𝑓 = 𝐴𝐱𝑢 + 𝐵𝐱𝑣 = 𝑓𝑢𝐺 − 𝑓𝑣𝐹
𝐸𝐺 − 𝐹 2 𝐱𝑢 + 𝑓𝑣𝐸 − 𝑓𝑢𝐹

𝐸𝐺 − 𝐹 2 𝐱𝑣.

b. Let 𝜃 be the angle between grad 𝑓(𝐩) and 𝐯 ∈ 𝑇𝐩(𝑆). Then

𝑑𝑓𝐩(𝐯) = ⟨grad 𝑓(𝐩), 𝐯⟩ = |grad 𝑓(𝐩)||𝐯| cos 𝜃 = |grad 𝑓(𝐩)| cos 𝜃

is maximum if and only if cos 𝜃 = 1, and this means 𝜃 = 0 and 𝐯 = (grad 𝑓(𝐩))/|grad 𝑓(𝐩)|.
c. The level curve 𝐶 is given by an inverse image 𝑓−1(𝑎) for a constant 𝑎. Since grad 𝑓(𝐩) ≠ 𝟎 for every 

point 𝐩 ∈ 𝐶, 𝑑𝑓𝐩(𝐯) = ⟨grad 𝑓(𝐩), 𝐯⟩𝐩 is surjective for every point 𝐩 ∈ 𝐶. Hence there is no critical 

point, and 𝑎 is a regular value of 𝑓 . By Exercise 28(b) of Sec. 2-4, we conclude that 𝐶 = 𝑓−1(𝑎) is a 

regular curve on 𝑆.

15. a. Let 𝐶1 be the regular curve on 𝐱(𝑈) ⊂ 𝑆 given by the equation 𝜑(𝑢, 𝑣) = 𝑐1. In other words, for every 

point 𝐩 ∈ 𝐶1, we have 𝜑(𝐱−1(𝐩)) = 𝑐1. Let 𝛼 : 𝐼 → 𝑈  be the parametrization for 𝐱−1(𝐶1) = 𝜑−1(𝑐1) 
at 𝐱−1(𝐩), then the mapping 𝛼 : 𝐼 → 𝐱(𝑈) defined by 𝛼(𝑡) = 𝐱(𝛼(𝑡)) becomes the parametrization 

for 𝐶1 at 𝐩. Since 𝜑(𝛼(𝑡)) = 𝑐1, differentiating with respect to 𝑡 gives

(𝜑𝑢, 𝜑𝑣) ⋅ 𝛼′(𝑡) = 0.

Hence we obtain 𝛼′(𝑡) = 𝜆1(𝑡)(𝜑𝑣, −𝜑𝑢) for nonzero 𝜆1(𝑡). Then

𝛼′(𝑡) = 𝑑𝐱𝛼(𝑡)(𝛼′(𝑡)) = 𝜆1𝑑𝐱𝐪(𝜑𝑣, −𝜑𝑢) = 𝜆1(𝐱𝑢𝜑𝑣 − 𝐱𝑣𝜑𝑢).

Similarly, let 𝐶2 be the curve given by 𝜓(𝑢, 𝑣) = 𝑐2, and let 𝛽 : 𝐽 → 𝐱(𝑈) be the parametrization for 

𝐶2 at 𝐩, then we have

𝛽′(𝑡) = 𝜆2(𝐱𝑢𝜓𝑣 − 𝐱𝑣𝜓𝑢).

Therefore two curves are orthogonal if and only if the inner product ⟨𝛼′(𝑡), 𝛽′(𝑡)⟩ is zero, that is,

⟨𝛼′(𝑡), 𝛽′(𝑡)⟩ = 𝜆1𝜆2⟨𝐱𝑢𝜑𝑣 − 𝐱𝑣𝜑𝑢, 𝐱𝑢𝜓𝑣 − 𝐱𝑣𝜓𝑢⟩
= 𝜆1𝜆2(⟨𝐱𝑢, 𝐱𝑢⟩𝜑𝑣𝜓𝑣 − ⟨𝐱𝑢, 𝐱𝑣⟩𝜑𝑢𝜓𝑣 + 𝜑𝑣𝜓𝑢) + ⟨𝐱𝑣, 𝐱𝑣⟩𝜑𝑢𝜓𝑢)
= 𝜆1𝜆2(𝐸𝜑𝑣𝜓𝑣 − 𝐹(𝜑𝑢𝜓𝑣 + 𝜑𝑣𝜓𝑢) + 𝐺𝜑𝑢𝜓𝑢)
= 0.

Since 𝜆1 and 𝜆2 are nonzero, it is equivalent to 𝐸𝜑𝑣𝜓𝑣 − 𝐹(𝜑𝑢𝜓𝑣 + 𝜑𝑣𝜓𝑢) + 𝐺𝜑𝑢𝜓𝑢 = 0.

Note  In order to be orthogonal, it is sufficient to satisfy the equation above only for the intersections 

of two families. For example, if two curves on the plane (𝐸 = 1, 𝐹 = 0, 𝐺 = 1) are given by

𝜑(𝑢, 𝑣) = 𝑢2 + 𝑣2 = 1, 𝜓(𝑢, 𝑣) = 𝑢2 + 𝑣2 = 2,

Then

𝐸𝜑𝑣𝜓𝑣 − 𝐹(𝜑𝑢𝜓𝑣 + 𝜑𝑣𝜓𝑢) + 𝐺𝜑𝑢𝜓𝑢 = 4𝑣2 − 4𝑢2 ≠ 0.

However, these two curves never meet, so they are orthogonal.

b. The parametrization 𝐱 : 𝑈 → 𝑆 for the helicoid is given by 𝐱(𝑢, 𝑣) = (𝑣 cos 𝑢, 𝑣 sin 𝑢, 𝑎𝑢). Then
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𝐱𝑢 = (−𝑣 sin 𝑢, 𝑣 cos), 𝐱𝑣 = (cos 𝑢, sin 𝑢, 0)

implies that 𝐸 = 𝑣2 + 𝑎2, 𝐹 = 0, 𝐺 = 1. Furthermore, let

𝜑(𝑢, 𝑣) = 𝑣 cos 𝑢, 𝜓(𝑢, 𝑣) = (𝑣2 + 𝑎2) sin2 𝑢

then we have

𝐸𝜑𝑣𝜓𝑣 − 𝐹(𝜑𝑢𝜓𝑣 + 𝜑𝑣𝜓𝑢) + 𝐺𝜑𝑢𝜓𝑢

= (𝑣2 + 𝑎2) ⋅ cos 𝑢 ⋅ 2𝑣 sin2 𝑢 + 1 ⋅ (−𝑣 sin 𝑢) ⋅ 2(𝑣2 + 𝑎2) sin 𝑢 cos 𝑢 = 0.

By (a), two families of regular curves are orthogonal.

3-2. The Definition of the Gauss Map and Its Fundamental Prop

erties

1. At a hyperbolic point 𝐩 of regular surface 𝑆, we have det(𝑑𝐍𝐩) = 𝑘1𝑘2 < 0. Let 𝐞1, 𝐞2 be the eigenvectors 

of 𝑑𝐍𝐩. Then the second fundamental form at 𝐩 is given by

𝐈𝐈𝐩(𝐰) = 𝑘1𝜉2 + 𝑘2𝜂2,

where 𝐰 = 𝜉𝐞1 + 𝜂𝐞2 ∈ 𝑇𝐩(𝑆). The asymptotic directions satisfy 𝑘𝑛(𝐰) = 𝐈𝐈𝐩(𝐰) = 0, which is repre

sented by

𝜂 = ±√−𝑘1
𝑘2

𝜉.

We can see that principal directions 𝐞1, 𝐞2 bisect the asymptotic directions above.

2. Suppose that the surface 𝑆 is tangent to a plane 𝑃  along a regular curve 𝐶. Given a point 𝐩 ∈ 𝐶, let 𝛼 :
(−𝜀, 𝜀) → 𝐶 be a parametrization of 𝐶 at 𝐩. Observe that the unit normal vector

𝐍(𝑡) = (𝐍 ∘ 𝛼)(𝑡)

is constant along the curve, since it is perpendicular to the plane 𝑃 . Hence 𝑁 ′(𝑡) = 𝟎. By Prop. 3, 𝐶 is 

a line of curvature of 𝑆, and the corresponding principal curvature is 0. Therefore 𝑘1 or 𝑘2 is zero, that 

is, 𝐾 = det(𝑑𝐍𝐩) = 0. So we conclude that 𝐩 is either parabolic or planar.

3. Let 𝑘𝑛 be the normal curvature of 𝐶 at 𝐩. Then 𝑘𝑛 = 𝑘 cos 𝜃 = 𝑘⟨𝐧, 𝐍⟩, so |𝑘| ≥ |𝑘𝑛|. Note that

𝑘𝑛 = 𝑘1 cos2 𝜃 + 𝑘2 sin2 𝜃,

where 𝜃 is the angle from 𝐞1 to the tangent vector of 𝐶 at 𝐩. Since 𝐾 = 𝑘1𝑘2 > 0, 𝑘1 and 𝑘2 have the 

same sign. Therefore 𝑘𝑛 is the number between 𝑘1 and 𝑘2, and we conclude that

|𝑘| ≥ |𝑘𝑛| ≥ min(|𝑘1|, |𝑘2|).

4. No. Consider the surface 𝑆 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑧 = 0} and regular curve

𝐶 = {(𝑥, 𝑦, 𝑧) | 𝑥2 + 𝑦2 = 1/4,  𝑧 = 0} ⊂ 𝑆.

Observe that 𝑆 has the property that |𝑘1| = |𝑘2| = 0 ≤ 1 everywhere, but the curvature 𝑘 = 2 of a curve 

𝐶 does not satisfy |𝑘| ≤ 1.

5. Let 𝐞1, 𝐞2 be the eigenvectors of 𝑑𝐍𝐩, and 𝜑 be an angle between 𝐞1 and fixed direction 𝐚. Then the 

normal curvature is given by

𝑘𝑛(𝜃) = 𝑘1 cos2(𝜃 + 𝜑) + 𝑘2 sin2(𝜃 + 𝜑).

Hence

52



∫
𝜋

0
𝑘𝑛(𝜃) 𝑑𝜃 = ∫

𝜋

0
(𝑘1 cos2(𝜃 + 𝜑) + 𝑘2 sin2(𝜃 + 𝜑)) 𝑑𝜃

= ∫
𝜋+𝜑

𝜑
(𝑘1 cos2 𝜓 + 𝑘2 sin2 𝜓) 𝑑𝜓 = ∫

𝜋

0
(𝑘1 cos2 𝜓 + 𝑘2 sin2 𝜓) 𝑑𝜓

= 𝜋
2
𝑘1 + 𝜋

2
𝑘2 = 𝜋(𝑘1 + 𝑘2

2
) = 𝜋𝐻

and

𝐻 = 1
𝜋

∫
𝜋

0
𝑘𝑛(𝜃) 𝑑𝜃.

6. Let 𝐞1, 𝐞2 be the eigenvectors of 𝑑𝐍𝐩. We can suppose that 𝜃, 𝜃 + 𝜋/2 is the angle between 𝐞1 and pair 

of orthogonal directions, respectively. Then the sum of the normal curvatures is

𝑘𝑛(𝜃) + 𝑘𝑛(𝜃 + 𝜋
2
) = (𝑘1 cos2 𝜃 + 𝑘2 sin2 𝜃) + (𝑘1 cos2(𝜃 + 𝜋

2
) + 𝑘2 sin2(𝜃 + 𝜋

2
))

= 𝑘1 cos2 𝜃 + 𝑘2 sin2 𝜃 + 𝑘1 sin2 𝜃 + 𝑘2 cos2 𝜃 = 𝑘1 + 𝑘2 = 2𝐻,

which is constant.

7. If the mean curvature (𝑘1 + 𝑘2)/2 is zero at a nonplanar point, then we have 𝑘1 = −𝑘2 ≠ 0. Let 𝐞1, 𝐞2 be 

the eigenvectors of 𝑑𝐍𝐩 and 𝐰 = 𝜉𝐞1 + 𝜂𝐞2 ∈ 𝑇𝐩(𝑆), then the second fundamental form at 𝐩 is given by

𝐈𝐈𝐩(𝐰) = 𝑘1𝜉2 + 𝑘2𝜂2.

The asymptotic direction satisfies 𝑘𝑛(𝐰) = 𝐈𝐈𝐩(𝐰) = 0, which is equivalent to

𝜂 = ±√−𝑘1
𝑘2

𝜉 = ±𝜉.

Therefore the point 𝐩 has two orthogonal asymptotic directions.

8. a. Let 𝐱 : 𝑈 = ℝ2 → 𝑆, 𝐱(𝑥, 𝑦) = (𝑥, 𝑦, 𝑥2 + 𝑦2) be a parametrization for the paraboloid of revolution. 

Then 𝐱𝑢 = (1, 0, 2𝑥) and 𝐱𝑦 = (1, 2𝑦, 0), so 𝐱𝑢 ∧ 𝐱𝑦 = (−2𝑥, −2𝑦, 1) and

𝐍(𝑥, 𝑦, 𝑧) = (−2𝑥, −2𝑦, −1)
√4𝑥2 + 4𝑦2 + 1

.

The image of the Gauss map is

𝐍(𝑆) = {(𝑥, 𝑦, 𝑧) ∈ 𝕊2 | 𝑧 > 0}.

𝑥

𝑧

b. If 𝛼(𝑡) = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)) is a parametrized curve in hyperboloid of revolution 𝑆, then

𝑥𝑥′ + 𝑦𝑦′ − 𝑧𝑧′ = 0,

which shows that the vector (𝑥, 𝑦, −𝑧) is normal to 𝑆 at the point (𝑥, 𝑦, 𝑧). Therefore 𝐍(𝑥, 𝑦, 𝑧) =
(−𝑥, −𝑦, 𝑧)/√𝑥2 + 𝑦2 + 𝑧2. In particular, the image of the Gauss map is

𝐍(𝑆) = {(𝑥, 𝑦, 𝑧) ∈ 𝕊2 | |𝑧| > 1/
√

2}.
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𝑥

𝑧

c. If 𝛼(𝑡) = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)) is a parametrized curve in catenoid 𝑆, then

𝑥𝑥′ + 𝑦𝑦′ − cosh 𝑧 sinh 𝑧 𝑧′ = 0,

which shows that the vector (𝑥, 𝑦, − cosh 𝑧 sinh 𝑧) is normal to 𝑆 at the point (𝑥, 𝑦, 𝑧). Hence 

𝐍(𝑥, 𝑦, 𝑧) = (−𝑥, −𝑦, cosh 𝑧 sinh 𝑧)/√𝑥2 + 𝑦2 + cosh2 𝑧 sinh2 𝑧. The image of the Gauss map is

𝐍(𝑆) = {(𝑥, 𝑦, 𝑧) ∈ 𝕊2 | |𝑧| ≠ 1}.

𝑥

𝑧

9. a. Since the surface 𝑆 contains no planar or parabolic points, det(𝑑𝐍𝐩) ≠ 0 for every 𝐩 ∈ 𝑆. The 

parametrized regular curve 𝛼 : 𝐼 → 𝑆 satisfies 𝛼′(𝑡) ≠ 𝟎 for every 𝑡 ∈ 𝐼 . To show that 𝐍 ∘ 𝛼 : 𝐼 →
𝕊2 is a parametrized regular curve, it must be shown that (𝐍 ∘ 𝛼)′(𝑡) ≠ 𝟎 for every 𝑡 ∈ 𝐼 . Since 

(𝐍 ∘ 𝛼)′(𝑡) = 𝑑𝐍𝛼(𝑡)(𝛼′(𝑡)), where det(𝑑𝐍𝛼(𝑡)) ≠ 0 and 𝛼′(𝑡) ≠ 𝟎, we obtain (𝐍 ∘ 𝛼)′(𝑡) ≠ 𝟎 for every 

𝑡 ∈ 𝐼 .

b. Suppose that 𝛼 is parametrized by arc length and let 𝛽 = 𝐍 ∘ 𝛼. Since 𝐶 = 𝛼(𝐼) is a line of curvature, 

𝛽′(𝑠) = (𝐍 ∘ 𝛼)′(𝑠) = 𝜆(𝑠)𝛼(𝑠). Also, 𝛽″(𝑠) = 𝜆′(𝑠)𝛼(𝑠) + 𝜆(𝑠)𝛼′(𝑠), hence

𝑘𝑁 = |𝛽′ ∧ 𝛽″|
|𝛽′|3

= |𝜆|2|𝛼 ∧ 𝛼′|
|𝜆|3|𝛼|3

= 1
|𝜆|

|𝛼 ∧ 𝛼′|
|𝛼|3

= 1
|𝜆|

𝑘.

The normal curvature is given by 𝑘𝑛 = −𝜆(𝑠). Therefore

𝑘 = |𝜆|𝑘𝑁 = |𝑘𝑛|𝑘𝑁 = |𝑘𝑛𝑘𝑁 |.

10. Choose arbitrary 𝐩 ∈ 𝐶, and let 𝛼 : 𝐼 → 𝐶 be an arc-length parametrization of the curve 𝐶 at 𝐩. 

The osculating plane of a curve 𝐶 makes a constant angle with the tangent plane of 𝑆 along 𝐶, so 

⟨𝐍(𝑠), 𝐛(𝑠)⟩ = const. for every 𝑠 ∈ 𝐼 . Since 𝐶 is a line of curvature, 𝐍′(𝑠) = 𝜆(𝑠)𝛼′(𝑠). Hence

⟨𝐍′, 𝐛⟩ + ⟨𝐍, 𝐛′⟩ = 0 ⟹  ⟨𝜆𝛼′, 𝐛⟩ + ⟨𝐍, 𝜏𝐧⟩ = 0.

Since 𝛼′ = 𝐭 ⟂ 𝐛 everywhere, ⟨𝜆𝛼′, 𝐛⟩ ≡ 0, so we obtain 𝜏⟨𝐍, 𝐧⟩ ≡ 0. However, 𝐶 is nowhere tangent to 

an asymptotic direction, thus

𝑘𝑛(𝛼′) = ⟨𝐍, 𝑘𝐧⟩(𝛼′) ≠ 0.

As ⟨𝐍, 𝐧⟩ ≠ 0 implies 𝜏 ≡ 0 in the neighborhood 𝐼 of 𝐩, we conclude that 𝐶 is a plane curve.

11. Note  If 𝑝 is an umbilical point of 𝑆, then every pair of directions 𝑟 and 𝑟′ make the minimum angle 

𝜋/2, which is contradiction to conclusion that there exists an unique pair of directions in 𝑇𝐩(𝑆). So we 

suppose that 𝑝 is not an umbilical point.
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Let {𝐞1, 𝐞2} be the orthonormal basis of 𝑇𝐩(𝑆) determined by 𝑑𝐍𝐩(𝐞1) = −𝑘1𝐞1, 𝑑𝐍𝐩(𝐞2) = −𝑘2𝐞2. Let 

𝜃 and 𝜑 be the angles that a pair of directions 𝑟 and 𝑟′ make with 𝐞1. 𝑟 and 𝑟′ are conjugate if and only 

if the vectors

𝐰1 = 𝐞1 cos 𝜃 + 𝐞2 sin 𝜃, 𝐰2 = 𝐞1 cos 𝜑 + 𝐞2 sin 𝜑

are conjugate, that is,

0 = ⟨𝑑𝐍𝐩(𝐰1), 𝐰2⟩ = −𝑘1 cos 𝜃 cos 𝜑 − 𝑘2 sin 𝜃 sin 𝜑 = 0.

Now restrict the range of 𝜃 to 𝜃 ∈ [0, 𝜋), then the corresponding 𝜑 for each 𝜃 is contained in [𝜋/2, 3𝜋/2). 
We want to find the pair of angles (𝜃, 𝜑) such that 𝜑 − 𝜃 is minimum.

If 𝜃 = 0 or 𝜃 = 𝜋/2, then we have 𝜑 − 𝜃 = 𝜋/2.

If 𝜃 ∈ (0, 𝜋/2), then tan 𝜃 > 0 and tan 𝜑 < 0. Let 𝛼 = tan 𝜃, 𝛽 = − tan 𝜑. Since 𝛼𝛽 = 𝑘1/𝑘2,

tan(𝜑 − 𝜃) = tan 𝜑 − tan 𝜃
1 + tan 𝜑 tan 𝜃

= 𝛼 + 𝛽
𝑘1/𝑘2 − 1

.

If 𝜃 ∈ (𝜋/2, 𝜋), then tan 𝜃 < 0 and tan 𝜑 > 0. Let 𝛼 = − tan 𝜃, 𝛽 = tan 𝜑. Since 𝛼𝛽 = 𝑘1/𝑘2,

tan(𝜑 − 𝜃) = tan 𝜑 − tan 𝜃
1 + tan 𝜑 tan 𝜃

= 𝛼 + 𝛽
1 − 𝑘1/𝑘2

.

Now consider the cases 𝑘1 ≥ 𝑘2 and 𝑘1 < 𝑘2.

If 𝑘1 > 𝑘2, then 𝑘1/𝑘2 > 1; so tan(𝜑 − 𝜃) > 0 at 𝜃 ∈ (0, 𝜋/2) and tan(𝜑 − 𝜃) > 0 at 𝜃 ∈ (𝜋/2, 𝜋). This 

means that

𝜑 − 𝜃 ∈
{

(0, 𝜋/2) for 𝜃 ∈ (0, 𝜋/2)

{𝜋/2} for 𝜃 = 0, 𝜋/2
(𝜋/2, 𝜋) for 𝜃 ∈ (𝜋/2, 𝜋).

So we consider the case 𝜃 ∈ (0, 𝜋/2). By AM–GM inequality,

tan(𝜑 − 𝜃) = 𝛼 + 𝛽
𝑘1/𝑘2 − 1

≥ 2
√

𝛼𝛽
𝑘1/𝑘2 − 1

=
2√𝑘1/𝑘2
𝑘1/𝑘2 − 1

when 𝛼 = 𝛽. tan 𝜃 = − tan 𝜑 implies 𝜃 + 𝜑 = 𝜋, thus 𝑟 and 𝑟′ are symmetric with respect to the principal 

direction 𝐞2.

Otherwise, if 𝑘1 < 𝑘2, then 𝑘1/𝑘2 < 1; so tan(𝜑 − 𝜃) < 0 at 𝜃 ∈ (0, 𝜋/2) and tan(𝜑 − 𝜃) < 0 at 𝜃 ∈ (𝜋/2, 𝜋). 
This means that

𝜑 − 𝜃 ∈
{

(𝜋/2, 𝜋) for 𝜃 ∈ (0, 𝜋/2)

{𝜋/2} for 𝜃 = 0, 𝜋/2
(0, 𝜋/2) for 𝜃 ∈ (𝜋/2, 𝜋).

So we consider the case 𝜃 ∈ (𝜋/2, 𝜋) By AM–GM inequality,

tan(𝜑 − 𝜃) = 𝛼 + 𝛽
1 − 𝑘1/𝑘2

≥ 2
√

𝛼𝛽
1 − 𝑘1/𝑘2

=
2√𝑘1/𝑘2
1 − 𝑘1/𝑘2

when 𝛼 = 𝛽. − tan 𝜃 = tan 𝜑 implies 𝜃 + 𝜑 = 2𝜋, thus 𝑟 and 𝑟′ are symmetric with respect to the principal 

direction 𝐞1.

12. Let {𝐞1, 𝐞2} be the orthonormal basis of 𝑇𝐩(𝑆) determined by 𝑑𝐍𝐩(𝐞1) = −𝑘1𝐞1, 𝑑𝐍𝐩(𝐞2) = −𝑘2𝐞2. Let 

𝜃 and 𝜑 be the angles that a pair of directions 𝑟 and 𝑟′ make with 𝐞1. 𝑟 and 𝑟′ are conjugate if and only 

if the vectors

𝐰1 = 𝐞1 cos 𝜃 + 𝐞2 sin 𝜃, 𝐰2 = 𝐞1 cos 𝜑 + 𝐞2 sin 𝜑

are conjugate, that is,

0 = ⟨𝑑𝐍𝐩(𝐰1), 𝐰2⟩ = −𝑘1 cos 𝜃 cos 𝜑 − 𝑘2 sin 𝜃 sin 𝜑 = 0.

We now describe the geometric construction to find the conjugate direction 𝑟′ of 𝑟. Given straight line 

𝑟 through the origin, consider the intersection points 𝐪1, 𝐪2 of 𝑟 with the Dupin indicatrix. We assert 
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that the tangent lines of the Dupin indicatrix at 𝐪1 and 𝐪2 are parallel, and their common direction 𝑟′ 

is conjugate to 𝑟.

𝑥

𝑦

0

𝑟

𝐪1

𝐪2

𝑟′

By considering the curve (𝑥(𝑡), 𝑦(𝑡)) contained in the Dupin indicatrix, we have 𝑘1𝑥2 + 𝑘2𝑦2 = ±1. 

Differentiating gives 2𝑘1𝑥𝑥′ + 2𝑘2𝑦𝑦′ = 0, so ⟨(𝑘1𝑥, 𝑘2𝑦), (𝑥′, 𝑦′)⟩ = 0. This means that at the point (𝑥, 𝑦), 
the normal vector is (𝑘1𝑥, 𝑘2𝑦). Hence the normal vector at 𝐪1 and 𝐪2 is (𝑘1 cos 𝜃, 𝑘2 sin 𝜃). Observe that 

⟨(𝑘1 cos 𝜃, 𝑘2 sin 𝜃), (cos 𝜑, sin 𝜑)⟩ = 0, thus the tangent vectors at 𝐪1 and 𝐪2 are parallel to (cos 𝜑, sin 𝜑), 
which is the direction of 𝑟′.

13. Given point 𝐩 on the asymptotic curve 𝐶, let 𝛼 : (−𝜀, 𝜀) → 𝑆 be the arc-length parametrization with 𝐩 =
𝛼(0). We have 𝑘𝑛 = 𝑘⟨𝐧, 𝐍⟩ = 0 in the asymptotic curve. Since curvature 𝑘 is nowhere zero, ⟨𝐧, 𝐍⟩ ≡ 0. 

Obviously ⟨𝐭, 𝐍⟩ = 0, therefore 𝐍 and 𝐛 are parallel and 𝐍 = ±𝐛. Let 𝐞1, 𝐞2 be the eigenvectors of 𝑑𝐍𝐩, 

and let 𝛼′(0) = 𝐞1 cos 𝜃 + 𝐞2 sin 𝜃, then

𝐍′(0) = 𝑑𝐍𝐩(𝛼′(0)) = −𝐞1𝑘1 cos 𝜃 − 𝐞2𝑘2 sin 𝜃, 𝑘𝑛 = 𝑘1 cos2 𝜃 + 𝑘2 sin2 𝜃 = 0.

Therefore

𝜏2 = |𝐍′(0)|2 = 𝑘2
1 cos2 𝜃 + 𝑘2

2 sin2 𝜃 = 𝑘1(𝑘1 cos2 𝜃) + 𝑘2(𝑘2 sin2 𝜃)

= 𝑘1(−𝑘2 sin2 𝜃) + 𝑘2(−𝑘1 cos2 𝜃) = −𝑘1𝑘2.

So absolute value of the torsion is given by

|𝜏 | = √−𝑘1𝑘2 =
√

−𝐾.

14. Let 𝐍1, 𝐍2 be the normal vectors of 𝑆1 and 𝑆2 at 𝐩. Since 𝜃 is the angle between 𝐍1 and 𝐍2,

|𝜆1𝐍2 − 𝜆2𝐍1| = √𝜆2
1 + 𝜆2

2 − 2𝜆1𝜆2 cos 𝜃.

Furthermore, 𝜆1 = 𝑘⟨𝐧, 𝐍1⟩ and 𝜆2 = 𝑘⟨𝐧, 𝐍2⟩ implies

|𝜆1𝐍2 − 𝜆2𝐍1| = |𝑘||⟨𝐧, 𝐍1⟩𝐍2 − ⟨𝐧, 𝐍2⟩𝐍1|
= |𝑘||𝐧 ∧ (𝐍1 ∧ 𝐍2)|
= |𝑘||𝐍1 ∧ 𝐍2| = |𝑘||sin 𝜃|.

Therefore

𝑘2 sin2 𝜃 = |𝜆1𝐍2 − 𝜆2𝐍1|
2 = 𝜆2

1 + 𝜆2
2 − 2𝜆1𝜆2 cos 𝜃.

15. Let 𝐍1(𝐩) and 𝐍2(𝐩) be the Gauss maps of 𝑆1 and 𝑆2 at 𝐩, then cos 𝜃(𝐩) = ⟨𝐍1(𝐩), 𝐍2(𝐩)⟩.
Suppose that 𝐶 is a line of curvature of 𝑆2. Let 𝛼(𝑡) be the parametrization of the regular curve 𝐶. Since 

𝐶 is also a line of curvature of 𝑆1,

𝑑
𝑑𝑡

cos 𝜃(𝛼(𝑡)) = 𝑑
𝑑𝑡

⟨𝐍1(𝑡), 𝐍2(𝑡)⟩ = ⟨𝐍′
1(𝑡), 𝐍2(𝑡)⟩ + ⟨𝐍1(𝑡), 𝐍′

2(𝑡)⟩

= 𝜆1(𝑡)⟨𝛼′(𝑡), 𝐍2(𝑡)⟩ + 𝜆2(𝑡)⟨𝐍1(𝑡), 𝛼′(𝑡)⟩ = 0.

Therefore 𝜃(𝐩) is constant in 𝐶.

Conversely, suppose that 𝜃(𝐩) is constant in 𝐶. Then cos 𝜃(𝐩) is also constant, so

0 = 𝑑
𝑑𝑡

cos 𝜃(𝛼(𝑡)) = 𝑑
𝑑𝑡

⟨𝐍1(𝑡), 𝐍2(𝑡)⟩ = ⟨𝐍′
1(𝑡), 𝐍2(𝑡)⟩ + ⟨𝐍1(𝑡), 𝐍′

2(𝑡)⟩.
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Since

⟨𝐍′
1(𝑡), 𝐍2(𝑡)⟩ = 𝜆1(𝑡)⟨𝛼′(𝑡), 𝐍2(𝑡)⟩ = 0,

we obtain ⟨𝐍1(𝑡), 𝐍′
2(𝑡)⟩ = 0. Note that |𝐍2(𝑡)| = 1 implies ⟨𝐍2(𝑡), 𝐍′

2(𝑡)⟩ = 1, so 𝐍′
2(𝑡) is perpendicular 

to both 𝐍1(𝑡) and 𝐍2(𝑡). If 𝐍1(𝑡) and 𝐍2(𝑡) are linearly independent, then 𝐍′
2(𝑡) is parallel to 𝐍1(𝑡) ∧

𝐍2(𝑡), which is parallel to 𝛼′(𝑡). Hence we can write

𝐍′
2(𝑡) = 𝜆2(𝑡)𝛼′(𝑡).

Otherwise, if 𝐍1(𝑡) and 𝐍2(𝑡) are linearly dependent, then 𝐍1(𝑡) = ±𝐍2(𝑡) implies 𝐍′
2(𝑡) = ±𝐍′

1(𝑡) =
±𝜆1(𝑡)𝛼′(𝑡) = 𝜆2(𝑡)𝛼′(𝑡). In either case, we can obtain 𝐍′

2(𝑡) = 𝜆2(𝑡)𝛼′(𝑡). Note that 𝜆2(𝑡) is differentiable 

because 𝐍′
2(𝑡) and 𝛼′(𝑡) ≠ 0 are differentiable. Thus 𝐶 is a line of curvature of 𝑆2.

16. Let 𝑆1 be a torus, and 𝑆2 be a plane containing its axis. Then 𝑆1 and 𝑆2 intersect along a regular curve 

𝐶 (which is a line of curvature of torus) and make a constant angle 𝜃(𝐩) = 𝜋/2. Note that 𝐶 is a line of 

curvature of 𝑆2 because 𝐍′
2(𝑡) ≡ 0 on plane. By Exercise 15, 𝐶 is a line of curvature of 𝑆1.

𝑦𝑆1
𝑆2

𝐶

𝑧

𝑥

17. 𝐻 ≡ 0 on 𝑆 and 𝑆 has no planar points, thus 𝑘1 + 𝑘2 = 0 and 𝑑𝐍𝐩 ≠ 0 at every point of 𝑆. Let 𝐞1, 𝐞2 be 

the orthonormal basis of 𝑇𝐩(𝑆) determined by 𝑑𝐍𝐩(𝐞1) = −𝑘1𝐞1, 𝑑𝐍𝐩(𝐞2) = −𝑘2𝐞2. Let

𝐰1 = 𝑎1𝐞1 + 𝑎2𝐞2, 𝐰2 = 𝑏1𝐞1 + 𝑏2𝐞2,

then

⟨𝑑𝐍𝐩(𝐰1), 𝑑𝐍𝐩(𝐰2)⟩ = ⟨−𝑘1𝑎1𝐞1 − 𝑘2𝑎2𝐞2, −𝑘1𝑏1𝐞1 − 𝑘2𝑏2𝐞2⟩

= 𝑘2
1𝑎1𝑏1 + 𝑘2

2𝑎2𝑏2 = −𝑘1𝑘2(𝑎1𝑏1 + 𝑎2𝑏2)
= −𝑘1𝑘2⟨𝐰1, 𝐰2⟩ = −𝐾(𝐩)⟨𝐰1, 𝐰2⟩.

Now consider the two intersecting parametrized regular curves 𝛼1, 𝛼2 on 𝑆 such that 𝛼′
1(0) = 𝐰1 and 

𝛼′
2(0) = 𝐰2. Note that 𝑆 has no planar or parabolic points because 𝐾(𝐩) = 𝑘1𝑘2 = −𝑘2

1 < 0. By Exercise 

9(a), 𝐍 ∘ 𝛼𝑖 is a parametrized regular curve on the sphere 𝕊2 for 𝑖 = 1, 2. Observe that

(𝐍 ∘ 𝛼𝑖)
′(0) = 𝑑𝐍𝐩(𝛼′

𝑖(0)) = 𝑑𝐍𝐩(𝐰𝑖)

and

|𝑑𝐍𝐩(𝐰1)| = |−𝑘1𝑎1𝐞1 − 𝑘2𝑎2𝐞2| = √𝑘2
1𝑎2

1 + 𝑘2
2𝑎2

2 = √−𝑘1𝑘2(𝑎2
1 + 𝑎2

2) = √−𝐾(𝐩)|𝐰1|.

Let 𝜃 be an angle of two curves 𝛼1 and 𝛼2, and let 𝜑 be an angle of two curves 𝐍 ∘ 𝛼1 and 𝐍 ∘ 𝛼2. Then

cos 𝜑 =
⟨(𝐍 ∘ 𝛼1)

′(0), (𝐍 ∘ 𝛼2)
′(0)⟩

|(𝐍 ∘ 𝛼1)
′(0)||(𝐍 ∘ 𝛼2)

′(0)|
=

⟨𝑑𝐍𝐩(𝐰1), 𝑑𝐍𝐩(𝐰2)⟩
|𝑑𝐍𝐩(𝐰1)||𝑑𝐍𝐩(𝐰2)|

= −𝐾(𝐩)⟨𝐰1, 𝐰2⟩
√−𝐾(𝐩)|𝐰1|√−𝐾(𝐩)|𝐰2|

= ⟨𝐰1, 𝐰2⟩
|𝐰1||𝐰2|

= ⟨𝛼′
1(0), 𝛼′

2(0)⟩
|𝛼′

1(0)||𝛼′
2(0)|

= cos 𝜃.

Therefore 𝜃 and 𝜑 are equal up to a sign.

18. The normal curvatures are 𝜆𝑘 = 𝑘1 cos2 𝜃𝑘 + 𝑘2 sin2 𝜃𝑘, where 𝜃𝑘 = 2𝜋(𝑘 − 1)/𝑚 for 1 ≤ 𝑘 ≤ 𝑚. Since
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∑
𝑚

𝑘=1
cos2 𝜃𝑘 = ∑

𝑚

𝑘=1

1 + cos 2𝜃𝑘
2

= 𝑚
2

+ 1
2

∑
𝑚

𝑘=1
cos 2𝜃𝑘 = 𝑚

2
+ 1

2
Re(∑

𝑚

𝑘=1
𝑒2𝜃𝑘𝑖)

= 𝑚
2

+ 1
2

Re(𝑒2𝑚(2𝜋/𝑚)𝑖 − 1
𝑒2(2𝜋/𝑚)𝑖 − 1

) = 𝑚
2

+ 1
2

Re(0) = 𝑚
2

,

we obtain

∑
𝑚

𝑘=1
𝜆𝑘 = ∑

𝑚

𝑘=1
(𝑘1 cos2 𝜃𝑘 + 𝑘2 sin2 𝜃𝑖) = 𝑘1(∑

𝑚

𝑘=1
cos2 𝜃𝑘) + 𝑘2(∑

𝑚

𝑘=1
sin2 𝜃𝑘)

= 𝑘1(
𝑚
2

) + 𝑘2(𝑚 − 𝑚
2

) = 𝑚 ⋅ 𝑘1 + 𝑘2
2

= 𝑚𝐻.

19. a. Observe that

𝐭 = 𝐞1 cos 𝜑 + 𝐞2 sin 𝜑,  𝐡 = 𝐞1 cos(𝜑 + 𝜋/2) + 𝐞2 sin(𝜑 + 𝜋/2) = −𝐞1 sin 𝜑 + 𝐞2 cos 𝜑.

Since 𝐍(𝑠) = (𝐍 ∘ 𝛼)(𝑠) implies 𝐍′(𝑠) = 𝑑𝐍𝛼(𝑠)(𝛼′(𝑠)), we have

𝐍′(0) = 𝑑𝐍𝐩(𝛼′(0)) = 𝑑𝐍𝐩(𝐞1 cos 𝜑 + 𝐞2 sin 𝜑) = −𝑘1𝐞1 cos 𝜑 − 𝑘2𝐞2 sin 𝜑.

Therefore

𝜏𝑔 = ⟨𝐍′(0), 𝐡⟩ = ⟨−𝑘1𝐞1 cos 𝜑 − 𝑘2𝐞2 sin 𝜑, −𝐞1 sin 𝜑 + 𝐞2 cos 𝜑⟩

= 𝑘1 cos 𝜑 sin 𝜑 − 𝑘2 cos 𝜑 sin 𝜑 = (𝑘1 − 𝑘2) cos 𝜑 sin 𝜑.

b. Differentiating both sides of cos 𝜃 = ⟨𝐍, 𝐧⟩ with respect to 𝑠,

−𝑑𝜃
𝑑𝑠

sin 𝜃 = ⟨𝐍′, 𝐧⟩ + ⟨𝐍, 𝐧′⟩.

Since 𝐍 ⋅ 𝐍 = 1 implies 𝐍′ ⋅ 𝐍 = 0, we have 𝐍′ ∈ 𝑇𝐩(𝑆). Hence there exist 𝑎, 𝑏 ∈ ℝ such that 𝐍′ =
𝑎𝐭 + 𝑏𝐡. Since ⟨𝐍′, 𝐭⟩ = 𝑘𝑛 and ⟨𝐍′, 𝐡⟩ = 𝜏𝑔, we obtain 𝐍′ = 𝑘𝑛𝐭 + 𝜏𝑔𝐡. Moreover, Since 𝜃 is the 

angle between 𝐧 and 𝐍, we can write 𝐍 and 𝐡 as

𝐍 = 𝐧 cos 𝜃 + 𝐛 sin 𝜃, 𝐡 = 𝐧 sin 𝜃 − 𝐛 cos 𝜃.

𝐍

𝐡

𝐧

𝐛

𝜃

Note that four vectors 𝐧, 𝐛, 𝐍, 𝐡 are in the same plane (perpendicular to 𝐭). Therefore

−𝑑𝜃
𝑑𝑠

sin 𝜃 = ⟨𝐍′, 𝐧⟩ + ⟨𝐍, 𝐧′⟩ = ⟨−𝑘𝑛𝐭 + 𝜏𝑔𝐡, 𝐧⟩ + ⟨𝐍, −𝑘𝐭 − 𝜏𝐛⟩

= 𝜏𝑔⟨𝐡, 𝐧⟩ − 𝜏⟨𝐍, 𝐛⟩ = 𝜏𝑔 sin 𝜃 − 𝜏 sin 𝜃.

Thus we obtain 𝑑𝜃/𝑑𝑠 = 𝜏 − 𝜏𝑔.
c. First suppose that 𝐶 is a line of curvature of 𝑆. Then there exists differentiable function 𝜆(𝑠) such 

that 𝐍′(𝑠) = 𝜆(𝑠)𝛼′(𝑠) = 𝜆(𝑠)𝐭(𝑠), by Prop. 3. Hence 𝜏𝑔 = ⟨𝐍′, 𝐡⟩ = ⟨𝜆𝐭, 𝐡⟩ ≡ 0 and 𝐶 has geodesic 

torsion identically zero.

Conversely, suppose that 𝐶 has geodesic torsion identically zero. Then 𝐍′(𝑠) is perpendicular to 

𝐍(𝑠) and 𝐡(𝑠) for each 𝑠, so 𝐍′(𝑠) is parallel to 𝐡(𝑠) ∧ 𝐍(𝑠) = 𝐭(𝑠). Hence there exists differentiable 

function 𝜆(𝑠) such that 𝐍′(𝑠) = 𝜆(𝑠)𝐭(𝑠), and we conclude that 𝐶 is line of curvature by Prop. 3.

20. Let 𝑆1, 𝑆2, and 𝑆3 be the surfaces that pass through 𝐩. We can assume, changing the direction of 𝐍3 

if necessary, that {𝐍1, 𝐍2, 𝐍3} constitute the positive orthonormal basis for ℝ3. We assert that the 
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geodesic torsions 𝜏1, 𝜏 ′
1 of 𝐶1 = 𝑆2 ∩ 𝑆3 relative to 𝑆2 and 𝑆3 are equal. Since the tangent vector 𝐭1 of 𝐶1 

is perpendicular to both 𝐍2 and 𝐍3, we have 𝐭1 = ±𝐍1. Then by definition

𝜏1 = ⟨𝐍′
2, 𝐍2 ∧ 𝐭1⟩ = ⟨𝐍′

2, ∓𝐍3⟩ = −⟨𝑑𝐍2(𝐍1), 𝐍3⟩,
𝜏 ′
1 = ⟨𝐍′

3, 𝐍3 ∧ 𝐭1⟩ = ⟨𝐍′
3, ±𝐍2⟩ = ⟨𝑑𝐍3(𝐍1), 𝐍2⟩.

Since ⟨𝐍2, 𝐍3⟩ = 0, we obtain ⟨𝐍′
2, 𝐍3⟩ + ⟨𝐍2, 𝐍′

3⟩ = 0. Therefore 𝜏1 = 𝜏 ′
1.

Now let 𝜏2 be the geodesic torsion of 𝐶2 = 𝑆1 ∩ 𝑆3 relative to 𝑆1 or 𝑆3, and let 𝜏3 be the geodesic torsion 

of 𝐶3 = 𝑆1 ∩ 𝑆2 relative to 𝑆1 or 𝑆2. Observe that

𝜏2 = ⟨𝑑𝐍1(𝐍2), 𝐍3⟩ = −⟨𝑑𝐍3(𝐍2), 𝐍1⟩.

Therefore 𝜏1 + 𝜏2 = −⟨𝑑𝐍2(𝐍1), 𝐍3⟩ + ⟨𝑑𝐍1(𝐍2), 𝐍3⟩ = 0. Similarly, 𝜏2 + 𝜏3 = 𝜏3 + 𝜏1 = 0 implies that 

𝜏1 = 𝜏2 = 𝜏3 = 0. Since the lines having geodesic torsion identically zero are lines of curvature, 𝐶1,  𝐶2 

and 𝐶3 are the lines of curvature.

Unsolved  It is not immediately obvious how to establish that ⟨𝑑𝐍2(𝐍1), 𝐍3⟩ − ⟨𝑑𝐍1(𝐍2), 𝐍3⟩ = 0 

at 𝐩.

3-3. The Gauss Map in Local Coordinates

1. Let ℎ(𝑥, 𝑦) = 𝑎𝑥𝑦, so the parametrization of the hyperboloid is 𝐱(𝑥, 𝑦) = (𝑥, 𝑦, ℎ(𝑥, 𝑦)). Then

ℎ𝑥 = 𝑎𝑦 = 0, ℎ𝑦 = 𝑎𝑥 = 0, ℎ𝑥𝑥 = 0, ℎ𝑥𝑦 = 𝑎, ℎ𝑦𝑦 = 0

at (0, 0, 0). Thus by Example 5,

𝐾 =
ℎ𝑥𝑥ℎ𝑦𝑦 − ℎ2

𝑥𝑦

(1 + ℎ2
𝑥 + ℎ2

𝑦)
2 = 0 ⋅ 0 − 𝑎2

(1 + 02 + 02)2 = −𝑎2, 𝐻 =
(1 + ℎ2

𝑥)ℎ𝑦𝑦 − 2ℎ𝑥ℎ𝑦ℎ𝑥𝑦 + (1 + ℎ2
𝑦)ℎ𝑥𝑥

2(1 + ℎ2
𝑥 + ℎ2

𝑦)
3/2 = 0.

2. Let 𝐱(𝑢, 𝑣) = (𝑣 cos 𝑢, 𝑣 sin 𝑢, 𝑐𝑢) be the parametrization of the helicoid. Then

𝐱𝑢 = (−𝑣 sin 𝑢, 𝑣 cos 𝑢, 𝑐),  𝐱𝑣 = (cos 𝑢, sin 𝑢, 0) ⟹  𝐸 = 𝑣2 + 𝑐2,  𝐹 = 0,  𝐺 = 1.

Furthermore,

𝐱𝑢𝑢 = (−𝑣 cos 𝑢, −𝑣 sin 𝑢, 0),  𝐱𝑢𝑣 = (− sin 𝑢, cos 𝑢, 0),  𝐱𝑣𝑣 = (0, 0, 0)

implies that

𝑒 = (𝐱𝑢, 𝐱𝑣, 𝐱𝑢𝑢)√
𝑣2 + 𝑐2

= 0,  𝑓 = (𝐱𝑢, 𝐱𝑣, 𝐱𝑢𝑣)√
𝑣2 + 𝑐2

= 𝑐√
𝑣2 + 𝑐2

,  𝑔 = (𝐱𝑢, 𝐱𝑣, 𝐱𝑣𝑣)√
𝑣2 + 𝑐2

= 0.

Since 𝑒 = 𝑔 = 0, the asymptotic curves are the coordinate lines. The differential equation of the lines of 

curvature is

|




(

(𝑣′)2

𝐸
𝑒

−𝑢′𝑣′

𝐹
𝑓

(𝑢′)2

𝐺
𝑔 )




|



=

|




(



(𝑣′)2

𝑣2 + 𝑐2

0

−𝑢′𝑣′

0
𝑐√

𝑣2+𝑐2

(𝑢′)2

1
0

)



|



= (− 𝑐√

𝑣2 + 𝑐2
)(𝑣′)2 + 𝑐√𝑣2 + 𝑐2(𝑢′)2 = 0.

Consequently, the lines of curvature are given by

(𝑢′)2 = (𝑣′)2

𝑣2 + 𝑐2  ⟹  𝑢′ = ± 𝑣′
√

𝑣2 + 𝑐2
 ⟹  𝑢 = ± log(𝑣 + √𝑣2 + 𝑐2) + 𝐶

where 𝐶 is a constant. Finally, the mean curvature is

𝐻 = 𝑒𝐺 − 2𝑓𝐹 + 𝑔𝐸
2(𝐸𝐺 − 𝐹 2)

= 0.

3. Computing the derivatives of 𝐱, we obtain

𝐱𝑢 = (− cosh 𝑣 sin 𝑢, cosh 𝑣 cos 𝑢, 0), 𝐱𝑣 = (sinh 𝑣 cos 𝑢, sinh 𝑣 sin 𝑢, 1)

thus the coefficients of the first fundamental form are

𝐸 = cosh2 𝑣, 𝐹 = 0, 𝐺 = sinh2 𝑣 + 1 = cosh2 𝑣.
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Since

𝐱𝑢𝑢 = (− cosh 𝑣 cos 𝑢, − cosh 𝑣 sin 𝑢, 0),
𝐱𝑢𝑣 = (− sinh 𝑣, sin 𝑢, sinh 𝑣 cos 𝑢, 0),
𝐱𝑣𝑣 = (cosh 𝑣 cos 𝑢, cosh 𝑣 sin 𝑢, 0),

the coefficients of the second fundamental form are

𝑒 = (𝐱𝑢, 𝐱𝑣, 𝐱𝑢𝑢)
cosh2 𝑣

= −1,  𝑓 = (𝐱𝑢, 𝐱𝑣, 𝐱𝑢𝑣)
cosh2 𝑣

= 0,  𝑔 = (𝐱𝑢, 𝐱𝑣, 𝐱𝑣𝑣)
cosh2 𝑣

= 1.

The differential equation of asymptotic curves is

𝑒(𝑢′)2 + 2𝑓𝑢′𝑣′ + 𝑔(𝑣′)2 = 0 ⟹  −(𝑢′)2 + (𝑣′)2 = 0 ⟹  𝑢′ ± 𝑣′ = 0.

Therefore the asymptotic curves are given by 𝑢 ± 𝑣 = const..

4. Let 𝐱(𝑢, 𝑣) = (𝑢, 𝑣, 𝑢𝑣) be the parametrization of the curve 𝑧 = 𝑥𝑦. Computing the derivatives,

𝐱𝑢 = (1, 0, 𝑣),  𝐱𝑣 = (0, 1, 𝑢),  𝐱𝑢𝑢 = (0, 0, 0),  𝐱𝑢𝑣 = (0, 0, 1),  𝐱𝑣𝑣 = (0, 0, 0).

Therefore the coefficients of the fundamental forms are

𝐸 = 1 + 𝑣2,  𝐹 = 𝑢𝑣,  𝐺 = 1 + 𝑢2,  𝑒 = 0,  𝑓 = 1√
1 + 𝑢2 + 𝑣2

,  𝑔 = 0.

Since 𝑒 = 𝑔 = 0, the asymptotic curves are the coordinate curves 𝑢 = const., 𝑣 = const. of the parame

trization. The differential equation of the lines of curvature is

|




(

(𝑣′)2

𝐸
𝑒

−𝑢′𝑣′

𝐹
𝑓

(𝑢′)2

𝐺
𝑔 )




|



=

|




(


 (𝑣′)2

1 + 𝑣2

0

−𝑢′𝑣′

𝑢𝑣
1√

1+𝑢2+𝑣2

(𝑢′)2

1 + 𝑢2

0
)




|




= − 1 + 𝑢2
√

1 + 𝑢2 + 𝑣2
(𝑣′)2 + 1 + 𝑣2

√
1 + 𝑢2 + 𝑣2

(𝑢′)2

= 0.
Then

(1 + 𝑣2)(𝑢′)2 = (1 + 𝑢2)(𝑣′)2 ⟹  (𝑢′)2

1 + 𝑢2 = (𝑣′)2

1 + 𝑣2  ⟹  𝑢′
√

1 + 𝑢2
= ± 𝑣′

√
1 + 𝑣2

,

thus the lines of curvature is given by log(𝑢 +
√

1 + 𝑢2) = ± log(𝑣 +
√

1 + 𝑣2) + const..

5. a. 𝐱𝑢 = (1 − 𝑢2 + 𝑣2, 2𝑣𝑢, 2𝑢),  𝐱𝑣 = (2𝑢𝑣, 1 − 𝑣2 + 𝑢2, −2𝑣). Hence

𝐸 = (1 − 𝑢2 + 𝑣2)2 + (2𝑣𝑢)2 + (2𝑢)2 = (1 + 𝑢2 + 𝑣2)2,

𝐹 = (1 − 𝑢2 + 𝑣2)(2𝑢𝑣) + (2𝑣𝑢)(1 − 𝑣2 + 𝑢2) + (2𝑢)(−2𝑣) = 0,

𝐺 = (2𝑢𝑣)2 + (1 − 𝑣2 + 𝑢2)2 + (−2𝑣)2 = (1 + 𝑢2 + 𝑣2)2.

b. 𝐱𝑢𝑢 = (−2𝑢, 2𝑣, 2),  𝐱𝑢𝑣 = (2𝑣, 2𝑢, 0),  𝐱𝑣𝑣 = (2𝑢, −2𝑣, −2). Thus

𝑒 = (𝐱𝑢, 𝐱𝑣, 𝐱𝑢𝑢)
(1 + 𝑢2 + 𝑣2)2 = 1

(1 + 𝑢2 + 𝑣2)2

|



(

1 − 𝑢2 + 𝑣2

2𝑢𝑣
−2𝑢

2𝑣𝑢
1 − 𝑣2 + 𝑢2

2𝑣

2𝑢
−2𝑣
2 )




|


= 2,

𝑓 = (𝐱𝑢, 𝐱𝑣, 𝐱𝑢𝑣)
(1 + 𝑢2 + 𝑣2)2 = 1

(1 + 𝑢2 + 𝑣2)2

|



(

1 − 𝑢2 + 𝑣2

2𝑢𝑣
2𝑣

2𝑣𝑢
1 − 𝑣2 + 𝑢2

2𝑢

2𝑢
−2𝑣
0 )




|


= 0,

𝑔 = (𝐱𝑢, 𝐱𝑣, 𝐱𝑣𝑣)
(1 + 𝑢2 + 𝑣2)2 = 1

(1 + 𝑢2 + 𝑣2)2

|



(

1 − 𝑢2 + 𝑣2

2𝑢𝑣
2𝑢

2𝑣𝑢
1 − 𝑣2 + 𝑢2

−2𝑣

2𝑢
−2𝑣
−2 )




|


= −2.

c. Observe that
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𝐾 = 𝑒𝑔 − 𝑓2

𝐸𝐺 − 𝐹 2 = − 4
(1 + 𝑢2 + 𝑣2)4 ,

𝐻 = 1
2

𝑒𝐺 − 2𝑓𝐹 + 𝑔𝐸
𝐸𝐺 − 𝐹 2 = 1

2
2(1 + 𝑢2 + 𝑣2)2 − 2(1 + 𝑢2 + 𝑣2)2

(1 + 𝑢2 + 𝑣2)4 = 0.

Since the principal curvatures 𝑘1, 𝑘2 are the roots of the quadratic equation

𝑘2 − 2𝐻𝑘 + 𝐾 = 𝑘2 − 4
(1 + 𝑢2 + 𝑣2)4 = 0,

we obtain

𝑘1 = 2
(1 + 𝑢2 + 𝑣2)2 , 𝑘2 = − 2

(1 + 𝑢2 + 𝑣2)2

d. Since 𝑓 = 𝐹 = 0, the lines of curvature are the coordinate curves.

e. The differential equation of the asymptotic curves is

𝑒(𝑢′)2 + 2𝑓𝑢′𝑣′ + 𝑔(𝑣′)2 = 0 ⟹  (𝑢′)2 − (𝑣′)2 ⟹  𝑢′ ± 𝑣′ = 0.

Therefore the asymptotic curves are 𝑢 + 𝑣 = const. and 𝑢 − 𝑣 = const..

6. a. By taking the line 𝑟 as the 𝑧 axis and a normal to 𝑟 as the 𝑥 axis, then

𝑑𝑧
𝑑𝑥

= −
√

1 − 𝑥2

𝑥
.

By setting 𝑥 = sin 𝑡, for 𝜋/2 < 𝑡 < 𝜋, we obtain

𝑑𝑧
𝑑𝑡

= 𝑑𝑧
𝑑𝑥

𝑑𝑥
𝑑𝑡

= cos 𝑡
sin 𝑡

⋅ cos 𝑡 = cos2 𝑡
sin 𝑡

.

Therefore

𝑧 = ∫ cos2 𝑡
sin 𝑡

𝑑𝑡 = cos 𝑡 + log tan 𝑡
2

+ 𝐶.

If 𝑧(𝜋/2) = 0, then 𝐶 = 0. Note that if 𝑧 < 0, we set 𝑥 = sin 𝑡 for 0 < 𝑡 < 𝜋/2 , then the differential 

equation is given by

𝑑𝑥
𝑑𝑧

=
√

1 − 𝑥2

𝑥
 ⟹  𝑑𝑧

𝑑𝑡
= 𝑑𝑧

𝑑𝑥
𝑑𝑥
𝑑𝑡

= cos 𝑡
sin 𝑡

⋅ cos 𝑡 = cos2 𝑡
sin 𝑡

.

Therefore we obtain 𝑧 = cos 𝑡 + log tan 𝑡/2 again.

0

𝑡

𝑥

√
1 − 𝑥2

b. Define 𝐱 : 𝑈 → 𝑆 as

𝐱(𝑢, 𝑣) = (sin 𝑢 cos 𝑣, sin 𝑢 sin 𝑣, cos 𝑢 + log tan 𝑢
2
),
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where 𝑈 = {(𝑢, 𝑣) ∈ ℝ2 | 0 < 𝑢 < 𝜋,  0 < 𝑣 < 2𝜋}. Observe that the regions determined by 0 < 𝑢 <
𝜋/2 and 𝜋/2 < 𝑢 < 𝜋 are regular surface because sin 𝑢 > 0 and cos 𝑢 + log tan 𝑢/2 are differentiable. 

However, the points in a circle {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑥2 + 𝑦2 = 1,  𝑧 = 0} given by 𝑢 = 𝜋/2 is not regular, 

since

𝐱𝑢 = (cos 𝑢 cos 𝑣, cos 𝑢 sin 𝑣, cos2 𝑢
sin 𝑢

) = (0, 0, 0),

𝐱𝑣 = (− sin 𝑢 sin 𝑣, sin 𝑢 cos 𝑣, 0) = (− sin 𝑣, cos 𝑣, 0)

so 𝑑𝐱𝐪 is not one-to-one.

c. Since

𝐱𝑢 = (cos 𝑢 cos 𝑣, cos 𝑢 sin 𝑣, cos2 𝑢
sin 𝑢

), 𝐱𝑣 = (− sin 𝑢 sin 𝑣, sin 𝑢 cos 𝑣, 0),

the coefficients of the first fundamental form are

𝐸 = cos2 𝑢 + cos4 𝑢
sin2 𝑢

= cos2 𝑢
sin2 𝑢

, 𝐹 = 0, 𝐺 = sin2 𝑢.

The second derivatives of 𝐱 are

𝐱𝑢𝑢 = (− sin 𝑢 cos 𝑣, − sin 𝑢 sin 𝑣, −2 cos 𝑢 − cos3 𝑢
sin2 𝑢

),

𝐱𝑢𝑣 = (− cos 𝑢 sin 𝑣, cos 𝑢 cos 𝑣, 0),
𝐱𝑣𝑣 = (− sin 𝑢 cos 𝑣, − sin 𝑢 sin 𝑣, 0).

Since 
√

𝐸𝐺 − 𝐹 2 = |cos 𝑢|, the coefficients of the second fundamental form are

𝑒 = − cos2 𝑢
|cos 𝑢| sin 𝑢

, 𝑓 = 0, 𝑔 = cos2 𝑢 sin 𝑢
|cos 𝑢|

.

Therefore the Gaussian curvature of a regular point is

𝐾 = 𝑒𝑔 − 𝑓2

𝐸𝐺 − 𝐹 2 =
−(cos4 𝑢)/|cos 𝑢|2

cos2 𝑢
≡ −1.

7. a. By Example 4, the Gaussian curvature is given by 𝐾 = −𝜑″/𝜑. Thus 𝜑″ + 𝐾𝜑 = 0. Since

(𝜑′)2 + (𝜓′)2 = 1,

we obtain 𝜓′ = √1 − (𝜑′)2 and 𝜑 = ∫ √1 − (𝜑′)2 𝑑𝑣.
b. By setting 𝐾 = 1, the differential equation is given by 𝜑″ + 𝜑 = 0, which implies

𝜑(𝑣) = 𝐴 sin 𝑣 + 𝐶 cos 𝑣.

To intersect the plane 𝑥𝑂𝑦 perpendicularly, it must be 𝜑′(0) = 𝐴 = 0. Therefore we obtain

𝜑(𝑣) = 𝐶 cos 𝑣, 𝜓(𝑣) = ∫
𝑣

0

√1 − (𝜑′)2 𝑑𝑣 = ∫
𝑣

0

√
1 − 𝐶2 sin2 𝑣 𝑑𝑣.

This integral makes sense only if 1 − 𝐶2 sin2 𝑣 ≥ 0. Therefore the domain of 𝑣 is

|𝑣| ≤ arcsin 1
|𝐶|

.

c. By setting 𝐾 = −1, the differential equation becomes 𝜑″ − 𝜑 = 0, whose general solution is

𝜑(𝑣) = 𝐴 cosh 𝑣 + 𝐵 sinh 𝑣.

If (𝐴, 𝐵) = (𝐶, 0), then the surface is given by

𝜑(𝑣) = 𝐶 cosh 𝑣, 𝜓(𝑣) = ∫
𝑣

0

√
1 − 𝐶2 sinh2 𝑣 𝑑𝑣 (Case 1).

If (𝐴, 𝐵) = (0, 𝐶), then the surface is given by
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𝜑(𝑣) = 𝐶 cosh 𝑣, 𝜓(𝑣) = ∫
𝑣

0

√
1 − 𝐶2 cosh2 𝑣 𝑑𝑣 (Case 2).

If (𝐴, 𝐵) = (1, 1), then the surface is given by

𝜑(𝑣) = 𝑒𝑣, 𝜓(𝑣) = ∫
𝑣

0

√
1 − 𝑒2𝑣 𝑑𝑣 (the case 3).

d. Substitute 𝑒𝑣 = sin 𝑡. Then 𝑒𝑣 𝑑𝑣 = cos 𝑡 𝑑𝑡, thus 𝜑(𝑣) = 𝑒𝑣 = sin 𝑡 and

𝜓(𝑣) = ∫
𝑣

0

√
1 − 𝑒2𝑣 𝑑𝑣 = ∫

𝑡

0

√
1 − sin2 𝑡 cos 𝑡

sin 𝑡
𝑑𝑡 = ∫

𝑡

0

cos2 𝑡
sin 𝑡

𝑑𝑡 = cos 𝑡 + log tan 𝑡
2
.

Therefore the surface of type 3 is the pseudosphere of Exercise 6.

e. By setting 𝐾 = 0, the differential equation becomes 𝜑″ = 0 and the solution is

𝜑(𝑣) = 𝐴𝑣 + 𝐵, 𝜓(𝑣) = ∫
𝑣

0

√
1 − 𝐴2 𝑑𝑣 =

√
1 − 𝐴2𝑣.

If 𝐴2 ≠ 0, 1, then the surface is the right circular cone. If 𝐴 = 0 and 𝐵 ≠ 0, then the surface is the 

right circular cylinder. If 𝐴2 = 1, then 𝜓(𝑣) is constant, so the surface is the plane. Note that if 𝐴 =
𝐵 = 0, then 𝜑(𝑣) ≡ 0, so it cannot be a generating curve.

8. a. Since 𝑆 and 𝑆 have contact of order ≥ 2, by definition, there exist parametrizations 𝐲(𝑢, 𝑣), 𝐲(𝑢, 𝑣) of 

𝑆 and 𝑆, respectively, such that

𝐲𝑢 = 𝐲𝑢, 𝐲𝑣 = 𝐲𝑣, 𝐲𝑢𝑢 = 𝐲𝑢𝑢, 𝐲𝑢𝑣 = 𝐲𝑢𝑣, 𝐲𝑣𝑣 = 𝐲𝑣𝑣,

Now let 𝐡 be the change of variables, that is, 𝐡(𝑢, 𝑣) = (𝑢(𝑢, 𝑣), 𝑣(𝑣, 𝑣)). Then 𝐡 is a diffeomorphism 

and we have 𝐱 = 𝐲 ∘ 𝐡 and 𝐱 = 𝐲 ∘ 𝐡. Then

𝐱𝑢 = 𝐲𝑢
𝜕𝑢
𝜕𝑢

+ 𝐲𝑣
𝜕𝑣
𝜕𝑢

= 𝐲𝑢
𝜕𝑢
𝜕𝑢

+ 𝐲𝑣
𝜕𝑣
𝜕𝑢

= 𝐱𝑢, 𝐱𝑣 = 𝐲𝑢
𝜕𝑢
𝜕𝑣

+ 𝐲𝑣
𝜕𝑣
𝜕𝑣

= 𝐲𝑢
𝜕𝑢
𝜕𝑣

+ 𝐲𝑣
𝜕𝑣
𝜕𝑣

= 𝐱𝑣,

𝐱𝑢𝑢 = (𝐲𝑢𝑢
𝜕𝑢
𝜕𝑢

+ 𝐲𝑢𝑣
𝜕𝑣
𝜕𝑢

)𝜕𝑢
𝜕𝑢

+ 𝐲𝑢
𝜕2𝑢
𝜕𝑢2 + (𝐲𝑣𝑢

𝜕𝑢
𝜕𝑢

+ 𝐲𝑣𝑣
𝜕𝑣
𝜕𝑢

)𝜕𝑣
𝜕𝑢

+ 𝐲𝑣
𝜕2𝑣
𝜕𝑢2 = 𝐱𝑢𝑢.

Therefore we conclude that 𝐱 and 𝐱 have contact of order ≥ 2. Observe that

(𝑓 ∘ 𝐱)𝑢 = 𝑓(𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣))𝑢 = 𝑓𝑥𝑥𝑢 + 𝑓𝑦𝑦𝑢 + 𝑓𝑧𝑧𝑢 = 𝑓𝑥𝑥𝑢 + 𝑓𝑦𝑦𝑢 + 𝑓𝑧𝑧𝑢 = (𝑓 ∘ 𝐱)𝑢

and

(𝑓 ∘ 𝐱)𝑢𝑢 = (𝑓𝑥𝑥𝑥𝑢 + 𝑓𝑥𝑦𝑦𝑢 + 𝑓𝑥𝑧𝑧𝑢)𝑥𝑢 + 𝑓𝑥𝑥𝑢𝑢 + (𝑓𝑦𝑥𝑥𝑢 + 𝑓𝑦𝑦𝑦𝑢 + 𝑓𝑦𝑧𝑧𝑢)𝑦𝑢 + 𝑓𝑦𝑦𝑢𝑢

+(𝑓𝑧𝑥𝑥𝑢 + 𝑓𝑧𝑦𝑦𝑢 + 𝑓𝑧𝑧𝑧𝑢)𝑧𝑢 + 𝑓𝑧𝑧𝑢𝑢

= (𝑓𝑥𝑥𝑥𝑢 + 𝑓𝑥𝑦𝑦𝑢 + 𝑓𝑥𝑧𝑧𝑢)𝑥𝑢 + 𝑓𝑥𝑥𝑢𝑢 + (𝑓𝑦𝑥𝑥𝑢 + 𝑓𝑦𝑦𝑦𝑢 + 𝑓𝑦𝑧𝑧𝑢)𝑦𝑢 + 𝑓𝑦𝑦𝑢𝑢

+(𝑓𝑧𝑥𝑥𝑢 + 𝑓𝑧𝑦𝑦𝑢 + 𝑓𝑧𝑧𝑧𝑢)𝑧𝑢 + 𝑓𝑧𝑧𝑢𝑢

= (𝑓 ∘ 𝐱)𝑢𝑢,

Hence the partial derivatives of order ≤ 2 of (𝑓 ∘ 𝐱) and (𝑓 ∘ 𝐱) coincide, and we conclude that they 

become zero at the same time.

b. Let 𝐱(𝑥, 𝑦) = (𝑥, 𝑦, 𝑓(𝑥, 𝑦)) and 𝐱(𝑥, 𝑦) = (𝑥, 𝑦, 𝑓(𝑥, 𝑦)) be the parametrizations at 𝐩 for 𝑆 and 𝑆, 

respectively. We define a function ℎ(𝑥, 𝑦, 𝑧) = 𝑓(𝑥, 𝑦) − 𝑧. Since ℎ ∘ 𝐱 = 0 and ℎ ∘ 𝐱 = 𝑓 − 𝑓 , by (a) 

applied to the function ℎ, 𝑓 − 𝑓 has partial derivatives of order ≤ 2 equal to zero at (0, 0).
c. Let 𝐱(𝑥, 𝑦) = (𝑥, 𝑦, 𝑓(𝑥, 𝑦)) be the parametrization for 𝑆 at (0, 0, 0), and let

𝐱(𝑥, 𝑦) = (𝑥, 𝑦, 1
2
(𝑥2𝑓𝑥𝑥 + 2𝑥𝑦𝑓𝑥𝑦 + 𝑦2𝑓𝑦𝑦))

be the paraboloid. Since

𝐱𝑥 = 𝐱𝑥 = (1, 0, 0),  𝐱𝑦 = 𝐱𝑦 = (0, 1, 0),

𝐱𝑥𝑥 = 𝐱𝑥𝑥 = (0, 0, 𝑓𝑥𝑥),  𝐱𝑥𝑦 = 𝐱𝑥𝑦 = (0, 0, 𝑓𝑥𝑦),  𝐱𝑦𝑦 = 𝐱𝑦𝑦 = (0, 0, 𝑓𝑦𝑦),
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we conclude that two curves have contact of order ≥ 2.

d. Since contact of order ≥ 2 implies contact of order ≥ 1, the paraboloid passes through 𝐩 and is tangent 

to the surface at 𝐩. By taking the plane 𝑇𝐩(𝑆) as the 𝑥𝑦 plane, the equation of the paraboloid becomes

𝑓(𝑥, 𝑦) = 𝑎𝑥2 + 2𝑏𝑥𝑦 + 𝑐𝑦2 + 𝑑𝑥 + 𝑒𝑦.

Let 𝑧 = 𝑓(𝑥, 𝑦) be the representation of the surface in the plane 𝑇𝐩(𝑆). By using part (b), the function 

𝑓 − 𝑓 has all partial derivatives of order ≤ 2 equal to zero. Hence

𝑎 = 1
2
𝑓𝑥𝑥, 𝑏 = 𝑓𝑥𝑦, 𝑐 = 1

2
𝑓𝑦𝑦, 𝑑 = 𝑒 = 0.

e. Suppose that the surfaces 𝑆 and 𝑆 have contact of order ≥ 2 at 𝐩. Since two curves have same tangent 

plane at 𝐩, we can take the plane 𝑇𝐩(𝑆) = 𝑇𝐩(𝑆) as the 𝑥𝑦 plane. Let 𝑧 = 𝑓(𝑥, 𝑦) and 𝑧 = 𝑓(𝑥, 𝑦) be 

the representations of the surfaces 𝑆 and 𝑆, respectively, in the plane 𝑇𝐩(𝑆). Then by (b), 𝑓(𝑥, 𝑦) −
𝑓(𝑥, 𝑦) has all partial derivatives of order ≤ 2 equal to zero. Therefore we conclude that the osculating 

paraboloids

𝑧 = 1
2
(𝑥2𝑓𝑥𝑥 + 2𝑥𝑦𝑓𝑥𝑦 + 𝑦2𝑓𝑦𝑦), 𝑧 = 1

2
(𝑥2𝑓𝑥𝑥 + 2𝑥𝑦𝑓𝑥𝑦 + 𝑦2𝑓𝑦𝑦)

coincide. Furthermore, since the Gaussian and mean curvatures can be represented by the partial 

derivatives of order ≤ 2 of 𝑓 and 𝑓 , the Gaussian and mean curvatures of 𝑆 and 𝑆 at 𝐩 are equal.

f. In Exercise 27(d) of Sec. 2-4, we showed that if 𝑆 and 𝑆 are regular surfaces which have contact of 

order ≥ 1 at 𝐩 and 𝜑 : ℝ3 → ℝ3 is a diffeomorphism, then 𝜑(𝑆) and 𝜑(𝑆) are regular surfaces which 

have contact of order ≥ 1 at 𝜑(𝐩). Hence it is sufficient to show that if 𝑆 and 𝑆 have contact of order 

≥ 2, then 𝜑(𝑆) and 𝜑(𝑆) have contact of order ≥ 2 at 𝜑(𝐩).
Since 𝑆 and 𝑆 have contact of order ≥ 2 at 𝐩, there exist parametrizations 𝐱(𝑢, 𝑣), 𝐱(𝑢, 𝑣) of 𝑆 and 

𝑆, respectively, such that

𝐱𝑢 = 𝐱𝑢, 𝐱𝑣 = 𝐱𝑣, 𝐱𝑢𝑢 = 𝐱𝑢𝑢, 𝐱𝑢𝑣 = 𝐱𝑢𝑣, 𝐱𝑣𝑣 = 𝐱𝑣𝑣.

We showed that (𝜑 ∘ 𝐱)(𝑢, 𝑣), (𝜑 ∘ 𝐱)(𝑢, 𝑣) is parametrizations for 𝐅(𝑆) and 𝐅(𝑆) at 𝐅(𝐩). Further

more, the partial derivatives of order ≤ 2 of 𝜑 ∘ 𝐱 consists of the partial derivatives of order ≤ 2 of 𝜑 

and 𝐱, hence we obtain

(𝑓 ∘ 𝐱)𝑢 = (𝑓 ∘ 𝐱)𝑢, (𝑓 ∘ 𝐱)𝑣 = (𝑓 ∘ 𝐱)𝑣,
(𝑓 ∘ 𝐱)𝑢𝑢 = (𝑓 ∘ 𝐱)𝑢𝑢, (𝑓 ∘ 𝐱)𝑢𝑣 = (𝑓 ∘ 𝐱)𝑢𝑣, (𝑓 ∘ 𝐱)𝑣𝑣 = (𝑓 ∘ 𝐱)𝑣𝑣.

Hence 𝜑(𝑆) and 𝜑(𝑆) are regular surfaces which have contact of order ≥ 2 at 𝜑(𝐩).
g. Let 𝐱(𝑢, 𝑣) and 𝐱(𝑢, 𝑣) be the parametrizations at 𝐩 for 𝑆 and 𝑆, respectively, with

𝐱𝑢 = 𝐱𝑢, 𝐱𝑣 = 𝐱𝑣, 𝐱𝑢𝑢 = 𝐱𝑢𝑢, 𝐱𝑢𝑣 = 𝐱𝑢𝑣, 𝐱𝑣𝑣 = 𝐱𝑣𝑣

and 𝐱(0, 0) = 𝐱(0, 0) = 𝐩. Since 𝐱 and 𝐱 are differentiable, by Taylor’s formula,

𝐱(𝑢, 𝑣) = 𝐱(0, 0) + 𝐱𝑢𝑢 + 𝐱𝑣𝑣 + 1
2
(𝐱𝑢𝑢𝑢2 + 2𝐱𝑢𝑣𝑢𝑣 + 𝐱𝑣𝑣𝑣2) + 𝐑,

𝐱(𝑢, 𝑣) = 𝐱(0, 0) + 𝐱𝑢𝑢 + 𝐱𝑣𝑣 + 1
2
(𝐱𝑢𝑢𝑢2 + 2𝐱𝑢𝑣𝑢𝑣 + 𝐱𝑣𝑣𝑣2) + 𝐑,

where the remainder 𝐑, 𝐑 satisfies the condition

lim
𝑟→0

𝐑
𝑟2 = lim

𝑟→0

𝐑
𝑟2 = 𝟎, 𝑟 = √𝑢2 + 𝑣2.

Let 𝐍 be a common normal of the surfaces at 𝐩, then

𝑑 = ⟨𝐱(𝑢, 𝑣) − 𝐱(𝑢, 𝑣), 𝐍⟩ = ⟨𝐑 − 𝐑, 𝐍⟩.

Therefore we have 𝑑/𝑟2 = ⟨𝐑/𝑟2 − 𝐑/𝑟2, 𝐍⟩ → ⟨𝟎, 𝐍⟩ = 0 as 𝑟 → 0.

9. Two regular curves 𝐶 and 𝐶, with a common point 𝐩, have contact of order ≥ 𝑛 at 𝐩 if there exist 

parametrizations 𝛼(𝑡) and 𝛽(𝑡) in 𝐩 of 𝐶 and 𝐶, respectively, such that
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𝛼′(𝑡) = 𝛽′(𝑡),  𝛼″(𝑡) = 𝛽″(𝑡),  …, 𝛼(𝑛)(𝑡) = 𝛽(𝑛)(𝑡)

at 𝐩.

a. Let 𝜑 : ℝ3 → ℝ3 be a diffeomorphism. First we assert that if 𝐶 is a regular curve, then 𝜑(𝐶) is also 

a regular curve. Given point 𝐩 ∈ 𝐶, let 𝛼 : 𝐼 → 𝐶 be a parametrization for 𝐶 at 𝐩. We show that 𝜑 ∘
𝛼 : 𝐼 → 𝜑(𝐶) is a parametrization for 𝜑(𝐶) at 𝜑(𝐩). (i, ii) 𝜑 ∘ 𝛼 is a differentiable homeomorphism 

since 𝜑 and 𝛼 are differentiable and homeomorphic. (iii) Since

𝑑(𝜑 ∘ 𝛼)𝑡 = 𝑑𝜑𝛼(𝑡) ∘ 𝑑𝛼𝑡

is a composition of two injective maps 𝑑𝜑𝛼(𝑡) and 𝑑𝛼𝑡, it is also one-to-one for every 𝑡 ∈ 𝐼 . Therefore 

we conclude that 𝜑(𝐶) is a regular curve.

Now suppose that two regular curves 𝐶 and 𝐶 have contact of order ≥ 𝑛 at 𝐩. Then there exist the 

parametrizations 𝛼(𝑡) and 𝛽(𝑡) at 𝐩 of 𝐶 and 𝐶, respectively, such that

𝛼′(𝑡) = 𝛽′(𝑡),  𝛼″(𝑡) = 𝛽″(𝑡),  …, 𝛼(𝑛)(𝑡) = 𝛽(𝑛)(𝑡)

at 𝐩. We must show that

(𝜑 ∘ 𝛼)′(𝑡) = (𝜑 ∘ 𝛽)′(𝑡),  (𝜑 ∘ 𝛼)″(𝑡) = (𝜑 ∘ 𝛽)″(𝑡),  …, (𝜑 ∘ 𝛼)(𝑛)(𝑡) = (𝜑 ∘ 𝛽)(𝑛)(𝑡).

Since (𝜑 ∘ 𝛼)(𝑚)(𝑡), where 1 ≤ 𝑚 ≤ 𝑛, consists of partial derivatives of order ≤ 𝑚 of 𝜑 and 𝛼, it follows 

that equation above holds. Hence 𝜑(𝐶) and 𝜑(𝐶) have contact of order ≥ 𝑛 at 𝜑(𝐩). Therefore the 

notion of contact of order ≥ 𝑛 is invariant by diffeomorphism.

b. First suppose that two curves 𝐶 and 𝐶 have contact of order ≥ 1 at 𝐩. Then there exist the 

parametrizations 𝛼(𝑡) and 𝛽(𝑡) at 𝐩 of 𝐶 and 𝐶, respectively, such that 𝛼′(𝑡) = 𝛽′(𝑡) at 𝐩. It follows 

that two curves are tangent at 𝐩.

Conversely, suppose that two curves 𝐶 and 𝐶 are tangent at 𝐩. Let 𝛼(𝑡) and 𝛽(𝑢) be parametrizations 

at 𝐩 of 𝐶 and 𝐶, respectively, such that 𝛼(𝑡0) = 𝛽(𝑢0) = 𝐩. Since two curves are tangent at 𝐩, we 

have 𝛼′(𝑡0) ∥ 𝛽′(𝑢0), that is, 𝛼′(𝑡0) = 𝑐𝛽′(𝑢0) for nonzero constant 𝑐 at 𝐩. Now we reparametrize 𝛽 

by 𝑡 = 𝑢/𝑐. Then 𝛽(𝑡) = 𝛽(𝑢) satisfies the condition

𝛽′(𝑡0) = 𝑐𝛽′(𝑢0) = 𝛼′(𝑡0).

Therefore we conclude that two curves have contact of order ≥ 1 at 𝐩.

10. a. First suppose that 𝐶 and 𝑆 have contact of order ≥ 𝑛. Then there exists a curve 𝐶 ⊂ 𝑆 passing 

through 𝐩 such that 𝐶 and 𝐶 have contact of order ≥ 𝑛. Let 𝛼(𝑡) and 𝛼(𝑡) be the parametrizations 

at 𝐩 of 𝐶 and 𝐶, respectively, such that

𝛼(0) = 𝛼(0) = 𝐩,  𝛼′(0) = 𝛼′(0),  𝛼″(0) = 𝛼″(0),  …, 𝛼(𝑛)(0) = 𝛼(𝑛)(𝑡).

𝑓(𝑥(0), 𝑦(0), 𝑧(0)) = 𝑓(𝛼(0)) = 𝐩 because 𝐩 ∈ 𝑆. Since 𝐶 ⊂ 𝑆, we have 𝑓(𝛼(𝑡)) = 0. Hence

𝑑
𝑑𝑡

𝑓(𝛼(𝑡)) = 0,  𝑑2

𝑑𝑡2
𝑓(𝛼(𝑡)) = 0,  …,  𝑑𝑛

𝑑𝑡𝑛
𝑓(𝛼(𝑡)) = 0

at 𝑡 = 0. Note that for every 𝑚 ≤ 𝑛, 𝑑𝑚

𝑑𝑡𝑚 𝑓(𝛼(𝑡)) consists of derivatives of order ≤ 𝑚 of 𝑓 and 𝛼. Since 

the derivatives of order ≤ 𝑛 of 𝛼 and 𝛼 coincide, we obtain

𝑑𝑚

𝑑𝑡𝑚
𝑓(𝛼(𝑡)) = 𝑑𝑚

𝑑𝑡𝑚
𝑓(𝛼(𝑡)) = 0

at 𝑡 = 0.

Conversely, suppose that 𝑓(𝛼(0)) = 0 and 𝑑𝑓(𝛼(𝑡))/𝑑𝑡 = … = 𝑑𝑛𝑓(𝛼(𝑡))/𝑑𝑡𝑛 = 0 at 𝑡 = 0. It is possible 

to assume, by renaming the axes if necessary, that 𝑓𝑧 ≠ 0, then we can represent the surface 𝑆 as the 

graph of differentiable function 𝑧 = 𝑔(𝑥, 𝑦). Now we define the curve 𝐶 as

𝑥(𝑡) = 𝑥(𝑡),  𝑦(𝑡) = 𝑦(𝑡),  𝑧(𝑡) = 𝑔(𝑥(𝑡), 𝑦(𝑡)),  𝛼(𝑡) = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)).

By definition, 𝑓(𝛼(𝑡)) = 0, so 𝐶 ⊂ 𝑆. We assert that 𝐶 and 𝐶 have contact of order ≥ 𝑛. It is sufficient 

to show that 𝑧(𝑘)(0) = 𝑧(𝑘)(0) for each 𝑘 ≤ 𝑛. Since 𝑑𝑓(𝛼(𝑡))/𝑑𝑡 = 𝑑𝑓(𝛼(𝑡))/𝑑𝑡 = 0 at 𝑡 = 0,

𝑓𝑥𝑥′ + 𝑓𝑦𝑦′ + 𝑓𝑧𝑧′ = 𝑓𝑥𝑥′ + 𝑓𝑦𝑦′ + 𝑓𝑧𝑧′ = 0 ⟹  𝑓𝑧(𝑧′ − 𝑧′) = 0 ⟹  𝑧′ = 𝑧′
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at 𝑡 = 0. Next, 𝑑2𝑓(𝛼(𝑡))/𝑑𝑡2 = 𝑑2𝑓(𝛼(𝑡))/𝑑𝑡2 = 0 implies that

(𝑓𝑥𝑥𝑥′ + 𝑓𝑥𝑦𝑦′ + 𝑓𝑥𝑧𝑧′)𝑥′ + 𝑓𝑥𝑥″ + (𝑓𝑦𝑥𝑥′ + 𝑓𝑦𝑦𝑦′ + 𝑓𝑦𝑧𝑧′)𝑦′ + 𝑓𝑦𝑦″

+(𝑓𝑧𝑥𝑥′ + 𝑓𝑧𝑦𝑦′ + 𝑓𝑧𝑧𝑧′)𝑧′ + 𝑓𝑧𝑧″

= (𝑓𝑥𝑥𝑥′ + 𝑓𝑥𝑦𝑦′ + 𝑓𝑥𝑧𝑧′)𝑥′ + 𝑓𝑥𝑥″ + (𝑓𝑦𝑥𝑥′ + 𝑓𝑦𝑦𝑦′ + 𝑓𝑦𝑧𝑧′)𝑦′ + 𝑓𝑦𝑦″

+(𝑓𝑧𝑥𝑥′ + 𝑓𝑧𝑦𝑦′ + 𝑓𝑧𝑧𝑧′)𝑧′ + 𝑓𝑧𝑧″,

and we can obtain 𝑓𝑧(𝑧″ − 𝑧″) = 0 ⟹  𝑧″ = 𝑧″ at 𝑡 = 0. By continuing this process, we can conclude 

that 𝑧(𝑘)(0) = 𝑧(𝑘)(0) for all 𝑘 ≤ 𝑛. Therefore 𝐶 and 𝑆 have contact of order ≥ 𝑛.

b. Let 𝑓(𝑥, 𝑦, 𝑧) = 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 0 be the representation of a plane 𝑃 , and let 𝛼(𝑡) = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)) 
be a parametrization of 𝐶 in 𝐩. Then we have 𝑓(𝛼(𝑡)) = 𝑎𝑥(𝑡) + 𝑏𝑦(𝑡) + 𝑐𝑧(𝑡) = 0. By (a), we have 

𝑑𝑓(𝛼(𝑡))/𝑑𝑡 = 𝑑2𝑓(𝛼(𝑡))/𝑑𝑡2 = 0 at 𝑡 = 0, that is,

𝑎𝑥′(0) + 𝑏𝑦′(0) + 𝑐𝑧′(0) = 0, 𝑎𝑥″(0) + 𝑏𝑦″(0) + 𝑐𝑧″(0) = 0.

Therefore (𝑎, 𝑏, 𝑐) ⋅ 𝛼′(0) = (𝑎, 𝑏, 𝑐) ⋅ 𝛼″(0) = 0, which means that the plane 𝑃  contains the vectors 

𝛼′(0) and 𝛼″(0). Hence 𝑃  is the osculating plane of 𝐶 at 𝐩.

c. Let 𝑓(𝑥, 𝑦, 𝑧) = (𝑥 − 𝑥0)
2 + (𝑦 − 𝑦0)

2 + (𝑧 − 𝑧0)
2 − 𝑟2 = 0 be the representation of the sphere 𝑆. 

Define 𝐱0 = (𝑥0, 𝑦0, 𝑧0) so that 𝑓(𝛼(𝑠)) = |𝛼(𝑠) − 𝐱0|
2 − 𝑟2. Since a sphere has contact of order ≥ 3 

with a curve 𝐶 at 𝐩, by (a), we have 𝑑𝑚𝑓(𝛼(𝑠))/𝑑𝑠𝑚 = 0 for 𝑚 ≤ 3.

𝑑
𝑑𝑡

𝑓(𝛼(𝑠)) = (𝛼 − 𝐱0) ⋅ 𝐭 = 0

implies that (𝛼(0) − 𝐱0) ⋅ 𝐭(0) = 0.

𝑑2

𝑑𝑡2
𝑓(𝛼(𝑠)) = 𝐭 ⋅ 𝐭 + (𝛼 − 𝐱0) ⋅ 𝑘𝐧 = 1 + (𝛼 − 𝐱0) ⋅ 𝑘𝐧 = 0

gives that (𝛼(0) − 𝐱0) ⋅ 𝐧(0) = −1/𝑘(0).

𝑑3

𝑑𝑡3
𝑓(𝛼(𝑠)) = 𝐭 ⋅ 𝑘𝐧 + (𝛼 − 𝐱0) ⋅ (𝑘′𝐧 + 𝑘(−𝑘𝐭 − 𝜏𝐛))

= (𝛼 − 𝐱0) ⋅ (𝑘′𝐧 − 𝑘2𝐭 − 𝑘𝜏𝐛)
= −𝑘′/𝑘 − 0 − (𝛼 − 𝐱0) ⋅ (𝑘𝜏𝐛) = 0

implies that (𝛼(0) − 𝐱0) ⋅ 𝐛(0) = −𝑘′(0)/(𝑘(0)2𝜏(0)). Therefore we have

(𝛼(0) − 𝐱0) = ((𝛼(0) − 𝐱0) ⋅ 𝐭)𝐭 + ((𝛼(0) − 𝐱0) ⋅ 𝐧)𝐧 + ((𝛼(0) − 𝐱0) ⋅ 𝐛)𝐛

= −1
𝑘
𝐧 − 𝑘′

𝑘2𝜏
𝐛.

Therefore the center of the sphere is given by

𝐱0 = 𝛼(0) + 1
𝑘
𝐧 + 𝑘′

𝑘2𝜏
𝐛.

11. Let 𝐱(𝑢, 𝑣) = (𝑢, 𝑣, 𝑢3 − 3𝑣2𝑢) be the parametrization of the monkey saddle 𝑆. Recall that Dupin 

indicatrix at 𝐩 = (0, 0, 0) is the set of vectors 𝐰 ∈ 𝑇𝐩(𝑆) such that 𝐈𝐈𝐩(𝐰) = ±1. However, 𝐱𝑢𝑢 = 𝐱𝑢𝑣 =
𝐱𝑣𝑣 = (0, 0, 0) at 𝐩, so we have 𝐈𝐈𝐩(𝐰) = 0 for every vector 𝐰 ∈ 𝑇𝐩(𝑆). Hence there is no point such that 

satisfies the definition of Dupin indicatrix.

Observe that the curve obtained as the intersection of 𝑆 with a plane parallel to 𝑇𝐩(𝑆) and close to 𝐩 is 

as follows.
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𝑥

𝑦

This graph is not similar to quadratic curves. In the argument of Example 5, we can see that the curve 

𝐶 is given by 𝑘1𝑥2 + 𝑘2𝑦2 + 2𝑅 = 2𝜀, and we consider 𝑘1𝑥2 + 𝑘2𝑦2 = 2𝜀 as a first-order approximation 

of 𝐶 in a neighborhood of 𝐩. This was possible because 𝐩 was not a planar point. However, in the case 

of monkey saddle, 𝑘1 = 𝑘2 = 0, so we can’t apply this approximation.

12. a. Observe that the curve 𝑣 = 𝑣0 is contained in the plane 𝑥 sin 𝑣0 − 𝑦 cos 𝑣0 = 0, which passes through 

the 𝑧 axis. Now we calculate the angle 𝜃 between the surface and the plane.

𝐱𝑢 = (cos 𝑢 cos 𝑣, cos 𝑢 sin 𝑣, cos2 𝑢
sin 𝑢

), 𝐱𝑣 = (− sin 𝑢 sin 𝑣, sin 𝑢 cos 𝑣, 𝜑′(𝑣)).

Hence 𝐱𝑢 ∧ 𝐱𝑣 = (𝜑′(𝑣) cos 𝑢 sin 𝑣 − cos2 𝑢 cos 𝑣, −𝜑′(𝑣) cos 𝑢 cos 𝑣 − cos2 𝑢 sin 𝑣, cos 𝑢 sin 𝑢) and

|𝐱𝑢 ∧ 𝐱𝑣| = √𝜑′(𝑣)2 cos2 𝑢 + cos4 𝑢 + cos2 𝑢 sin2 𝑢 = √𝜑′(𝑣)2 + 1|cos 𝑢|.

Therefore we obtain

cos 𝜃 = | 𝐱𝑢 ∧ 𝐱𝑣
|𝐱𝑢 ∧ 𝐱𝑣|

⋅ (sin 𝑣0, − cos 𝑣0, 0)|

= |
(𝜑′(𝑣0) cos 𝑢 sin 𝑣0 − cos2 𝑢 cos 𝑣0) sin 𝑣0 + (−𝜑′(𝑣) cos 𝑢 cos 𝑣0 − cos2 𝑢 sin 𝑣0)(− cos 𝑣0)

√𝜑′(𝑣0)
2 + 1|cos 𝑢|

|

= | 𝜑′(𝑣0) cos 𝑢
√𝜑′(𝑣0)

2 + 1|cos 𝑢|
| = |𝜑′(𝑣0)|

√𝜑′(𝑣0)
2 + 1

,

which is constant. Note that the curve 𝑣 = 𝑣0 is a line of curvature of the plane 𝑥 sin 𝑣0 − 𝑦 cos 𝑣0 =
0. Since the angle 𝜃 is constant, we conclude that the curves 𝑣 = const. are lines of curvature of the 

surface 𝑆 by Exercise 15 of Sec. 3-2.

b. The curve 𝑣 = 𝑣0 is generated from a tractrix via a translation parallel to the 𝑧-axis followed by a 

rotation about the 𝑧-axis. We already showed the property of the curve that the length of the segment 

of a tangent line determined by its point of tangency and the 𝑧 axis is constantly equal to 1, from 

Exercise 4 of Sec. 1-3.

13. Since 𝑆 is a regular surface, there is a parametrization 𝐱 : 𝑈 → 𝑆 for 𝑆 at 𝐩, which is differentiable and 

a homeomorphism, and 𝑑𝐱𝐪 is one-to-one for each 𝐪 ∈ 𝑈 . Now define 𝐱 : 𝑈 → 𝑆 as 𝐱 = 𝐅(𝐱) = 𝑐𝐱.

We assert that 𝐱 is a parametrization for 𝑆 at 𝐅(𝐩). Since 𝐱 is differentiable, 𝑐𝐱 is also differentiable. 𝐱 

has an inverse 𝐱−1, so 𝑐𝐱 also has an inverse (𝑐𝐱)−1 = (1/𝑐)𝐱−1. Finally, 𝑑(𝑐𝐱)𝐪 = 𝑐 ⋅ 𝑑𝐱𝐪 is one-to-one 

for each 𝐪 ∈ 𝑈 . Therefore 𝐱 is a parametrization for 𝑆 at 𝐅(𝐩), and 𝑆 is a regular surface.

By simple calculation,

𝐱𝑢 = 𝑐𝐱𝑢,  𝐱𝑣 = 𝑐𝐱𝑣,  𝐱𝑢𝑢 = 𝑐𝐱𝑢𝑢,  𝐱𝑢𝑣 = 𝑐𝐱𝑢𝑣,  𝐱𝑣𝑣 = 𝑐𝐱𝑣𝑣.

Therefore
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𝐸 = ⟨𝐱𝑢, 𝐱𝑢⟩ = ⟨𝑐𝐱𝑢, 𝑐𝐱𝑢⟩ = 𝑐2⟨𝐱𝑢, 𝐱𝑢⟩ = 𝑐2𝐸, 𝐹 = 𝑐2𝐹, 𝐺 = 𝑐2𝐺.

Furthermore,

𝑁 = 𝐱𝑢 ∧ 𝐱𝑣
|𝐱𝑢 ∧ 𝐱𝑣|

= 𝑐2(𝐱𝑢 ∧ 𝐱𝑣)
𝑐2|𝐱𝑢 ∧ 𝐱𝑣|

= 𝑁

implies that

𝑒 = ⟨𝑁, 𝐱𝑢𝑢⟩ = 𝑐⟨𝑁, 𝐱𝑢𝑢⟩ = 𝑐𝑒, 𝑓 = 𝑐𝑓, 𝑔 = 𝑐𝑔.

Therefore we obtain

𝐾 = 𝑒𝑔 − 𝑓2

𝐸𝐺 − 𝐹 2
=

𝑐2(𝑒𝑔 − 𝑓2)
𝑐4(𝐸𝐺 − 𝐹 2)

= 1
𝑐2 𝐾, 𝐻 = 1

2
𝑒𝐺 − 2𝑓𝐹 + 𝑔𝐸

𝐹𝐺 − 𝐹 2
= 1

2
𝑐3(𝑒𝐺 − 2𝑓𝐹 + 𝑔𝐸)

𝑐4(𝐹𝐺 − 𝐹 2)
= 1

𝑐
𝐻.

14. Instead of rotating the curve 𝑦 = 𝑥3(−1 < 𝑥 < 1) about the line 𝑥 = 1, we consider the rotation of the 

curve 𝑦 = (𝑥 + 1)3(−2 < 𝑥 < 0) about the line 𝑥 = 0. Let 𝐱 : 𝑈 → 𝑆,

𝐱(𝑢, 𝑣) = (𝑢 cos 𝑣, (𝑢 + 1)3, 𝑢 sin 𝑣), 𝑈 = {(𝑢, 𝑣) − 2 < 𝑢 < 0,  0 < 𝑣 < 2𝜋}

be a parametrization of the given curve. Our goal is to show that the points obtained by rotation of the 

point (−1, 0) (that is, 𝑢 = −1) are planar points. By computation,

𝐱𝑢 = (cos 𝑣, 3(𝑢 + 1)2, sin 𝑣) = (cos 𝑣, 0, sin 𝑣),  𝐱𝑣 = (−𝑢 sin 𝑣, 0, 𝑢 cos 𝑣) = (sin 𝑣, 0, − cos 𝑣).

Hence 𝐸 = 1,  𝐹 = 0,  𝐺 = 1. Next, we have

𝐱𝑢𝑢 = (0, 6(𝑢 + 1), 0) = (0, 0, 0),  𝐱𝑢𝑣 = (− sin 𝑣, 0, cos 𝑣),
𝐱𝑣𝑣 = (−𝑢 cos 𝑣, 0, −𝑢 sin 𝑣) = (cos 𝑣, 0, sin 𝑣)

implies that 𝑒 = 𝑓 = 𝑔 = 0. Therefore the points corresponding to 𝑢 = −1 are planar.

15. If there exists such an example, it may locally be written in the form 𝑧 = 𝑓(𝑥, 𝑦), with 𝑓(0, 0) = 0, 

𝑓𝑥(0, 0) = 0, 𝑓𝑦(0, 0) = 0. Then it must be

𝐾 =
𝑓𝑥𝑥𝑓𝑦𝑦 − 𝑓2

𝑥𝑦

(1 + 𝑓2
𝑥 + 𝑓2

𝑦 )2 = 𝑓𝑥𝑥𝑓𝑦𝑦 − 𝑓2
𝑥𝑦 = 0 iff  (𝑥, 𝑦) = (0, 0),

and

𝐻 =
(1 + 𝑓2

𝑥)𝑓𝑦𝑦 − 2𝑓𝑥𝑓𝑦𝑓𝑥𝑦 + (1 + 𝑓2
𝑦 )𝑓𝑥𝑥

(1 + 𝑓2
𝑥 + 𝑓2

𝑦 )3/2 = 𝑓𝑥𝑥 + 𝑓𝑦𝑦 ≠ 0 when  (𝑥, 𝑦) = (0, 0).

We set 𝑓(𝑥, 𝑦) = 𝑥𝑦 + 𝛼(𝑥) + 𝛽(𝑦), where 𝛼(𝑥) is a function of 𝑥 alone and 𝛽(𝑦) is a function of 𝑦 alone. 

Then the condition above is changed into following condition

𝛼𝑥𝑥𝛽𝑦𝑦 = 1  iff (𝑥, 𝑦) = (0, 0), 𝛼𝑥𝑥 + 𝛽𝑦𝑦 ≠ 0  when (𝑥, 𝑦) = (0, 0).

We can see that the functions 𝛼𝑥𝑥 = cos 𝑥 and 𝛽𝑦𝑦 = cos 𝑦 satisfies the equation. Therefore we conclude 

that 𝑓(𝑥, 𝑦) = 𝑥𝑦 − cos 𝑥 − cos 𝑦 + 2 is such an example.

16. We denote the open ball centered at 𝟎 of radius 𝑟 by 𝕊2
𝑟. Since 𝑆 is compact, there exists some 𝑅 > 0 

such that 𝑆 ⊂ 𝕊2
𝑅. Hence we can define

𝑟0 = inf{𝑟 > 0 | 𝑆 ⊂ 𝕊2
𝑟}.

Since 𝑆 is compact, 𝑆 meets the boundary of the sphere 𝕊2
𝑟0

 at some point 𝐩 ∈ 𝑆, and 𝑆 ⊂ 𝕊2
𝑟0

 in the 

neighborhood of 𝐩. Now consider the normal section 𝐶 at 𝐩 along an unit vector 𝐯 ∈ 𝑇𝐩(𝑆). Since 𝐶 is 

contained inside a disk of radius 𝑟0, we can apply Exercise 5 of Sec. 1-7, so that the curvature 𝑘 of 𝐶 at 

𝐩 satisfies 𝑘 ≥ 1/𝑟0. Then we obtain 𝑘𝑛(𝐯) = 𝑘⟨𝐧, 𝐍⟩ = 𝑘 ≥ 1/𝑟0 because the normal vectors 𝐧 and 𝐍 

coincides at 𝐩. Remember that the unit vector 𝐯 ∈ 𝑇𝐩(𝑆) was arbitrary; hence if we let 𝑘1 and 𝑘2 be the 

principal curvatures of 𝑆 at 𝐩, then 𝑘1 ≥ 1/𝑟0 and 𝑘2 ≥ 1/𝑟0. Therefore

𝐾(𝐩) = 𝑘1𝑘2 ≥ 1
𝑟2
0

> 0,
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and we conclude that 𝐩 is an elliptic point of 𝑆.

17. We define the Gaussian curvature as follows. Given point 𝐩 on the regular surface 𝑆, there is a parame

trization 𝐱 : 𝑈 → 𝑆 for 𝑆 at 𝐩. We now define the Gaussian curvature at 𝐩 as 𝐾 = det(𝑑𝐍𝐩), where 𝐍 =
𝐱𝑢 ∧ 𝐱𝑣 is the unit normal vector. This definition is well-defined for non-orientable surfaces. For example, 

consider the Möbius strip. When traversing a non-orientable loop, the local unit normal vector 𝐍 returns 

as −𝐍. However, since the differential of the Gauss map satisfies

det(𝑑(−𝐍)𝐩) = det(−𝑑𝐍𝐩) = (−1)2 det(𝑑𝐍𝐩) = det(𝑑𝐍𝐩),

the Gaussian curvature 𝐾 is invariant under a change of orientation. In contrast, the mean curvature 

cannot be globally defined on a non-orientable surface, because 𝐻 = −1
2 tr(𝑑𝐍𝐩) flips its sign whenever 

the local orientation is reversed.

18. The partial derivatives of 𝐱 are

𝐱𝑢 = (−1
2
𝑣 cos 𝑢

2
sin 𝑢 + (2 − 𝑣 sin 𝑢

2
) cos 𝑢, −1

2
𝑣 cos 𝑢

2
cos 𝑢 − (2 − 𝑣 sin 𝑢

2
) sin 𝑢, −1

2
𝑣 sin 𝑢

2
),

𝐱𝑣 = (− sin 𝑢
2

sin 𝑢, − sin 𝑢
2

cos 𝑢, cos 𝑢
2
).

Hence we obtain 𝐸 = (−1
2𝑣 cos 𝑢

2)2 + (2 − 𝑣 sin 𝑢
2 )2 + (−1

2𝑣 sin 𝑢
2)2 = 1

4𝑣2 + (2 − 𝑣 sin 𝑢
2 )2

, 𝐹 = 0 and 𝐺 =
1. Moreover,

𝐱𝑢𝑢 = (1
4
𝑣 sin 𝑢

2
sin 𝑢 − 𝑣 cos 𝑢

2
cos 𝑢 − (2 − 𝑣 sin 𝑢

2
) sin 𝑢,

  1
4
𝑣 sin 𝑢

2
cos 𝑢 + 𝑣 cos 𝑢

2
sin 𝑢 − (2 − 𝑣 sin 𝑢

2
) cos 𝑢, −1

4
𝑣 cos 𝑢

2
),

𝐱𝑢𝑣 = (−1
2

cos 𝑢
2

sin 𝑢 − sin 𝑢
2

cos 𝑢, −1
2

cos 𝑢
2

cos 𝑢 + sin 𝑢
2

sin 𝑢, −1
2

sin 𝑢
2
), 𝐱𝑣𝑣 = (0, 0, 0).

Since 𝑔 = 0, the Gaussian curvature is 𝐾 = (𝑒𝑔 − 𝑓2)/(𝐸𝐺 − 𝐹 2) = −𝑓2/𝐸. We now calculate 𝑓 .

𝑓 = (𝐱𝑢, 𝐱𝑣, 𝐱𝑢𝑣)√
𝐸𝐺 − 𝐹 2

= 1√
𝐸

(



−1
2𝑣 cos 𝑢

2 sin 𝑢 + (2 − 𝑣 sin 𝑢
2 ) cos 𝑢

− sin 𝑢
2 sin 𝑢

−1
2 cos 𝑢

2 sin 𝑢 − sin 𝑢
2 cos 𝑢

−1
2𝑣 cos 𝑢

2 cos 𝑢 − (2 − 𝑣 sin 𝑢
2 ) sin 𝑢

− sin 𝑢
2 cos 𝑢

−1
2 cos 𝑢

2 cos 𝑢 + sin 𝑢
2 sin 𝑢

−1
2𝑣 sin 𝑢

2
cos 𝑢

2
−1

2 sin 𝑢
2 )




= 1√
𝐸

(



2 cos 𝑢
− sin 𝑢

2 sin 𝑢
−1

2 cos 𝑢
2 sin 𝑢 − sin 𝑢

2 cos 𝑢

−2 sin 𝑢
− sin 𝑢

2 cos 𝑢
−1

2 cos 𝑢
2 cos 𝑢 + sin 𝑢

2 sin 𝑢

0
cos 𝑢

2
−1

2 sin 𝑢
2)



where we subtract 𝑣 times of third row from the first row, and consequently,

𝑓 = 1√
𝐸

{2 cos 𝑢(1
2

sin2 𝑢
2

cos 𝑢 − (−1
2

cos 𝑢
2

cos 𝑢 + sin 𝑢
2

sin 𝑢) cos 𝑢
2
)

+2 sin 𝑢(1
2

sin2 𝑢
2

sin 𝑢 − (−1
2

cos 𝑢
2

sin 𝑢 − sin 𝑢
2

cos 𝑢) cos 𝑢
2
)}

= 1√
𝐸

{2 cos 𝑢(1
2

cos 𝑢 − sin 𝑢
2

cos 𝑢
2

sin 𝑢) + 2 sin 𝑢(1
2

sin 𝑢 + sin 𝑢
2

cos 𝑢
2

cos 𝑢)}

= 1√
𝐸

(cos2 𝑢 + sin2 𝑢) = 1√
𝐸

.

Therefore we have

𝐾 = −𝑓2

𝐸
= − 1

𝐸2 = − 1
{𝑣2/4 + (2 − 𝑣 sin(𝑢/2))2}2 .
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𝑦
𝑧

𝑥

19. We rewrite the equation of the hyperboloid 𝑥2 + 𝑦2 − 𝑧2 = 1 as (𝑥 + 𝑧)(𝑥 − 𝑧) = (1 − 𝑦)(1 + 𝑦). Then for 

each 𝑘 ≠ 0, there are two straight lines

{
𝑥 + 𝑧 = 𝑘(1 + 𝑦)
𝑥 − 𝑧 = 1

𝑘(1 − 𝑦), {
𝑥 + 𝑧 = 𝑘(1 − 𝑦)
𝑥 − 𝑧 = 1

𝑘(1 + 𝑦)

which are entirely contained in the surface. Hence these straight lines are the asymptotic curves of the 

hyperboloid. Now we assert that these are the only asymptotic curves. Since each point 𝐩 ∈ 𝑆 is a 

hyperbolic point, there are exactly two asymptotic directions at 𝐩, which are uniquely determined by the 

equation above.

20. We first assert that 𝐩 is an umbilical point of 𝑆 if and only if 𝑑𝐍𝐩(𝐯) ⋅ (𝐍 ∧ 𝐯) = 0 for every 𝐯 ∈ 𝑇𝐩(𝑆). 
If 𝐩 is an umbilical point, then every tangent vector 𝐯 is a principal direction at 𝐩. Hence we have 

𝑑𝐍𝐩(𝐯) = 𝜆𝐯 and 𝑑𝐍𝐩(𝐯) ⋅ (𝐍 ∧ 𝐯) = 𝜆𝐯 ⋅ (𝐍 ∧ 𝐯) = 0. Conversely, suppose that 𝑑𝐍𝐩(𝐯) ⋅ (𝐍 ∧ 𝐯) = 0 

holds for every 𝐯 ∈ 𝑇𝐩(𝑆). Since |𝐍| = 1, we have ⟨𝐍′, 𝐍⟩ = ⟨𝑑𝐍𝐩(𝐯), 𝐍⟩ = 0. Moreover, {𝐍, 𝐯, 𝐍 ∧ 𝐯} 

is an orthogonal basis of ℝ3, so it must be 𝑑𝐍𝐩(𝐯) ∥ 𝐯. Therefore 𝑑𝐍𝐩(𝐯) = 𝜆𝐯 for every vector 𝐯 ∈
𝑇𝐩(𝑆) and 𝐩 is an umbilical point.

Now consider a point 𝐩 = (𝑥, 𝑦, 𝑧) ∈ 𝑆 and tangent vector 𝐯 = (𝑣1, 𝑣2, 𝑣3) ∈ 𝑇𝐩(𝑆). Since 𝑥2/𝑎2 + 𝑦2/𝑏2 +
𝑧2/𝑐2 = 1 implies (𝑥𝑥′)/𝑎2 + (𝑦𝑦′)/𝑏2 + (𝑧𝑧′)/𝑐2 = 0, that is,

⟨( 𝑥
𝑎2 , 𝑦

𝑏2 , 𝑧
𝑐2 ), (𝑥′, 𝑦′, 𝑧′)⟩ = 0,

the normal vectors are given by

𝐍(𝑥, 𝑦, 𝑧) = 1

√𝑥2

𝑎4 + 𝑦2

𝑏4 + 𝑧2

𝑐4

( 𝑥
𝑎2 , 𝑦

𝑏2 , 𝑧
𝑐2 ) = 1

𝑓
( 𝑥

𝑎2 , 𝑦
𝑏2 , 𝑧

𝑐2 ) ⟹  𝑓𝐍 = ( 𝑥
𝑎2 , 𝑦

𝑏2 , 𝑧
𝑐2 ).

Then we have

𝑑𝑓𝐩(𝐯)𝐍 + 𝑓𝑑𝐍𝐩(𝐯) = (𝑣1
𝑎2 , 𝑣2

𝑏2 , 𝑣3
𝑐2 ).

The point 𝐩 is an umbilical point if and only if 𝑑𝐍(𝐯) ⋅ (𝐍 ∧ 𝐯) = 0, which is equivalent to

(𝑑𝑓𝐍 + 𝑓𝑑𝐍) ⋅ (𝐍 ∧ 𝐯) = 0 ⟺  (𝑣1
𝑎2 , 𝑣2

𝑏2 , 𝑣3
𝑐2 ) ⋅ (𝐍 ∧ 𝐯) = 0 ⟺  1

𝑓
det

(



𝑣1
𝑎2
𝑥
𝑎2

𝑣1

𝑣2
𝑏2
𝑦
𝑏2

𝑣2

𝑣3
𝑐2
𝑧
𝑐2

𝑣3)

 = 0

 ⟺  − 𝑥
𝑎2 ( 1

𝑏2 − 1
𝑐2 )𝑣2𝑣3 + 𝑦

𝑏2 ( 1
𝑎2 − 1

𝑐2 )𝑣1𝑣3 − 𝑧
𝑐2 ( 1

𝑎2 − 1
𝑐2 )𝑣1𝑣2 = 0.

Note that we can find real number 𝑣3 for every pair of real numbers (𝑣1, 𝑣2) ∈ ℝ2, so that the equation 

𝑣1𝑥/𝑎2 + 𝑣2𝑦/𝑏2 + 𝑣3𝑧/𝑐2 = 0 holds. Multiply 𝑧/𝑐2 in the both sides of the equation above and apply the 

equation 𝑣3𝑧/𝑐2 = −(𝑣1𝑥/𝑎2 + 𝑣2𝑦/𝑏2). Then we obtain

− 𝑥𝑦
𝑎2𝑏2 ( 1

𝑎2 − 1
𝑐2 )𝑣2

1 + (𝑥2

𝑎4 ( 1
𝑏2 − 1

𝑐2 ) − 𝑦2

𝑏4 ( 1
𝑎2 − 1

𝑐2 ) − 𝑧2

𝑐4 ( 1
𝑎2 − 1

𝑏2 ))𝑣1𝑣2 + 𝑥𝑦
𝑎2𝑏2 ( 1

𝑏2 − 1
𝑐2 )𝑣2

2 = 0

for every 𝑣1, 𝑣2 ∈ ℝ, so it must be the coefficients of the 𝑣2
1, 𝑣1𝑣2, 𝑣2

2 to be zero.

Consider the case 0 < 𝑎 < 𝑏 < 𝑐. Then we have 𝑥𝑦 = 0 from the coefficient of 𝑣2
1. If 𝑥 = 0, then
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0 > −𝑦2

𝑏4 ( 1
𝑎2 − 1

𝑐2 ) = 𝑧2

𝑐4 ( 1
𝑎2 − 1

𝑏2 ) > 0,

which is a contradiction. So 𝑦 = 0, and we have

𝑥2

𝑎4 ( 1
𝑏2 − 1

𝑐2 ) = 𝑧2

𝑐4 ( 1
𝑎2 − 1

𝑏2 ).

Solving this equation with 𝑥2/𝑎2 + 𝑧2/𝑐2 = 1, we obtain four umbilical points

𝑥 = ±𝑎√𝑏2 − 𝑎2

𝑐2 − 𝑎2 , 𝑦 = 0, 𝑧 = ±𝑐√𝑐2 − 𝑏2

𝑐2 − 𝑎2 .

Next, consider the case 0 < 𝑎 < 𝑏 = 𝑐. Similar to the case above, we have 𝑥𝑦 = 0 from the coefficient of 

𝑣2
1, and 𝑥 = 0 implies the contradiction. Thus we obtain 𝑦 = 0 and 𝑧 = 0, and there are two umbilical 

points (±𝑎, 0, 0). Similarly, if 0 < 𝑎 = 𝑏 < 𝑐, there are two umbilical points (0, 0, ±𝑐).
Finally, if 0 < 𝑎 = 𝑏 = 𝑐, then the surface becomes a sphere, and every point is an umbilical point.

21. a. Given 𝐩 ∈ 𝑆 and 𝐰 ∈ 𝑇𝐩(𝑆), let 𝛼 : 𝐼 → 𝑆 be a curve such that 𝛼(0) = 𝐩 and 𝛼′(0) = 𝐰, then

𝑑(𝑓𝐍)𝐩(𝐰) = 𝑑
𝑑𝑡

(𝑓𝐍 ∘ 𝛼)(𝑡)|
𝑡=0

= 𝑑
𝑑𝑡

(𝑓 ∘ 𝛼)(𝑡) ⋅ (𝐍 ∘ 𝛼)(𝑡)|
𝑡=0

= (𝑓 ∘ 𝛼)′(0)(𝐍 ∘ 𝛼)(0) + (𝑓 ∘ 𝛼)(0)(𝐍 ∘ 𝛼)′(0)
= 𝑑𝑓𝐩(𝐰)𝐍(𝐩) + 𝑓(𝐩)𝑑𝐍𝐩(𝐰).

Therefore we have

𝑑(𝑓𝐍)(𝐯1) ∧ 𝑑(𝑓𝐍)(𝐯2) = (𝑑𝑓(𝐯1)𝐍 + 𝑓𝑑𝐍(𝐯1)) ∧ (𝑑𝑓(𝐯2)𝐍 + 𝑓𝑑𝐍(𝐯2))

= 𝑓𝑑𝑓(𝐯1)𝐍 ∧ 𝑑𝐍(𝐯2) + 𝑓𝑑𝑓(𝐯2)𝑑𝐍(𝐯1) ∧ 𝐍 + 𝑓2𝑑𝐍(𝐯1) ∧ 𝑑𝐍(𝐯2)

and

⟨𝑑(𝑓𝐍)(𝐯1) ∧ 𝑑(𝑓𝐍)(𝐯2), 𝑓𝐍⟩ = ⟨𝑓2𝑑𝐍(𝐯1) ∧ 𝑑𝐍(𝐯2), 𝑓𝐍⟩ = 𝑓3⟨𝑑𝐍(𝐯1) ∧ 𝑑𝐍(𝐯2), 𝐍⟩

= 𝑓3⟨det(𝑑𝐍)(𝐯1 ∧ 𝐯2), 𝐍⟩ = 𝑓3 det(𝑑𝐍) = 𝑓3𝐾.

Hence the Gaussian curvature 𝐾 is given by 𝐾 = ⟨𝑑(𝑓𝐍)(𝐯1) ∧ 𝑑(𝑓𝐍)(𝐯2), 𝑓𝐍⟩/𝑓3.
b. Since 𝑥2/𝑎2 + 𝑦2/𝑏2 + 𝑧2/𝑐2 = 1 implies (𝑥𝑥′)/𝑎2 + (𝑦𝑦′)/𝑏2 + (𝑧𝑧′)/𝑐2 = 0, that is,

⟨( 𝑥
𝑎2 , 𝑦

𝑏2 , 𝑧
𝑐2 ), (𝑥′, 𝑦′, 𝑧′)⟩ = 0,

the normal vectors are given by

𝐍(𝑥, 𝑦, 𝑧) = 1

√𝑥2

𝑎4 + 𝑦2

𝑏4 + 𝑧2

𝑐4

( 𝑥
𝑎2 , 𝑦

𝑏2 , 𝑧
𝑐2 ) = 1

𝑓
( 𝑥

𝑎2 , 𝑦
𝑏2 , 𝑧

𝑐2 ) ⟹  𝑓𝐍 = ( 𝑥
𝑎2 , 𝑦

𝑏2 , 𝑧
𝑐2 ).

Let 𝐯𝑖 = (𝛼𝑖, 𝛽𝑖, 𝛾𝑖) for 𝑖 = 1, 2, Then

⟨𝑑(𝑓𝐍)(𝐯1) ∧ 𝑑(𝑓𝐍)(𝐯2), 𝑓𝐍⟩ =
|



(

𝑑(𝑓𝐍)(𝐯1)

𝑑(𝑓𝐍)(𝐯2)
𝑓𝐍 )




|


=

|




(




𝛼1
𝑎2

𝛼2
𝑎2
𝑥
𝑎2

𝛽1
𝑏2

𝛽2
𝑏2
𝑦
𝑏2

𝛾1
𝑐2

𝛾2
𝑐2
𝑧
𝑐2 )





|



= 1

𝑎2𝑏2𝑐2

|



(

𝛼1

𝛼2
𝑥

𝛽1
𝛽2
𝑦

𝛾1
𝛾2
𝑧 )




|



= 1
𝑎2𝑏2𝑐2 ⟨𝐯1 ∧ 𝐯2, (𝑥, 𝑦, 𝑧)⟩ = 1

𝑎2𝑏2𝑐2 ⟨𝐍, (𝑥, 𝑦, 𝑧)⟩

= 1
𝑎2𝑏2𝑐2 ⟨1

𝑓
( 𝑥

𝑎2 , 𝑦
𝑏2 , 𝑧

𝑐2 ), (𝑥, 𝑦, 𝑧)⟩ = 1
𝑎2𝑏2𝑐2𝑓

.

Therefore we have

𝐾 = 1
𝑓3 ⟨𝑑(𝑓𝐍)(𝐯1) ∧ 𝑑(𝑓𝐍)(𝐯2), 𝑓𝐍⟩ = 1

𝑎2𝑏2𝑐2𝑓4 .

22. a. Let 𝛼(𝑡) = 𝐱(𝑢(𝑡), 𝑣(𝑡)), so that 𝛼′(0) = 𝐱𝑢𝑢′ + 𝐱𝑣𝑣′ = 𝐰. Since 𝐩 is a critical point of 𝐡, we have 

ℎ𝑢(𝐩) = ℎ𝑣(𝐩) = 0. Therefore we obtain
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𝐻𝐩ℎ(𝐰) = 𝑑2

𝑑𝑡2
(ℎ ∘ 𝛼)(𝑡)|

𝑡=0

= 𝑑
𝑑𝑡

(ℎ𝑢𝑢′ + ℎ𝑣𝑣′)|
𝑡=0

= (ℎ𝑢𝑢𝑢′ + ℎ𝑢𝑣𝑣′)𝑢′ + ℎ𝑢𝑢″ + (ℎ𝑣𝑢𝑢′ + ℎ𝑣𝑣𝑣′)𝑣′ + ℎ𝑣𝑣″

= (ℎ𝑢𝑢𝑢′ + ℎ𝑢𝑣𝑣′)𝑢′ + (ℎ𝑣𝑢𝑢′ + ℎ𝑣𝑣𝑣′)𝑣′

= ℎ𝑢𝑢(𝐩)(𝑢′)2 + 2ℎ𝑢𝑣(𝐩)𝑢′𝑣′ + ℎ𝑣𝑣(𝐩)(𝑣′)2.

We assert that 𝐻𝐩ℎ does not depend on the choice of 𝐱. Let 𝐱(𝑢, 𝑣) be a another parametrization of 

𝑆 at 𝐩, then

𝐻𝐩ℎ(𝐱𝑢𝑢′ + 𝐱𝑣𝑣′) = ℎ𝑢𝑢(𝐩)(𝑢′)2 + 2ℎ𝑢𝑣(𝐩)𝑢′𝑣′ + ℎ𝑣𝑣(𝐩)(𝑣′)2

= (𝑢′ 𝑣′)(ℎ𝑢𝑢
ℎ𝑢𝑣

ℎ𝑢𝑣
ℎ𝑣𝑣

)(𝑢′

𝑣′)

= (𝑢′ 𝑣′)(
𝜕𝑢
𝜕𝑢
𝜕𝑢
𝜕𝑣

𝜕𝑣
𝜕𝑢
𝜕𝑣
𝜕𝑣

)(ℎ𝑢𝑢
ℎ𝑢𝑣

ℎ𝑢𝑣
ℎ𝑣𝑣

)(
𝜕𝑢
𝜕𝑢
𝜕𝑣
𝜕𝑢

𝜕𝑢
𝜕𝑣
𝜕𝑣
𝜕𝑣

)(𝑢′

𝑣′)

= (𝑢′ 𝑣′)(ℎ𝑢𝑢
ℎ𝑢𝑣

ℎ𝑢𝑣
ℎ𝑣𝑣

)(𝑢′

𝑣′)

= ℎ𝑢𝑢(𝐩)(𝑢′)2 + 2ℎ𝑢𝑣(𝐩)𝑢′𝑣′ + ℎ𝑣𝑣(𝐩)(𝑣′)2.

Hence 𝐻𝐩ℎ : 𝑇𝐩(𝑆) → ℝ is a well-defined quadratic form on 𝑇𝐩(𝑆).
b. We first show that 𝐩 is a critical point of the height function ℎ(𝐪) = ⟨𝐪 − 𝐩, 𝐍(𝐩)⟩. Given 𝐰 ∈ 𝑇𝐩(𝑆), 

let 𝛼 : 𝐼 → 𝑆 be a parametrization of a curve in 𝑆 such that 𝛼(0) = 𝐩 and 𝛼′(0) = 𝐰. Then

𝑑ℎ𝐩(𝐰) = 𝑑
𝑑𝑡

(ℎ ∘ 𝛼)(𝑡)|
𝑡=0

= 𝑑
𝑑𝑡

⟨𝛼(𝑡) − 𝐩, 𝐍(𝐩)⟩|
𝑡=0

= ⟨𝛼′(𝑡), 𝐍(𝐩)⟩|𝑡=0 = ⟨𝐰, 𝐍(𝐩)⟩.

Since 𝐰 ∈ 𝑇𝐩(𝑆) is perpendicular to 𝐍(𝐩), we have 𝑑ℎ𝐩(𝐰) = 0 for every 𝐰, and that 𝐩 is a critical 

point of ℎ. Now if |𝐰| = 1, then we can suppose that 𝛼 is parametrized by an arc length, therefore

𝐻𝐩ℎ(𝐰) = 𝑑2

𝑑𝑠2 (ℎ ∘ 𝛼)(𝑡)|
𝑠=0

= 𝑑2

𝑑𝑠2 ⟨𝛼(𝑠) − 𝐩, 𝐍(𝐩)⟩|
𝑠=0

= 𝑑
𝑑𝑠

⟨𝛼′(𝑠), 𝐍(𝐩)⟩|
𝑠=0

= ⟨𝛼″(𝑠), 𝐍(𝐩)⟩|𝑠=0 = ⟨𝛼″(0), 𝐍(𝐩)⟩ = ⟨𝑘𝐧(𝐩), 𝐍(𝐩)⟩ = 𝑘𝑛(𝐰) = 𝐈𝐈𝐩(𝐰).

Hence we conclude that Hessian at 𝐩 of the height function relative to 𝑇𝐩(𝑆) is the second fundamental 

form of 𝑆 at 𝐩.

23. a. Given tangent vector 𝐰 ∈ 𝑇𝐩(𝑆), there exists a parametrized curve 𝛼 : (−𝜀, 𝜀) → 𝑆 such that 𝛼(0) =
𝐩 and 𝛼′(0) = 𝐰. Then

𝑑(ℎ𝐫)𝐩(𝐰) = 𝑑
𝑑𝑡

(ℎ𝐫 ∘ 𝛼)(𝑡)|
𝑡=0

= 𝑑
𝑑𝑡

⟨𝛼(𝑡) − 𝐫, 𝛼(𝑡) − 𝐫⟩|
𝑡=0

= 2⟨𝛼′(𝑡), 𝛼(𝑡) − 𝐫⟩
2√⟨𝛼(𝑡) − 𝐫, 𝛼(𝑡) − 𝐫⟩

|
𝑡=0

= ⟨𝛼′(0), 𝛼(0) − 𝐫⟩
√⟨𝛼(0) − 𝐫, 𝛼(0) − 𝐫⟩

= ⟨𝐰, 𝐩 − 𝐫⟩
ℎ𝐫(𝐩)

.

This differential is identically zero if and only if ⟨𝐰, 𝐩 − 𝐫⟩ = 0 for every 𝐰 ∈ 𝑇𝐩(𝑆), that is, the 

straight line 𝐩𝐫 is normal to 𝑆 at 𝐩.

b. By the definition of Hessian,

𝐻𝐩ℎ𝐫(𝐰) = 𝑑2

𝑑𝑠2 (ℎ𝐫 ∘ 𝛼)(𝑠)|
𝑠=0

= 𝑑
𝑑𝑠

⟨𝛼′(𝑠), 𝛼(𝑠) − 𝐫⟩
ℎ𝐫(𝛼(𝑠))

|
𝑠=0

= (⟨𝛼″(𝑠), 𝛼(𝑠) − 𝑟⟩ + ⟨𝛼′(𝑠), 𝛼′(𝑠)⟩ℎ𝐫(𝛼(𝑠))) − ⟨𝛼′(𝑠), 𝛼(𝑠) − 𝐫⟩ℎ′
𝐫(𝛼(𝑠))

(ℎ𝐫(𝛼(𝑠)))2 |
𝑠=0

.

Since 𝐩 is a critical point of ℎ𝐫, we have ⟨𝛼′(0), 𝛼(0) − 𝐫⟩ = 0. Therefore

72



𝐻𝐩ℎ𝐫(𝐰) = 1 + ⟨𝛼″(0), 𝐩 − 𝐫⟩
ℎ𝐫(𝐩)

= 1 + ⟨𝛼″(0), −ℎ𝐫(𝐩)𝐍⟩
ℎ𝐫(𝐩)

= 1
ℎ𝐫(𝐩)

− ⟨𝛼″(0), 𝐍⟩ = 1
ℎ𝐫(𝐩)

− 𝑘𝑛(𝐰),

where we defined the orientation of 𝑆 by 𝐩 − 𝐫 = −ℎ𝐫(𝐩)𝐍. Now observe that

⟨𝐴𝐩ℎ𝐫(𝐰), 𝐰⟩ = 𝐻𝐩ℎ𝐫(𝐰) = 1
ℎ𝐫(𝐩)

⟨𝐰, 𝐰⟩ + ⟨𝑑𝐍𝐩(𝐰), 𝐰⟩ = ⟨( 1
ℎ𝐫(𝐩)

𝐼 + 𝑑𝐍𝐩)(𝐰), 𝐰⟩.

Since 𝐴𝐩ℎ𝐫 and 1
ℎ𝐫(𝐩)𝐼 + 𝑑𝐍𝐩 are both self-adjoint linear map, it follows that they are the same. 

Furthermore, for the orthonormal basis {𝐞1, 𝐞2}, we have

𝐴𝐩ℎ𝐫(𝐞𝑖) = ( 1
ℎ𝐫(𝐩)

𝐼 + 𝑑𝐍𝐩)(𝐞𝑖) = ( 1
ℎ𝐫(𝐩)

− 𝑘𝑖)𝐞𝑖, 𝑖 = 1, 2.

Therefore {𝐞1, 𝐞2} diagonalizes 𝐴𝐩ℎ𝐫. Note that 𝐩 is a degenerate critical point of ℎ𝐫 if and only if 

one of the eigen values are zero, that is, ℎ𝐫(𝐩) = 1/𝑘𝑖 for some 𝑖 = 1, 2.
c. Given point 𝐩 ∈ 𝑆, there exists a parametrization 𝐱 : 𝑈 ⊂ ℝ2 → 𝑆 for 𝑆 at 𝐩. Then we define a 

function 𝐅𝐩 : 𝑈 × ℝ → ℝ3 as

𝐅𝐩(𝑢, 𝑣, 𝑡) = 𝐱(𝑢, 𝑣) + 𝑡𝐍(𝑢, 𝑣),

where 𝐍(𝑢, 𝑣) = (𝐱𝑢 ∧ 𝐱𝑣)/|𝐱𝑢 ∧ 𝐱𝑣|. We first assert that if ℎ𝐫 has degenerate critical point 𝐩, then 𝐫 
is a critical value of 𝐅𝐩. Suppose that 𝐩 is a degenerate critical point of ℎ𝐫. Since 𝐩 is a critical point, 

we have 𝐫 − 𝐩 = 𝑡0𝐍(𝐩) for some 𝑡0. Since it is degenerate, by part (b), we have 𝑡0 = 1/𝑘𝑖 for some 

𝑖 = 1, 2. Let 𝐩 = 𝐱(𝑢0, 𝑣0) and 𝐪 = (𝑢0, 𝑣0, 𝑡0). Now observe that

(𝐅𝐩)𝑢 = 𝐱𝑢 + 𝑡𝐍𝑢 = (1 + 𝑡𝑎11)𝐱𝑢 + 𝑡𝑎21𝐱𝑣,

(𝐅𝐩)𝑣 = 𝐱𝑣 + 𝑡𝐍𝑣 = 𝑡𝑎12𝐱𝑢 + (1 + 𝑡𝑎22)𝐱𝑣,

(𝐅𝐩)𝑡 = 𝑁.

Then

det(𝑑(𝐅𝐩)𝐪) = ((𝐅𝐩)𝑢 ∧ (𝐅𝐩)𝑣) ⋅ (𝐅𝐩)𝑡

= ((1 + 𝑡0𝑎11)(1 + 𝑡0𝑎22) − 𝑡20𝑎12𝑎21)(𝐱𝑢 ∧ 𝐱𝑣) ⋅ 𝐍
= (1 − 𝑘1𝑡0)(1 − 𝑘2𝑡0)|𝐱𝑢 ∧ 𝐱𝑣| = 0,

thus 𝐪 is critical point of 𝐅𝐩, and 𝐅𝐩(𝐪) = 𝐱(𝑢0, 𝑣0) + 𝑡0𝐍(𝑢0, 𝑣0) = 𝐩 + 𝑡0𝐍(𝐩) = 𝐫 is a critical value 

of 𝐅𝐩. Hence we showed that if ℎ𝐫 has degenerate critical point 𝐩, then 𝐫 is a critical value of 𝐅𝐩. If 
we consider the contrapositive of the proposition above, we know that if 𝐫 is not a critical value of 

𝐅𝐩, then 𝐩 is not a critical point of ℎ𝐫 or 𝐩 is not a degenerate critical point of 𝐩.

By Sard’s theorem, the set CV(𝐅𝐩) consists of critical values of 𝐅𝐩 has Lebesgue measure 0 in ℝ3. 

Since 𝑆 is a regular surface, we can cover the surface 𝑆 by countably many numbers of neighborhoods 

{𝑉𝑖} of points {𝐩𝑖} ⊂ 𝑆. Then its countable union ⋃𝑖 CV(𝐅𝐩𝑖) also has Lebesgue measure 0 in ℝ3, so 

it has empty interior. Now if 𝐫 ∈ ℝ3 is not contained in following set

𝑆 ∪ (⋃
𝑖

CV(𝐅𝐩𝑖)),

then we can guarantee that ℎ𝐫 is a Morse function. Since this set has empty interior, we conclude 

that 𝐵 = {𝐫 ∈ ℝ3 | ℎ𝐫 is a Morse function} is a dense set in ℝ3.

24. a. Let 𝐱(𝑢, 𝑣) be a parametrization at 𝐩, with 𝐱(0, 0) = 𝐩. The distance 𝑑 from a point 𝑞 = 𝐱(𝑢, 𝑣) to 

the tangent plane 𝑇𝐩(𝑆) is given by

𝑑 = ⟨𝐱(𝑢, 𝑣) − 𝐱(0, 0), 𝐍(𝐩)⟩ = 1
2
𝐈𝐈𝐩(𝐰) + 𝐑,

where 𝐰 = 𝐱𝑢𝑢 + 𝐱𝑣𝑣, lim𝐰→0 𝐑/|𝐰|2 → 0. (See proof of Prop. 1.) Then we have
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𝑑
|𝐰|2

= 1
2

𝐈𝐈𝐩(𝐰)
|𝐰|2

+ 𝐑
|𝐰|2

= 1
2
𝐈𝐈𝐩( 𝐰

|𝐰|
) + 𝐑

|𝐰|2
= 1

2
𝑘𝑛( 𝐰

|𝐰|
) + 𝐑

|𝐰|2
.

Since principal curvatures 𝑘1 and 𝑘2 have the same sign, normal curvatures 𝑘𝑛(𝐰) = 𝑘1 cos2 𝜃 +
𝑘2 sin2 𝜃 has a fixed sign. We can take neighborhood 𝑉  of (0, 0) sufficiently small, so that if (𝑢, 𝑣) ∈
𝑉  then 𝐰 is small enough to satisfy

inf
|𝐯|=1

|1
2
𝑘𝑛(𝐯)| > | 𝐑

|𝐰|2
|.

Then 𝑑 has same sign as 𝑘𝑛(𝐰), that is, all such (𝑢, 𝑣) belong to the same side of 𝑇𝐩(𝑆).
b. We prove the contrapositive, that is, if the principal curvatures at 𝐩 have different signs, then 𝑆 is 

not locally convex at 𝐩. Similar to part (a), we can write

𝑑
|𝐰|2

= 1
2
𝑘𝑛( 𝐰

|𝐰|
) + 𝐑

|𝐰|2
,

and 𝑑 has same sign as 𝑘𝑛(𝐰) for all (𝑢, 𝑣) sufficiently near (0, 0). Note that there exist orthonormal 

basis {𝐞1, 𝐞2} such that 𝑘𝑛(𝐞1) = 𝑘1 and 𝑘𝑛(𝐞2) = 𝑘2 have different signs. For each neighborhood 𝑉  

of (0, 0), we can find small 𝑡1, 𝑡2 ∈ ℝ so that

𝐰 = 𝑡1𝐞1,  𝐰 = 𝑡2𝐞2 ∈ 𝑉 .

Then we can see that

1
2
𝑘𝑛( 𝐰

|𝐰|
) = 1

2
𝑘𝑛(𝐞1) = 1

2
𝑘1,

1
2
𝑘𝑛( 𝐰

|𝐰|
) = 1

2
𝑘𝑛(𝐞2) = 1

2
𝑘2

have different signs, that is, such points belong to distinct sides of 𝑇𝐩(𝑆). Therefore 𝑆 is not locally 

convex at 𝐩.

c. Let 𝐱 : 𝑈 ⊂ ℝ2 → 𝑆, 𝐱(𝑢, 𝑣) = (𝑢, 𝑣, 𝑢3(1 + 𝑣2)) be a parametrization for the surface, where 𝑈 =
{(𝑢, 𝑣) | 𝑣2 < 1/2}. Since

𝑓𝑢𝑢 = 6𝑢(1 + 𝑣2), 𝑓𝑢𝑣 = 6𝑢2𝑣, 𝑓𝑣𝑣 = 2𝑢3,

we have

𝐾(𝑢, 𝑣) = 𝑓𝑢𝑢𝑓𝑣𝑣 − 𝑓2
𝑢𝑣

(1 + 𝑓2
𝑢 + 𝑓2

𝑣 )2 =
12𝑢4(1 − 2𝑣2)
(1 + 𝑓2

𝑢 + 𝑓2
𝑣 )2 ≥ 0

for every (𝑢, 𝑣) ∈ 𝑈. However, since 𝐱(𝑢, 0) = (𝑢, 0, 𝑢3) does not have a fixed sign in the neighborhood 

of (0, 0), 𝑆 is not locally convex at 𝐩 = (0, 0, 0).
d. Choose a coordinate system in ℝ3 so that the origin 𝑂 is at 𝐩 ∈ 𝑆, the 𝑥𝑦 plane agrees with 𝑇𝐩(𝑆), 

and the positive direction of the 𝑧 axis agrees with the orientation of 𝑆 at 𝐩. Furthermore, choose 

the 𝑥 and 𝑦 axis in 𝑇𝐩(𝑆) along the principal directions at 𝐩. If 𝑉  is sufficiently small, it can be 

represented as the graph of a differentiable function

𝑧 = 𝑓(𝑥, 𝑦), (𝑥, 𝑦) ∈ 𝐷 ⊂ ℝ2,

where 𝐷 is an open disk in ℝ2 and

𝑓𝑥(0, 0) = 𝑓𝑦(0, 0) = 𝑓𝑥𝑦(0, 0) = 0, 𝑓𝑥𝑥(0, 0) = 𝑘1, 𝑓𝑦𝑦(0, 0) = 𝑘2.

We can assume, without loss of generality, that 𝑘1 ≥ 0 and 𝑘2 ≥ 0 on 𝐷, and we want to prove that 

𝑓(𝑥, 𝑦) ≥ 0 on 𝐷. Assume that 𝑓(𝑥, 𝑦) < 0 for some (𝑥, 𝑦) ∈ 𝐷. Consider the function

ℎ0(𝑡) = 𝑓(𝑡𝑥, 𝑡𝑦), 0 ≤ 𝑡 ≤ 1.

Since ℎ0(0) = 0 and ℎ0(1) < 0, there exists 𝑡1 ∈ (0, 1) such that ℎ′
0(𝑡1) < 0. Moreover, ℎ′

0(0) = 0, 

so there exists 𝑡2 ∈ (0, 1) such that ℎ″
0(𝑡2) < 0. Let 𝐩2 = (𝑡2𝑥, 𝑡2𝑦, 𝑓(𝑡2𝑥, 𝑡2𝑦)) ∈ 𝑆, and consider the 

height function ℎ2 of 𝑉  relative to the tangent plane 𝑇𝐩2
(𝑆) at 𝐩2. Restricted to the curve 𝛼(𝑡) =

(𝑡𝑥, 𝑡𝑦, 𝑓(𝑡𝑥, 𝑡𝑦)), this height function is ℎ2(𝑡) = ⟨𝛼(𝑡) − 𝐩2, 𝐍2⟩, where 𝐍2 is the unit normal vector 

at 𝐩2. Thus, ℎ″
2(𝑡) = ⟨𝛼″(𝑡), 𝐍⟩, and at 𝑡 = 𝑡2,
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ℎ″
2(𝑡2) = ⟨(0, 0, ℎ″

0(𝑡2)), (−𝑓𝑥(𝐩2), −𝑓𝑦(𝐩2), 1)⟩ = ℎ″
0(𝑡2) < 0.

But ℎ″
2(𝑡2) = ⟨𝛼″(𝑡2), 𝐍2⟩ is, up to a positive factor, the normal curvature at 𝐩2, in the direction of 

𝛼′(𝑡2). This is a contradiction.

4-2. Isometries; Conformal Maps

1. a. First observe that 𝐅(𝑈) is contained in a cone 𝐶 with the vertex at the origin and 2𝛼 ∈ (0, 𝜋) as the 

angle of the vertex, because

𝑘√𝑥2 + 𝑦2 = 𝑘𝑢 sin 𝛼 = 𝑢 cos 𝛼 = 𝑧,

where 𝑘 = cot 𝛼. Now we show that for every point 𝐩 ∈ 𝐶, there exists a neighborhood 𝑉  of 𝐩 in 

𝐶 such that 𝐱 = 𝐅|𝑉  is a parametrization at 𝐩 for 𝐶. Choose arbitrary point 𝐩 ∈ 𝐶, and take 𝑉  

small enough so that the function 𝜋2(𝑉 ) → 𝕊1,  𝑣 ↦ (cos 𝑣, sin 𝑣) can be one-to-one. (i) 𝐱 = 𝐅|𝑉  is 

differentiable because it is restriction of a differentiable function. (iii) Since

𝑑𝐅𝐪 =
(

sin 𝛼 cos 𝑣

sin 𝛼 sin 𝑣
cos 𝛼

−𝑢 sin 𝛼 sin 𝑣
𝑢 sin 𝛼 cos 𝑣

0 )

, 𝜕(𝑥, 𝑦)

𝜕(𝑢, 𝑣)
= 𝑢 sin2 𝛼 > 0,

the differential 𝑑𝐱𝐪 is one-to-one for each 𝐪 ∈ 𝑉 . (ii) Let

𝐅(𝑢, 𝑣) = (𝑢 sin 𝛼 cos 𝑣, 𝑢 sin 𝛼 sin 𝑣, 𝑢 cos 𝛼) = (𝑥, 𝑦, 𝑧).

Since 𝑢 = 𝑧/ cos 𝛼 and (cos 𝑣, sin 𝑣) = ( 𝑥
𝑢 sin 𝛼 , 𝑦

𝑢 sin 𝛼) determines 𝑣 ∈ ℝ, 𝐱 is one-to-one. By Prop. 4 of 

Sec 2-2, 𝐱−1 is continuous. Therefore 𝐱 is a parametrization. Furthermore, 𝐱−1 is differentiable; for 

arbitrary parametrization 𝐲 : 𝑊 ∈ ℝ2 → 𝐶, the change of the parametrization

𝐱−1 ∘ 𝐲 : 𝐲−1(𝑁) → 𝐱−1(𝑁),

where 𝑁 = 𝐱(𝑉 ) ∩ 𝐲(𝑊), is differentiable. Thus we proved that 𝐱 = 𝐅|𝑉  is a diffeomorphism. We 

conclude that 𝐅 is a local diffeomorphism of 𝑈  onto a cone 𝐶.

b. 𝐅𝑢 = (sin 𝛼 cos 𝑣, sin 𝛼 sin 𝑣, cos 𝛼) and 𝐅𝑣 = (−𝑢 sin 𝛼 sin 𝑣, 𝑢 sin 𝛼 cos 𝑣) implies that

𝐸 = 1, 𝐹 = 0, 𝐺 = 𝑢2 sin2 𝛼.

Since 𝐺 ≠ 1, 𝐅 is not a local isometry.

2. We first show that 𝐱 = 𝜑 ∘ 𝐱 is a parametrization for 𝑆 at 𝜑(𝐩). (i) 𝐱 = 𝜑 ∘ 𝐱 is differentiable, since 𝜑 

is differentiable map on 𝑆. (ii) 𝐱−1 = (𝜑 ∘ 𝐱)−1 = 𝐱−1 ∘ 𝜑−1 is continuous because 𝐱 is homeomorphism 

and 𝜑 is diffeomorphism. (iii) We assert that 𝑑𝐱𝐪 = 𝑑(𝜑 ∘ 𝐱)𝐪 = 𝑑𝜑𝐱(𝐪) ∘ 𝑑𝐱𝐪 is one-to-one. 𝑑𝐱𝐪 is one-

to-one since 𝐱 is parametrization for 𝑆. To show that 𝑑𝜑𝐱(𝐪) is one-to-one, observe that 𝜑−1 ∘ 𝜑 = Id𝑆 

implies that

𝑑(𝜑−1)
𝜑(𝐩)

∘ 𝑑𝜑𝐩 = 𝑑(Id𝑆)𝐩 = Id𝑇𝐩(𝑆) .

Since Id𝑇𝐩(𝑆) is one-to-one, 𝑑𝜑𝐩 is also one-to-one for each 𝐩 ∈ 𝑆. Therefore 𝑑𝐱𝐪 is one-to-one, which is 

a composition of one-to-one mappings. Thus 𝐱 is a parametrization for 𝑆 at 𝜑(𝐩).
Since 𝜑 is an isometry,

𝐸 = ⟨𝐱𝑢, 𝐱𝑢⟩ = ⟨(𝜑 ∘ 𝐱)𝑢, (𝜑 ∘ 𝐱)𝑢⟩ = ⟨𝑑𝜑(𝐱𝑢), 𝑑𝜑(𝐱𝑢)⟩ = ⟨𝐱𝑢, 𝐱𝑢⟩ = 𝐸.

Similarly, we obtain 𝐹 = 𝐹,  𝐺 = 𝐺.

3. First suppose that 𝜑 : 𝑆 → 𝑆 is an isometry. For any parametrized curve 𝛼 : [𝑎, 𝑏] ⊂ 𝐼 → 𝑆, let 𝛼 = 𝜑 ∘
𝛼 : 𝐼 → 𝑆 be a parametrized curve in 𝑆, then

𝑙(𝛼) = ∫
𝑏

𝑎
√𝐈𝛼(𝑡)(𝛼′(𝑡)) 𝑑𝑡 = ∫

𝑏

𝑎
√𝐈(𝜑∘𝛼)(𝑡)(𝑑𝜑𝛼(𝑡)(𝛼′(𝑡))) 𝑑𝑡 = ∫

𝑏

𝑎
√𝐈𝛼(𝑡)(𝛼′(𝑡)) 𝑑𝑡 = 𝑙(𝛼).

Hence the arc length of any parametrized curve 𝛼 is equal to the arc length of the image curve 𝜑 ∘ 𝛼.
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Conversely, suppose the conclusion of the previous part. For any 𝐩 ∈ 𝑆 and 𝟎 ≠ 𝐯 ∈ 𝑇𝐩(𝑆), consider a 

curve 𝛼 : (−𝜀, 𝜀) → 𝑆 with 𝛼′(0) = 𝐯. We assert that

𝐈(𝜑∘𝛼)(0)(𝑑𝜑𝛼(0)(𝛼′(0))) = 𝐈𝛼(0)(𝛼′(0)).

Otherwise, if 𝐈(𝜑∘𝛼)(0)(𝑑𝜑𝛼(0)(𝛼′(0))) > 𝐈𝛼(0)(𝛼′(𝑡)), then there exists a neighborhood 𝐽  of 0 in (−𝜀, 𝜀) 
such that 𝐈(𝜑∘𝛼)(𝑡)(𝑑𝜑𝛼(𝑡)(𝛼′(𝑡))) > 𝐈𝛼(𝑡)(𝛼′(𝑡)). This implies that the length of (𝜑 ∘ 𝛼)(𝐽) is greater than 

the length of 𝛼(𝐽); which is a contradiction. Therefore 𝐈𝐩(𝐯) = 𝐈𝜑(𝐩)(𝑑𝜑𝐩(𝐯)), and we conclude that 𝜑 

is an isometry.

4. The stereographic projection 𝐱 : ℝ2 → 𝕊2 is given by

𝐱(𝑢, 𝑣) = ( 4𝑢
𝑢2 + 𝑣2 + 4

, 4𝑣
𝑢2 + 𝑣2 + 4

,
2(𝑢2 + 𝑣2)
𝑢2 + 𝑣2 + 4

).

Then

𝐱𝑢 = (−4𝑢2 + 4𝑣2 + 16
(𝑢2 + 𝑣2 + 4)2 , −8𝑢𝑣

(𝑢2 + 𝑣2 + 4)2 , 16𝑢
(𝑢2 + 𝑣2 + 4)2 ),

𝐱𝑣 = ( −8𝑢𝑣
(𝑢2 + 𝑣2 + 4)2 , 4𝑢2 − 4𝑣2 + 16

(𝑢2 + 𝑣2 + 4)2 , 16𝑣
(𝑢2 + 𝑣2 + 4)2 ).

Therefore

𝐸 = 16
(𝑢2 + 𝑣2 + 4)2 , 𝐹 = 0, 𝐺 = 16

(𝑢2 + 𝑣2 + 4)2 .

Since 𝐸 = 𝜆2 ⋅ 1,  𝐹 = 𝜆2 ⋅ 0,  𝐺 = 𝜆2 ⋅ 1 for 𝜆 = 4/(𝑢2 + 𝑣2 + 4) > 0, the sphere is locally conformal to a 

plane by Prop. 2.

5. Since (𝐱1)𝑠 = 𝛼′
1(𝑠) + 𝑣𝛼″

1(𝑠) and (𝐱1)𝑣 = 𝛼′
1(𝑠),

𝐸1 = ⟨𝛼′
1(𝑠) + 𝑣𝛼″

1(𝑠), 𝛼′
1(𝑠) + 𝑣𝛼″

1(𝑠)⟩ = |𝛼′
1(𝑠)|

2 + 2𝛼′
1(𝑠) ⋅ 𝑣𝛼″

1(𝑠) + 𝑣2|𝛼″
1(𝑠)|2 = 1 + 𝑣2𝑘1(𝑠)2,

𝐹1 = ⟨𝛼′
1(𝑠) + 𝑣𝛼″

1(𝑠), 𝛼′
1(𝑠)⟩ = |𝛼′

1(𝑠)|
2 + 𝑣𝛼′

1(𝑠) ⋅ 𝛼″
1(𝑠) = 1,

𝐺1 = ⟨𝛼′
1(𝑠), 𝛼′

1(𝑠)⟩ = 1.

Similarly, 𝐸2 = 1 + 𝑣2𝑘2(𝑠), 𝐹2 = 1, 𝐺2 = 1. The condition 𝑘1(𝑠) = 𝑘2(𝑠) ≠ 0 implies that

𝐸1 = 𝐸2, 𝐹1 = 𝐹2, 𝐺1 = 𝐺2.

Therefore 𝐱1 ∘ 𝐱−1
2 : 𝐱2(𝑉 ) → 𝐱1(𝑉 ) is a local isometry. Furthermore, since 𝐱1(𝑉 ) and 𝐱2(𝑉 ) are regular 

surfaces, both 𝐱1|𝑉 : 𝑉 → 𝐱1(𝑉 ) and 𝐱2|𝑉 = 𝑉 → 𝐱2(𝑉 ) are diffeomorphisms. So its composition 𝐱1 ∘
𝐱−1

2  is also diffeomorphic. We conclude that 𝐱1 ∘ 𝐱−1
2  is an isometry.

6. We can assume that the curve 𝛼 : 𝐼 → ℝ3 is parametrized by an arc length. The parametrization 𝐱 : 𝑈 →
ℝ3 of the tangent surface is given by 𝐱(𝑡, 𝑣) = 𝛼(𝑡) + 𝑣𝛼′(𝑡), where 𝑈 = {(𝑡, 𝑣) ∈ 𝐼 × ℝ | 𝑣 ≠ 0}.

Then by Prop. 2 of Sec. 2-3, for each 𝐪 = (𝑡0, 𝑣0) ∈ 𝐼 × (ℝ − {𝟎}) = 𝑈 , there exists a neighborhood 𝑉  of 

𝐪 such that 𝐱(𝑉 ) is a regular surface. Now we define

𝛽(𝑡) = (∫ cos 𝜃(𝑡) 𝑑𝑡, ∫ sin 𝜃(𝑡) 𝑑𝑡, 0)

for 𝑡 ∈ 𝐼 , where

𝜃(𝑡) = ∫ 𝑘(𝑡) 𝑑𝑡.

Then 𝛽 : 𝐼 → ℝ3 is a parametrized plane curve having 𝑘(𝑡) as curvature by Exercise 9 of Sec. 1-5. Let 

𝐲(𝑡, 𝑣) = 𝛽(𝑡) + 𝑣𝛽′(𝑡), (𝑡, 𝑣) ∈ 𝐼 × (ℝ − {𝟎}) be a tangent surface of 𝛽. By Prop. 2 of Sec. 2-3, there exist 

neighborhoods 𝑉1, 𝑉2 of (𝑡0, 𝑣0) such that 𝐱(𝑉1) and 𝐲(𝑉2) are regular surfaces. Let 𝑉 = 𝑉1 ∩ 𝑉2 then 𝐱(𝑉 ) 
and 𝐲(𝑉 ) are both regular surfaces. Since the curvatures of 𝛼 and 𝛽 coincide, by Exercise 5, 𝐱(𝑉 ) is 
isometric to 𝐲(𝑉 ), which is an open set of the plane.
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7. (a) ⇒ (b): For all 𝐯 ∈ 𝑉 , |𝐅(𝐯)| = √⟨𝐅(𝐯), 𝐅(𝐯)⟩ = √⟨𝐯, 𝐯⟩ = |𝐯|.
(b) ⇒ (c): Suppose that {𝐯1, …, 𝐯𝑛} is an orthonormal basis in 𝑉 . Then |𝐅(𝐯𝑖)| = |𝐯𝑖| = 1, and

⟨𝐅(𝐯𝑖), 𝐅(𝐯𝑗)⟩ = 1
2
(|𝐅(𝐯𝑖) + 𝐅(𝐯𝑗)|

2 − |𝐅(𝐯𝑖)|
2 − |𝐅(𝐯𝑗)|

2)

= 1
2
(|𝐅(𝐯𝑖 + 𝐯𝑗)|

2 − |𝐅(𝐯𝑖)|
2 − |𝐅(𝐯𝑗)|

2)

= 1
2
(|𝐯𝑖 + 𝐯𝑗|

2 − |𝐯𝑖|
2 − |𝐯𝑗|

2) = ⟨𝐯𝑖, 𝐯𝑗⟩

implies that {𝐅(𝐯1), …, 𝐅(𝐯𝑛)} is an orthonormal set. The linear independence comes from

∑
𝑛

𝑖=1
𝑐𝑖𝐅(𝐯𝑖) = 0 ⟹  𝐅(∑

𝑛

𝑖=1
𝑐𝑖𝐯𝑖) = 0 ⟹  |∑

𝑛

𝑖=1
𝑐𝑖𝐯𝑖| = |𝐅(∑

𝑛

𝑖=1
𝑐𝑖𝐯𝑖)| = 0

 ⟹  ∑
𝑛

𝑖=1
𝑐𝑖𝐯𝑖 = 0 ⟹  𝑐𝑖 = 0 for all 1 ≤ 𝑖 ≤ 𝑛.

Note that 𝐅 is one-to-one, because

𝐅(𝐱) = 𝐅(𝐲) ⟹  𝐅(𝐱 − 𝐲) = 0 ⟹  |𝐱 − 𝐲| = |𝐅(𝐱 − 𝑦)| = 0 ⟹  𝐱 = 𝐲.

Since 𝑁  and 𝑊  are both 𝑛-dimensional vector spaces, 𝐅 is an onto map. Then for every 𝐰 ∈ 𝑊 ,

𝐰 = 𝐅(𝐯) = 𝐅(∑
𝑛

𝑖=1
𝑐𝑖𝐯𝑖) = ∑

𝑛

𝑖=1
𝑐𝑖𝐅(𝐯𝑖),

hence this set spans 𝑊 . Therefore {𝐅(𝐯1), …, 𝐅(𝐯𝑛)} is an orthonormal basis in 𝑊 .

(c) ⇒ (d): Since 𝑊  is a 𝑛-dimensional vector space, there is a basis {𝐰1, …, 𝐰𝑛} of 𝑉 . Then we can 

construct an orthonormal basis {𝐯1, …, 𝐯𝑛} from {𝐰1, …, 𝐰𝑛} by using the Gram–Schmidt process. By 

(𝑐), we can conclude that {𝐅(𝐯1), …, 𝐅(𝐯𝑛)} is an orthonormal basis in 𝑊 .

(d) ⇒ (a): There exists an orthonormal basis {𝐯1, …, 𝐯𝑛} in 𝑉  such that {𝐅(𝐯1), …, 𝐅(𝐯𝑛)} is an 

orthonormal basis in 𝑊 . For arbitrary vector 𝐱, 𝐲 ∈ 𝑉 , there exist scalars 𝑎𝑖, 𝑏𝑖 (1 ≤ 𝑖 ≤ 𝑛) such that

𝐱 = ∑
𝑛

𝑖=1
𝑎𝑖𝐯𝑖, 𝐲 = ∑

𝑛

𝑖=1
𝑏𝑖𝐯𝑖.

Then

⟨𝐅(𝐱), 𝐅(𝐲)⟩ = ⟨𝐅(∑
𝑛

𝑖=1
𝑎𝑖𝐯𝑖), 𝐅(∑

𝑛

𝑖=1
𝑏𝑗𝐯𝑗)⟩ = ⟨∑

𝑛

𝑖=1
𝑎𝑖𝐅(𝐯𝑖), ∑

𝑛

𝑗=1
𝑏𝑗𝐅(𝐯𝑗)⟩

= ∑
𝑛

𝑖=1
∑

𝑛

𝑗=1
𝑎𝑖𝑏𝑗⟨𝐅(𝐯𝑖), 𝐅(𝐯𝑗)⟩ = ∑

𝑛

𝑖=1
∑

𝑛

𝑗=1
𝑎𝑖𝑏𝑗𝟏𝑖=𝑗 = ∑

𝑛

𝑖=1
𝑎𝑖𝑏𝑖 = ⟨𝐱, 𝐲⟩.

8. Define 𝐅(𝐩) = 𝐆(𝐩) − 𝐆(𝟎). Then |𝐅(𝐩)| = |𝐆(𝐩) − 𝐆(𝟎)| = |𝐩 − 𝟎| = |𝐩|. Moreover, 𝐅 preserves the 

inner product of ℝ3 because

⟨𝐅(𝐩), 𝐅(𝐪)⟩ = 1
2
(|𝐅(𝐩)|2 + |𝐅(𝐪)|2 − |𝐅(𝐩) − 𝐅(𝐪)|2)

= 1
2
(|𝐩|2 + |𝐪|2 − |𝐆(𝐩) − 𝐆(𝐪)|2)

= 1
2
(|𝐩|2 + |𝐪|2 − |𝐩 − 𝐪|2) = ⟨𝐩, 𝐪⟩

for every vector 𝐩, 𝐪 ∈ ℝ3. Thus it maps the basis {𝐞1, 𝐞2, 𝐞3} of ℝ3 onto an orthonormal basis. For 𝐩 =
∑3

𝑖=1 𝑎𝑖𝐞𝑖, we have

⟨𝐅(𝐩), 𝐅(𝐞𝑖)⟩ = ⟨𝐩, 𝐞𝑖⟩ = 𝑎𝑖,

so 𝐅(𝐩) = ∑3
𝑖=1 𝑎𝑖𝐅(𝐞𝑖). Hence 𝐅 is a linear map, and by Exercise 7, 𝐅 is a linear isometry. Finally we 

can represent 𝐆 as

𝐆(𝐩) = 𝐅(𝐩) + 𝐆(𝟎) = 𝐅(𝐩) + 𝐩0
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for all 𝐩 ∈ ℝ3.

9. a. Since 𝜑 : 𝑆1 → 𝑆2 is an isometry, 𝜑 is a diffeomorphism and for all 𝐩1 ∈ 𝑆1 and 𝐰1, 𝐰2 ∈ 𝑇𝐩1
(𝑆1),

⟨𝐰1, 𝐰2⟩𝐩1
= ⟨𝑑𝜑𝐩1

(𝐰1), 𝑑𝜑𝐩1
(𝐰2)⟩𝜑(𝐩1)

.

Observe that 𝜑−1 : 𝑆2 → 𝑆1 is also a diffeomorphism. From 𝜑−1 ∘ 𝜑 = Id𝑆1
 and 𝜑 ∘ 𝜑−1 = Id𝑆2

,

𝑑(𝜑−1)
𝜑(𝐩1)

∘ 𝑑𝜑𝐩1
= 𝑑(Id𝑆1

)
𝐩1

= Id𝑇𝐩1(𝑆1), 𝑑𝜑𝜑−1(𝐩2) ∘ 𝑑(𝜑−1)
𝐩2

= 𝑑(Id𝑆2
)

𝐩2
= Id𝑇𝐩2(𝑆2)

For every 𝐩1 ∈ 𝑆1 and 𝐩2 ∈ 𝑆2. Hence 𝑑𝜑𝐩1
 is bijective for every 𝐩1 ∈ 𝑆1. Now given 𝐩2 ∈ 𝑆2 and 

𝐯1, 𝐯2 ∈ 𝑇𝐩2
(𝑆2), find 𝐰1, 𝐰2 ∈ 𝑇𝐩1

(𝑆1) such that 𝐯1 = 𝑑𝜑𝐩1
(𝐰1) and 𝐯2 = 𝑑𝜑𝐩1

(𝐰2) where 𝐩1 =
𝜑−1(𝐩2) ∈ 𝑆1. Then

⟨𝐯1, 𝐯2⟩𝐩2
= ⟨𝑑𝜑𝐩1

(𝐰1), 𝑑𝜑𝐩1
(𝐰2)⟩𝜑(𝐩1)

= ⟨𝐰1, 𝐰2⟩𝐩1
= ⟨𝑑(𝜑−1)

𝐩2
(𝐯1), 𝑑(𝜑−1)

𝐩2
(𝐯2)⟩

𝜑−1(𝐩2)
.

Therefore 𝜑−1 : 𝑆2 → 𝑆1 is also an isometry.

b. Since 𝜑 : 𝑆1 → 𝑆2, 𝜓 : 𝑆2 → 𝑆3 are isometries, 𝜑 and 𝜓 are diffeomorphisms and

⟨𝐰1, 𝐰2⟩𝐩1
= ⟨𝑑𝜑𝐩1

(𝐰1), 𝑑𝜑𝐩1
(𝐰2)⟩𝜑(𝐩1)

, for all 𝐩1 ∈ 𝑆1,  𝐰1, 𝐰2 ∈ 𝑇𝐩1
(𝑆1),

⟨𝐯1, 𝐯2⟩𝐩2
= ⟨𝑑𝜓𝐩2

(𝐯1), 𝑑𝜓𝐩2
(𝐯2)⟩𝜑(𝐩2)

, for all 𝐩2 ∈ 𝑆2,  𝐯1, 𝐯2 ∈ 𝑇𝐩2
(𝑆2).

Given 𝐩1 ∈ 𝑆1 and 𝐰1, 𝐰2 ∈ 𝑇𝐩1
(𝑆1), let 𝐯1 = 𝑑𝜑𝐩1

(𝐰1), 𝐯2 = 𝑑𝜑𝐩1
(𝐰2), and 𝐩2 = 𝜑(𝐩1), then

⟨𝑑(𝜓 ∘ 𝜑)𝐩1
(𝐰1), 𝑑(𝜓 ∘ 𝜑)𝐩1

(𝐰2)⟩(𝜓∘𝜑)(𝐩1)
= ⟨(𝑑𝜓𝜑(𝐩1) ∘ 𝑑𝜑𝐩1

)(𝐰1), (𝑑𝜓𝜑(𝐩1) ∘ 𝑑𝜑𝐩1
)(𝐰2)⟩𝜓(𝐩2)

= ⟨𝑑𝜓𝐩2
(𝐯1), 𝑑𝜓𝐩2

(𝐯2)⟩𝜓(𝐩2)
= ⟨𝐯1, 𝐯2⟩𝐩2

= ⟨𝑑𝜑𝐩1
(𝐰1), 𝑑𝜑𝐩1

(𝐰2)⟩𝜑(𝐩1)
= ⟨𝐰1, 𝐰2⟩𝐩1

.

Hence 𝜓 ∘ 𝜑 : 𝑆1 → 𝑆3 is also an isometry.

10. Let 𝜑 : 𝑆 → 𝑆 denote the rotation by a specific angle about its axis. We suppose that 𝐳̂ is the axis of 𝑆. 

By Exercise 11 of Sec. 2-3, 𝜑 is a diffeomorphism of 𝑆. It is possible to extend 𝜑 : 𝑆 → 𝑆 to a linear map 

𝜑∗ : ℝ3 → ℝ3, which is the rotation by the same angle with 𝜑. By Exercise 8 of Sec. 2-4,

𝑑𝜑𝐩(𝐰) = 𝜑(𝐰), 𝐩 ∈ 𝑆,  𝑤 ∈ 𝑇𝐩(𝑆).

Moreover, since |𝜑(𝐩)| = |𝐩| for every 𝐩 ∈ 𝑆, 𝜑 is a linear isometry. Hence

⟨𝑑𝜑𝐩(𝐰1), 𝑑𝜑𝐩(𝐰2)⟩ = ⟨𝜑(𝐰1), 𝜑(𝐰2)⟩ = ⟨𝐰1, 𝐰2⟩

for every 𝐩 ∈ 𝑆, 𝐰1, 𝐰2 ∈ 𝑇𝐩(𝑆). Therefore 𝜑 is an isometry.

11. a. Since 𝐅 is a distance-preserving map, there exists 𝐩0 ∈ ℝ3 and a linear isometry 𝐆 of the vector space 

ℝ3 such that

𝐅(𝐩) = 𝐆(𝐩) + 𝐩0, for all 𝐩 ∈ ℝ3

by Exercise 8. Now 𝐅|𝑆 : 𝑆 → 𝑆 is a restriction of diffeomorphism into a regular surface, so it is also 

a diffeomorphism. Note that

𝑑𝐅𝐩(𝐰) = 𝑑𝐆𝐩(𝐰) = 𝐆(𝐰)

since 𝐆 is linear. Then for every 𝐩 ∈ 𝑆 and 𝐰1, 𝐰2 ∈ 𝑇𝐩(𝑆), we have

⟨𝑑𝐅𝐩(𝐰1), 𝑑𝐅𝐩(𝐰2)⟩ = ⟨𝐆(𝐰1), 𝐆(𝐰2)⟩ = ⟨𝐰1, 𝐰2⟩.

Therefore 𝐹|𝑆 is an isometry of 𝑆.

b. Let 𝐅 be an orthogonal linear transformations of ℝ3. by Exercise 7(b), we have |𝐅(𝑥)| = |𝑥|. Hence

|𝐅(𝑥) − 𝐅(𝑦)| = |𝐅(𝑥 − 𝑦)| = |𝑥 − 𝑦|
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implies that 𝐅 is a distance-preserving map. Then 𝐅 becomes a diffeomorphism, since 𝐅 can be 

represented as 𝐅(𝐩) = 𝐆(𝐩) + 𝐩0 for some point 𝐩0 ∈ ℝ3 and linear isometry 𝐆. Finally, since 

|𝐅(𝐱)| = |𝐱|, we have 𝐅(𝑆) ⊂ 𝑆 for the unit sphere 𝑆 = {(𝑥, 𝑦, 𝑧) | 𝑥2 + 𝑦2 + 𝑧2 = 1}, thus 𝐅 is an 

isomtry of 𝑆 by (a).

c. We consider an isometry 𝜑 : 𝑆1 → 𝑆2 defined as 𝜑(𝑢, 𝑣) = (cos 𝑢, sin 𝑢, 𝑣) between a plane (0, 2𝜋) ×
(0, 1) and a cylinder {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑥2 + 𝑦2 = 1,  0 < 𝑧 < 1}. Let 𝐩 = (𝜋/2, 1/2) and 𝐪 = (3𝜋/2, 1/2) 
then we have

|𝜑(𝐩) − 𝜑(𝐪)| = |(1, 0, 1
2
) − (−1, 0, −1

2
)| = 2 < 𝜋 = |𝐩 − 𝐪|.

Therefore 𝜑 cannot be extended into distance-preserving map 𝐅 : ℝ3 → ℝ3.

𝐩 𝐪

𝑆1

𝜑
𝜑(𝐪) 𝜑(𝐩)

𝑆2

12. Let 𝐅 : ℝ3 → ℝ3 as 𝐅(𝑥, 𝑦, 𝑧) = (𝑥, −𝑦, −𝑧). Then 𝐅 is a distance-preserving diffeomorphism of ℝ3 because

|𝐅(𝑥, 𝑦, 𝑧) − 𝐅(𝑥′, 𝑦′, 𝑧′)| = |(𝑥, −𝑦, −𝑧) − (𝑥′, −𝑦′, −𝑧′)| = √(𝑥 − 𝑥′)2 + (−𝑦 + 𝑦′)2 + (−𝑧 + 𝑧′)2

= √(𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2 + (𝑧 − 𝑧′)2 = |(𝑥, 𝑦, 𝑧) − (𝑥′, 𝑦′, 𝑧′)|.

Since 𝐅(𝑆) ⊂ 𝑆, the restriction 𝜑 = 𝐅|𝐶 is an isometry of 𝐶 by Exercise 11(a). The fixed points of 𝜑 

satisfies (𝑥, 𝑦, 𝑧) = 𝜑(𝑥, 𝑦, 𝑧) = (𝑥, −𝑦, −𝑧), there are only two such points (1, 0, 0) and (−1, 0, 0).

13. (a) ⇒ (b): For all 𝐯 ∈ 𝑉 , |𝐆(𝐯)| = √⟨𝐆(𝐯), 𝐆(𝐯)⟩ = √𝜆2⟨𝐯, 𝐯⟩ = |𝜆||𝐯|, where |𝜆| > 0 is a constant.

(b) ⇒ (c): Since 𝑊  is a 𝑛-dimensional vector space, there is a basis {𝐰1, …, 𝐰𝑛} of 𝑉 . Then we can 

construct an orthonormal basis {𝐯1, …, 𝐯𝑛} from {𝐰1, …, 𝐰𝑛} by using the Gram–Schmidt process. Then 

{𝐆(𝐯1), …, 𝐆(𝐯𝑛)} is ab orthogonal set because

⟨𝐆(𝐯𝑖), 𝐆(𝐯𝑗)⟩ = 1
2
(|𝐆(𝐯𝑖) + 𝐆(𝐯𝑗)|

2 − |𝐆(𝐯𝑖)|
2 − |𝐆(𝐯𝑗)|

2)

= 1
2
(|𝐆(𝐯𝑖 + 𝐯𝑗)|

2 − |𝐆(𝐯𝑖)|
2 − |𝐆(𝐯𝑗)|

2)

= 1
2
(𝜆2|𝐯𝑖 + 𝐯𝑗|

2 − 𝜆2|𝐯𝑖|
2 − 𝜆2|𝐯𝑗|

2) = 𝜆2⟨𝐯𝑖, 𝐯𝑗⟩.

Now we assert that {𝐆(𝐯1), …, 𝐆(𝐯𝑛)} is a basis of 𝑊 . Linearly independence can be shown by

∑
𝑛

𝑖=1
𝑐𝑖𝐆(𝐯𝑖) = 0 ⟹  𝐆(∑

𝑛

𝑖=1
𝑐𝑖𝐯𝑖) = 0 ⟹  |∑

𝑛

𝑖=1
𝑐𝑖𝐯𝑖| = 1

𝜆
|𝐆(∑

𝑛

𝑖=1
𝑐𝑖𝐯𝑖)| = 0

 ⟹  ∑
𝑛

𝑖=1
𝑐𝑖𝐯𝑖 = 0 ⟹  𝑐𝑖 = 0 for all 1 ≤ 𝑖 ≤ 𝑛.

Note that 𝐆 is one-to-one, because

𝐆(𝐱) = 𝐆(𝐲) ⟹  𝐆(𝐱 − 𝐲) = 0 ⟹  |𝐱 − 𝐲| = 1
𝜆

|𝐆(𝐱 − 𝑦)| = 0 ⟹  𝐱 = 𝐲.

Since 𝑁  and 𝑊  are both 𝑛-dimensional vector spaces, 𝐆 is an onto map. Then for every 𝐰 ∈ 𝑊 ,

𝐰 = 𝐆(𝐯) = 𝐆(∑
𝑛

𝑖=1
𝑐𝑖𝐯𝑖) = ∑

𝑛

𝑖=1
𝑐𝑖𝐆(𝐯𝑖),

hence this set spans 𝑊 . Therefore {𝐆(𝐯1), …, 𝐆(𝐯𝑛)} is an orthogonal basis in 𝑊 . Note that

|𝐆(𝐯𝑖)| = 𝜆|𝐯𝑖| = 𝜆,
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so the vectors 𝐆(𝐯𝑖), 1 ≤ 𝑖 ≤ 𝑛, have the same nonzero length.

(c) ⇒ (a): There exists an orthonormal basis {𝐯1, …, 𝐯𝑛} in 𝑉  such that {𝐆(𝐯1), …, 𝐆(𝐯𝑛)} is an 

orthogonal basis in 𝑊 . For arbitrary vector 𝐱, 𝐲 ∈ 𝑉 , there exist scalars 𝑎𝑖, 𝑏𝑖 (1 ≤ 𝑖 ≤ 𝑛) such that

𝐱 = ∑
𝑛

𝑖=1
𝑎𝑖𝐯𝑖, 𝐲 = ∑

𝑛

𝑖=1
𝑏𝑖𝐯𝑖.

Let 𝜆 > 0 be the same nonzero length of 𝐆(𝐯𝑖), 1 ≤ 𝑖 ≤ 𝑛. Then

⟨𝐆(𝐱), 𝐆(𝐲)⟩ = ⟨𝐆(∑
𝑛

𝑖=1
𝑎𝑖𝐯𝑖), 𝐆(∑

𝑛

𝑖=1
𝑏𝑗𝐯𝑗)⟩ = ⟨∑

𝑛

𝑖=1
𝑎𝑖𝐆(𝐯𝑖), ∑

𝑛

𝑗=1
𝑏𝑗𝐆(𝐯𝑗)⟩

= ∑
𝑛

𝑖=1
∑

𝑛

𝑗=1
𝑎𝑖𝑏𝑗⟨𝐆(𝐯𝑖), 𝐆(𝐯𝑗)⟩ = ∑

𝑛

𝑖=1
∑

𝑛

𝑗=1
𝑎𝑖𝑏𝑗𝜆2𝟏𝑖=𝑗 = 𝜆2 ∑

𝑛

𝑖=1
𝑎𝑖𝑏𝑖 = 𝜆2⟨𝐱, 𝐲⟩.

14. First suppose that 𝜑 is locally conformal. Then for every 𝐩 ∈ 𝑆1, there exists a neighborhood 𝑉  of 𝐩 and 

𝑉  of 𝜑(𝐩) such that 𝜑|𝑉 : 𝑉 → 𝑉  is a conformal map. Then for every 𝐩 ∈ 𝑉  and 𝐯1, 𝐯2 ∈ 𝑇𝐩(𝑆1),

⟨𝑑𝜑𝐩(𝐯1), 𝑑𝜑𝐩(𝐯2)⟩ = 𝜆2(𝐩)⟨𝐯1, 𝐯2⟩𝐩.

Thus

cos(𝑑𝜑𝐩(𝐯1), 𝑑𝜑𝐩(𝐯2)) =
⟨𝑑𝜑𝐩(𝐯1), 𝑑𝜑𝐩(𝐯2)⟩
|𝑑𝜑𝐩(𝐯1)||𝑑𝜑𝐩(𝐯2)|

=
𝜆2(𝐩)⟨𝐯1, 𝐯2⟩𝐩

𝜆2(𝐩)|𝐯1||𝐯2|
= cos(𝐯1, 𝐯2),

so 𝜑 preserves angles.

Conversely, suppose that 𝜑 preserves angles. Given 𝐩 ∈ 𝑆1 and given 𝐯1, 𝐯2 ∈ 𝑇𝐩(𝑆1), let {𝐞1, 𝐞2} be 

the orthonormal basis of 𝑇𝐩(𝑆1). Since 𝐞1 and 𝐞2 are perpendicular, 𝑑𝜑𝐩(𝐞1) and 𝑑𝜑𝐩(𝐞2) are also 

perpendicular. Since 𝑑𝜑𝐩 is linear,

 ⟨𝐞1 + 𝐞2, 𝐞1 − 𝐞2⟩ = |𝐞1|
2 − |𝐞2|

2 = 1 − 1 = 0
 ⟹  cos(𝐞1 + 𝐞2, 𝐞1 − 𝐞2) = 0

 ⟹  cos(𝑑𝜑𝐩(𝐞1 + 𝐞2), 𝑑𝜑𝐩(𝐞1 − 𝐞2)) = 0

 ⟹  ⟨𝑑𝜑𝐩(𝐞1 + 𝐞2), 𝑑𝜑𝐩(𝐞1 − 𝐞2)⟩ = |𝑑𝜑𝐩(𝐞1)|
2 − |𝑑𝜑𝐩(𝐞2)|

2 = 0.

Hence |𝑑𝜑𝐩(𝐞1)| = |𝑑𝜑𝐩(𝐞2)|, and we define 𝜆(𝐩) > 0 as this common value. Then for every point 𝐯 =
𝑎𝐞1 + 𝑏𝐞2 ∈ 𝑇𝐩(𝑆1),

|𝑑𝜑𝐩(𝐯)| = |𝑎 ⋅ 𝑑𝜑𝐩(𝐞1) + 𝑏 ⋅ 𝑑𝜑𝐩(𝐞2)|

= √𝑎2|𝑑𝜑𝐩(𝐞1)|
2 + 𝑏2|𝑑𝜑𝐩(𝐞2)|

2

= |𝑑𝜑𝐩(𝐞1)|√𝑎2 + 𝑏2 = 𝜆(𝐩)|𝐯|.

Therefore for every 𝐩 ∈ 𝑆1 and 𝐯1, 𝐯2 ∈ 𝑇𝐩(𝑆1),

⟨𝑑𝜑𝐩(𝐯1), 𝑑𝜑𝐩(𝐯2)⟩ =
|𝑑𝜑𝐩(𝐯1)||𝑑𝜑𝐩(𝐯2)|

|𝐯1||𝐯2|
⟨𝐯1, 𝐯2⟩𝐩 = 𝜆(𝐩)2⟨𝐯1, 𝐯2⟩𝐩,

so 𝜑 is locally conformal.

15. Fix 𝐩 ∈ ℝ2 − 𝑄. Given 𝐰1 ∈ ℝ2, there exists a parametrized curve 𝛼1 : (−𝜀, 𝜀) → ℝ2 such that

𝐰1 = 𝛼′
1(0) = (𝑥′

1(0), 𝑦′
1(0)).

Then

𝑑𝜑𝐩(𝐰1) = (𝜑 ∘ 𝛼1)
′(0) = 𝑑

𝑑𝑡
(𝐮(𝑥1(𝑡), 𝑦1(𝑡)), 𝐯(𝑥1(𝑡), 𝑦1(𝑡)))|

𝑡=0

= (𝐮𝑥𝑥′
1(0) + 𝐮𝑦𝑦′

1(0), 𝐯𝑥𝑥′
1(0) + 𝐯𝑦𝑦′

1(0)).

Similarly, 𝐰2 = (𝑥′
2(0), 𝑦′

2(0)) then 𝑑𝜑𝐩(𝐰2) = (𝐮𝑥𝑥′
2(0) + 𝐮𝑦𝑦′

2(0), 𝐯𝑥𝑥′
2(0) + 𝐯𝑦𝑦′

2(0)). Therefore

80



⟨𝑑𝜑𝐩(𝐰1), 𝑑𝜑𝐩(𝐰2)⟩ = ⟨(𝐮𝑥𝑥′
1 + 𝐮𝑦𝑦′

1, 𝐯𝑥𝑥′
1 + 𝐯𝑦𝑦′

1), (𝐮𝑥𝑥′
2 + 𝐮𝑦𝑦′

2, 𝐯𝑥𝑥′
2 + 𝐯𝑦𝑦′

2)⟩

= 𝐮2
𝑥𝑥′

1𝑥′
2 + 𝐮𝑥𝐮𝑦(𝑥′

1𝑦′
2 + 𝑦′

1𝑥′
2) + 𝐮2

𝑦𝑦′
1𝑦′

2

+𝐯2
𝑥𝑥′

1𝑥′
2 + 𝐯𝑥𝐯𝑦(𝑥′

1𝑦′
2 + 𝑦′

1𝑥′
2) + 𝐯2

𝑦𝑦′
1𝑦′

2

= (𝐮2
𝑥 + 𝐯2

𝑥)𝑥′
1𝑥′

2 + (𝐮𝑥𝐮𝑦 + 𝐯𝑥𝐯𝑦)(𝑥′
1𝑦′

2 + 𝑦′
1𝑥′

2) + (𝐮2
𝑦 + 𝐯2

𝑦)𝑦′
1𝑦′

2.

The Cauchy-Riemann equations 𝐮𝑥 = 𝐯𝑦,  𝐮𝑦 = −𝐯𝑥 imply that

𝐮2
𝑥 = 𝐯2

𝑦, 𝐮𝑥𝐮𝑦 + 𝐯𝑥𝐯𝑦 = 0, 𝐯2
𝑥 = 𝐮2

𝑦.

Therefore

⟨𝑑𝜑𝐩(𝐰1), 𝑑𝜑𝐩(𝐰2)⟩ = (𝐮2
𝑥 + 𝐮2

𝑦)(𝑥′
1𝑥′

2 + 𝑦′
1𝑦′

2) = (𝐮2
𝑥 + 𝐮2

𝑦)⟨𝐰1, 𝐰2⟩.

By letting 𝜆2(𝐩) = (𝐮2
𝑥 + 𝐮2

𝑦) > 0, we conclude that 𝜑 is a local conformal map from ℝ2 − 𝑄 to ℝ.

16. This change of parameters 𝑢 = log tan 𝜃/2 and 𝑣 = 𝜑 is possible since the map is one-to-one and the 

Jacobian

𝜕(𝑢, 𝑣)
𝜕(𝜃, 𝜑)

= csc 𝜃 > 0

is nonzero everywhere. tan 𝜃/2 = 𝑒𝑢 implies

cos 𝜃 = 1 − tan2 𝜃/2
1 + tan2 𝜃/2

= 1 − 𝑒2𝑢

1 + 𝑒2𝑢 = −𝑒𝑢 − 𝑒−𝑢

𝑒𝑢 + 𝑒−𝑢 = − tanh 𝑢,

sin 𝜃 = 2 tan 𝜃/2
1 + tan2 𝜃/2

= 2𝑒𝑢

1 + 𝑒2𝑢 = 2
𝑒𝑢 + 𝑒−𝑢 = sech 𝑢.

Therefore the new parametrization of the coordinate neighborhood 𝐱(𝑈) = 𝑉  is given by

𝐲(𝑢, 𝑣) = (sech 𝑢 cos 𝑣, sech 𝑢 sin 𝑣, − tanh 𝑢).

Since

𝐲𝑢 = (− sech 𝑢 tanh 𝑢 cos 𝑣, − sech 𝑢 tanh 𝑢 sin 𝑣, − sech2 𝑢), 𝐲𝑣 = (− sech 𝑢 sin 𝑣, sech 𝑢 cos 𝑣, 0),

We obtain 𝐸 = sech2 𝑢 tanh2 𝑢 + sech4 𝑢 = sech2 𝑢,  𝐹 = 0,  𝐺 = sech2 𝑢.
Note  We can change of parameters by 𝑢 = −𝑢 to obtain the parametrization 𝐲 given in the text.

17. The loxodromes make a constant angle with the meridians of the sphere. Under Mercator’s projection, 

the meridians go into parallel straight lines in the plane. Since Mercator’s projection is conformal, the 

loxodromes also go into straight lines. Recall that the angles are preserved by conformal maps. Thus the 

sum of the interior angles of the triangle in the sphere is the same as the sum of the interior angles of a 

rectilinear plane triangle, which is 𝜋.

18. Since 𝜑 is conformal, it is a diffeomorphism and for any 𝐩 ∈ 𝑆, 𝐰1, 𝐰2 ∈ 𝑇𝐩(𝑆),

⟨𝑑𝜑𝐩(𝐰1), 𝑑𝜑𝐩(𝐰2)⟩𝜑(𝐩)
= 𝜆2(𝐩)⟨𝐰1, 𝐰2⟩𝐩.

Fix 𝐩 ∈ 𝑆 and 𝐱 : 𝑈 → 𝑆 be the parametrization of 𝑆 at 𝐩, then 𝜑 ∘ 𝐱 : 𝑈 → 𝑆 is the parametrization of 

𝑆 at 𝜑(𝐩). Since 𝜑 is area preserving, for any region 𝑅 ⊂ 𝑆,

∬
𝑄

|𝐱𝑢 ∧ 𝐱𝑣| 𝑑𝑢 𝑑𝑣 = ∬
𝑄

|(𝜑 ∘ 𝐱)𝑢 ∧ (𝜑 ∘ 𝐱)𝑣| 𝑑𝑢 𝑑𝑣, 𝑄 = 𝐱−1(𝑅).

Observe that

|(𝜑 ∘ 𝐱)𝑢 ∧ (𝜑 ∘ 𝐱)𝑣|
2 = |𝑑𝜑(𝐱𝑢) ∧ 𝑑𝜑(𝐱𝑣)|

2

= |𝑑𝜑(𝐱𝑢)|2|𝑑𝜑(𝐱𝑣)|
2 − ⟨𝑑𝜑(𝐱𝑢), 𝑑𝜑(𝐱𝑣)⟩

2

= 𝜆4|𝐱𝑢|2|𝐱𝑣|
2 − 𝜆4⟨𝐱𝑢, 𝐱𝑣⟩

2 = 𝜆4|𝐱𝑢 ∧ 𝐱𝑣|
2.

Therefore the equation
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∬
𝑄

(𝜆2 − 1)|𝐱𝑢 ∧ 𝐱𝑣| 𝑑𝑢 𝑑𝑣 = 0, 𝑄 = 𝐱−1(𝑅)

holds for any region 𝑅; hence we have 𝜆(𝐩) ≡ 1 for every 𝐩 ∈ 𝑆. This implies that 𝜑 is an isometry.

19. It is easy to see that 𝜑 : 𝑀 → 𝐶 is given as

𝜑(𝑥, 𝑦, 𝑧) = ( 𝑥
√𝑥2 + 𝑦2

, 𝑦
√𝑥2 + 𝑦2

, 𝑧),

and it is a diffeomorphism. Let 𝐱(𝜃, 𝜑) = (sin 𝜃 cos 𝜑, sin 𝜃 sin 𝜑, cos 𝜃), (0 < 𝜃 < 𝜋, 0 < 𝜑 < 2𝜋) be a 

parametrization for the sphere. Then we have

𝐱𝜃 = (cos 𝜃, cos 𝜑, cos 𝜃, sin 𝜑, − sin 𝜃),  𝐱𝜑 = (− sin 𝜃, sin 𝜑, sin 𝜃, cos 𝜑, 0)

so

𝐸 = 1,  𝐹 = 0,  𝐺 = sin2 𝜃,  
√

𝐸𝐺 − 𝐹 2 = sin 𝜃.

Observe that the map 𝐱(𝜃, 𝜑) = (cos 𝜑, sin 𝜑, cos 𝜃) given by 𝐱 = 𝜑 ∘ 𝐱 is a parametrization for the 

circumscribed cylinder 𝐶. Moreover, we have

𝐱𝜃 = (0, 0, − sin 𝜃),  𝐱𝜑 = (− sin 𝜑, cos 𝜑, 0) ⟹  𝐸 = sin2 𝜃,  𝐹 = 0,  𝐺 = 1,  √𝐸𝐺 − 𝐹 2 = sin 𝜃.

Then 𝜑 is an area-preserving diffeomorphism because for any region 𝑅 ⊂ 𝑆,

𝐴(𝑅) = ∬
𝑄

√
𝐸𝐺 − 𝐹 2 𝑑𝜃 𝑑𝜑 = ∬

𝑄

√𝐸𝐺 − 𝐹 2 𝑑𝜃 𝑑𝜑 = 𝐴(𝜑(𝑅)), 𝑄 = 𝐱−1(𝑅).

20. a. Observe that 𝜑 is differentiable. Given 𝐪 = (𝑢0, 𝑣0), we have

𝑑𝜑𝐪 =
(


1

0

0
√𝑓′(𝑣0)2+𝑔′(𝑣0)2

𝑓(𝑣0) )
, det(𝑑𝜑𝐪) =

√𝑓 ′(𝑣0)
2 + 𝑔′(𝑣0)

2

𝑓(𝑣0)
> 0.

By inverse function theorem, there exists a neighborhood 𝑊1 of 𝐪 and 𝑊2 of 𝜑(𝐪) such that 𝜑|𝑊1
:

𝑊1 → 𝑊2 is a diffeomorphism. Hence 𝜑 is a local diffeomorphism.

b. We define a new parametrization 𝐱 : 𝑊2 ⊂ 𝜑(𝑈) → 𝑆 for 𝑆 as 𝐱 = 𝐱 ∘ 𝜑−1, that is,

(𝑢, 𝑣) = 𝜑(𝑢, 𝑣) = (𝑢, ∫
√𝑓 ′(𝑣)2 + 𝑔′(𝑣)2

𝑓(𝑣)
𝑑𝑣) and 𝐱(𝑢, 𝑣) = 𝐱(𝑢, 𝑣).

Since

𝐱𝑢 = (−𝑓(𝑣) sin 𝑢, 𝑓(𝑣) cos 𝑢, 0), 𝐱𝑣 = (𝑓 ′(𝑣) cos 𝑢, 𝑓 ′(𝑣) sin 𝑢, 𝑔′(𝑣)) ⋅ 𝑑𝑣
𝑑𝑣

,

we have 𝐸 = 𝑓(𝑣)2,  𝐹 = 0, and

𝐺 = (𝑓 ′(𝑣)2 + 𝑔′(𝑣))2(𝑑𝑣
𝑑𝑣

)
2

= (𝑓 ′(𝑣)2 + 𝑔′(𝑣))2(
√𝑓 ′(𝑣)2 + 𝑔′(𝑣)2

𝑓(𝑣)
)

−2

= 𝑓(𝑣)2.

Therefore 𝜃 = 𝐱−1 : 𝐱(𝑊1) → 𝑊2 is a local conformal map. Note that 𝜃 takes the parallels and the 

meridians of the neighborhood 𝑉  into an orthogonal system of straight lines in 𝜃(𝑉 ) ⊂ ℝ2.
c. 𝜓 is differentiable, and given 𝐪 = (𝑢0, 𝑣0), we have

𝑑𝜓𝐪 = (
1
0

0
𝑓(𝑣0)√𝑓 ′(𝑣0)

2 + 𝑔′(𝑣0)
2), det(𝑑𝜓𝐪) = 𝑓(𝑣0)√𝑓 ′(𝑣0)

2 + 𝑔′(𝑣0)
2 > 0.

By inverse function theorem, there exists a neighborhood 𝑊1 of 𝐪 and 𝑊2 of 𝜓(𝐪) such that 𝜓|𝑊1
:

𝑊1 → 𝑊2 is a diffeomorphism. Hence 𝜓 is a local diffeomorphism.

d. Similar to part (c), we define a new parametrization 𝐱 : 𝑊2 ⊂ 𝜓(𝑈) → 𝑆 for 𝑆 as 𝐱 = 𝐱 ∘ 𝜓−1, that is,
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(𝑢, 𝑣) = 𝜑(𝑢, 𝑣) = (𝑢, ∫ 𝑓(𝑣)√𝑓 ′(𝑣)2 + 𝑔′(𝑣)2 𝑑𝑣) and 𝐱(𝑢, 𝑣) = 𝐱(𝑢, 𝑣).

Since

𝐱𝑢 = (−𝑓(𝑣) sin 𝑢, 𝑓(𝑣) cos 𝑢, 0), 𝐱𝑣 = (𝑓 ′(𝑣) cos 𝑢, 𝑓 ′(𝑣) sin 𝑢, 𝑔′(𝑣)) ⋅ 𝑑𝑣
𝑑𝑣

,

we have 𝐸 = 𝑓(𝑣)2,  𝐹 = 0, and

𝐺 = (𝑓 ′(𝑣)2 + 𝑔′(𝑣))2(𝑑𝑣
𝑑𝑣

)
2

= (𝑓 ′(𝑣)2 + 𝑔′(𝑣))2(𝑓(𝑣)√𝑓 ′(𝑣)2 + 𝑔′(𝑣)2)
−2

= 1
𝑓(𝑣)2 .

Then 
√

𝐸𝐺 − 𝐹 2 = 1, thus 𝜃 = 𝐱−1 : 𝐱(𝑊1) → 𝑊2 is an area-preserving map into a plane.

4-3. The Gauss Theorem and the Equations of Compatibility

1. Since 𝐹 = 0, the Christoffel symbols are given by

Γ1
 11 = 𝐸𝑢

2𝐸
, Γ2

 11 = −𝐸𝑣
2𝐺

, Γ1
 12 = 𝐸𝑣

2𝐸
, Γ2

 12 = 𝐺𝑢
2𝐺

, Γ1
 22 = −𝐺𝑢

2𝐸
, Γ2

 22 = 𝐺𝑣
2𝐺

.

Hence the Gaussian curvature 𝐾 equals

𝐾 = − 1
𝐸

((Γ2
 12)𝑢

− (Γ2
 11)𝑣

+ Γ1
 12Γ2

 11 + Γ2
 12Γ2

 12 − Γ2
 11Γ2

 22 − Γ1
 11Γ2

 12)

= − 1
𝐸

(𝐺𝑢𝑢𝐺 − 𝐺2
𝑢

2𝐺2 + 𝐸𝑣𝑣𝐺 − 𝐸𝑣𝐺𝑣
2𝐺2 − 𝐸2

𝑣
4𝐸𝐺

+ 𝐺2
𝑢

2𝐺2 + 𝐸𝑣𝐺𝑣
4𝐺2 − 𝐸𝑢𝐺𝑢

4𝐸𝐺
)

= − 𝐺𝑢𝑢
2𝐸𝐺

+ 𝐺2
𝑢

4𝐸𝐺2 − 𝐸𝑣𝑣
2𝐸𝐺

+ 𝐸𝑣𝐺𝑣
4𝐸𝐺2 + 𝐸2

𝑣
4𝐸𝐺

+ 𝐸𝑢𝐺𝑢
4𝐸2𝐺

.

Therefore

− 1
2
√

𝐸𝐺
{( 𝐸𝑣√

𝐸𝐺
)

𝑣
+ ( 𝐺𝑢√

𝐸𝐺
)

𝑢
}

= − 1
2
√

𝐸𝐺{

𝐸𝑣𝑣

√
𝐸𝐺 − 𝐸𝑣

𝐸𝑣𝐺+𝐸𝐺𝑣
2
√

𝐸𝐺
𝐸𝐺

+
𝐺𝑢𝑢

√
𝐸𝐺 − 𝐺𝑢

𝐸𝑢𝐺+𝐸𝐺𝑢
2
√

𝐸𝐺
𝐸𝐺

}



= − 𝐸𝑣𝑣
2𝐸𝐺

+ 𝐸𝑣(𝐸𝑣𝐺 + 𝐸𝐺𝑣)
4𝐸2𝐺2 − 𝐺𝑢𝑢

2𝐸𝐺
+ 𝐺𝑢(𝐸𝑢𝐺 + 𝐸𝐺𝑢)

4𝐸2𝐺2

= − 𝐺𝑢𝑢
2𝐸𝐺

+ 𝐺2
𝑢

4𝐸𝐺2 − 𝐸𝑣𝑣
2𝐸𝐺

+ 𝐸𝑣𝐺𝑣
4𝐸𝐺2 + 𝐸2

𝑣
4𝐸𝐺

+ 𝐸𝑢𝐺𝑢
4𝐸2𝐺

= 𝐾.

2. Since 𝐹 = 0, we can use Exercise 1.

𝐾 = − 1
2
√

𝐸𝐺
{( 𝐸𝑣√

𝐸𝐺
)

𝑣
+ ( 𝐺𝑢√

𝐸𝐺
)

𝑢
} = − 1

2𝜆
{(𝜆𝑣

𝜆
)

𝑣
+ (𝜆𝑢

𝜆
)

𝑢
}

= − 1
2𝜆

{(log 𝜆)𝑢𝑢 + (log 𝜆)𝑣𝑣} = − 1
2𝜆

Δ(log 𝜆).

If 𝐸 = 𝐺 = (𝑢2 + 𝑣2 + 𝑐)−2
 and 𝐹 = 0, then log 𝜆 = −2 log(𝑢2 + 𝑣2 + 𝑐), hence

𝐾 = − 1
2𝜆

Δ(log 𝜆) = −
(𝑢2 + 𝑣2 + 𝑐)2

2
(−2 ⋅ (

2(−𝑢2 + 𝑣2 + 𝑐)
(𝑢2 + 𝑣2 + 𝑐)2 +

2(𝑢2 − 𝑣2 + 𝑐)
(𝑢2 + 𝑣2 + 𝑐)2 ))

= (𝑢2 + 𝑣2 + 𝑐)2 ⋅ 4𝑐
(𝑢2 + 𝑣2 + 𝑐)2 = 4𝑐.

3. First consider the surface 𝐱(𝑢, 𝑣) = (𝑢 cos 𝑣, 𝑢 sin 𝑣, log 𝑢). Since
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𝐱𝑢 = (cos 𝑣, sin 𝑣, 1
𝑢

),  𝐱𝑣 = (−𝑢 sin 𝑣, 𝑢 cos 𝑣, 0),

 𝐱𝑢𝑢 = (0, 0, − 1
𝑢2 ),  𝐱𝑢𝑣 = (− sin 𝑣, cos 𝑣, 0),  𝐱𝑣𝑣 = (−𝑢 cos 𝑣, −𝑢 sin 𝑣, 0),

the coefficients of the first and second fundamental forms are

𝐸 = 1 + 1
𝑢2 ,  𝐹 = 0,  𝐺 = 𝑢2,  

√
𝐸𝐺 − 𝐹 2 = √𝑢2 + 1,  𝑒 = − 1

𝑢
√

𝑢2 + 1
,  𝑓 = 0,  𝑔 = 𝑢√

𝑢2 + 1
.

Therefore the Gaussian curvature of 𝐱(𝑈) is

𝐾 = 𝑒𝑔 − 𝑓2

𝐸𝐺 − 𝐹 2 =
−1/(𝑢2 + 1)

𝑢2 + 1
= − 1

(𝑢2 + 1)2 .

Similarly, the derivatives of the surface 𝐱(𝑢, 𝑣) = (𝑢 cos 𝑣, 𝑢 sin 𝑣, 𝑣) are

𝐱𝑢 = (cos 𝑣, sin 𝑣, 0),  𝐱𝑣 = (−𝑢 sin 𝑣, 𝑢 cos 𝑣, 1),
 𝐱𝑢𝑢 = (0, 0, 0),  𝐱𝑢𝑣 = (− sin 𝑣, cos 𝑣, 0),  𝐱𝑣𝑣 = (−𝑢 cos 𝑣, −𝑢 sin 𝑣, 0),

the coefficients of the first and second fundamental forms are

𝐸 = 1,  𝐹 = 0,  𝐺 = 𝑢2 + 1,  √𝐸𝐺 − 𝐹 2 = √𝑢2 + 1,  𝑒 = 0,  𝑓 = 1√
𝑢2 + 1

,  𝑔 = 0.

Hence the Gaussian curvature of 𝐱(𝑈) is

𝐾 = 𝑒𝑔 − 𝑓2

𝐸𝐺 − 𝐹 2
=

−1/(𝑢2 + 1)
𝑢2 + 1

= − 1
(𝑢2 + 1)2 .

Therefore the surfaces 𝐱(𝑈) and 𝐱(𝑈) have equal Gaussian curvature at the points 𝐱(𝑢, 𝑣) and 𝐱(𝑢, 𝑣). 
However, 𝐱 ∘ 𝐱−1 is not an isometry because (𝐸, 𝐹 , 𝐺) ≠ (𝐸, 𝐹 , 𝐺). This shows that the converse of the 

Gauss theorem is not true.

4. Let 𝕊2
𝑟 be a sphere of radius 𝑟, and let 𝑃  be a plane. Given a point 𝐩 ∈ 𝕊2

𝑟, suppose that there exists a 

neighborhood 𝑉  of 𝐩 in 𝕊2
𝑟 and 𝜑 : 𝑉 → 𝜑(𝑉 ) ⊂ ℝ2 such that 𝜑 is an isometry into a plane. By Theorema 

Egregium, the Gaussian curvature 𝐾(𝐩) at 𝐩 ∈ 𝕊2
𝑟 is equal to the Gaussian curvature 𝐾(𝜑(𝐩)) at 𝜑(𝐩) ∈

ℝ2. However, 𝐾(𝐩) = 1/𝑟2 and 𝐾(𝜑(𝐩)) = 0 leads to a contradiction. Therefore no neighborhood of a 

point in a sphere may be isometrically mapped into a plane.

5. Since 𝐸 = 𝐺 = 1 and 𝐹 = cos 𝜃, we obtain three pairs of equations

{Γ1
 11 + Γ2

 11 cos 𝜃 = 0
Γ1

 11 cos 𝜃 + Γ2
 11 = −𝜃𝑢 sin 𝜃, {Γ1

 12 + Γ2
 12 cos 𝜃 = 0

Γ1
 12 cos 𝜃 + Γ2

 12 = 0, {Γ1
 22 + Γ2

 22 cos 𝜃 = −𝜃𝑣 sin 𝜃
Γ1

 22 cos 𝜃 + Γ2
 22 = 0.

Then we obtain

Γ1
 11 = 𝜃𝑢

tan 𝜃
, Γ2

 11 = − 𝜃𝑢
sin 𝜃

, Γ1
 12 = Γ2

 12 = 0, Γ1
 22 = − 𝜃𝑣

sin 𝜃
, Γ2

 22 = 𝜃𝑣
tan 𝜃

.

Therefore

𝐾 = − 1
𝐸

((Γ2
 12)𝑢

− (Γ2
 11)𝑣

+ Γ1
 12Γ2

 11 + Γ2
 12Γ2

 12 − Γ2
 11Γ2

 22 − Γ1
 11Γ2

 12)

= (− 𝜃𝑢
sin 𝜃

)
𝑣

− 𝜃𝑢
sin 𝜃

⋅ 𝜃𝑣
tan 𝜃

= −𝜃𝑢𝑣 sin 𝜃 − 𝜃𝑢𝜃𝑣 cos 𝜃
sin2 𝜃

− 𝜃𝑢𝜃𝑣 cos 𝜃
sin2 𝜃

= − 𝜃𝑢𝑣
sin 𝜃

.

6. Suppose that there exists a surface 𝑥(𝑢, 𝑣) such that 𝐸 = 𝐺 = 1, 𝐹 = 0 and 𝑒 = 1, 𝑔 = −1, 𝑓 = 0. Then

𝐾 = 𝑒𝑔 − 𝑓2

𝐸𝐺 − 𝐹 2 = −1
1

= −1.

On the other hand, since 𝐹 = 0, we can apply the result of Exercise 1. Then we get

𝐾 = −1
2
{0 + 0} = 0,
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which is a contradiction. Therefore there exists no such surface.

7. No. Suppose that there exists a surface 𝐱(𝑢, 𝑣) with

𝐸 = 1,  𝐹 = 0,  𝐺 = cos2 𝑢,  𝑒 = cos2 𝑢,  𝑓 = 0,  𝑔 = 1.

Then this surface must satisfy the Mainardi-Codazzi equations. Since 𝐹 = 𝑓 = 0, the Mainardi-Codazzi 

equations can be simplified into the following forms:

𝑒𝑣 = 𝐸𝑣
2

( 𝑒
𝐸

+ 𝑔
𝐺

), 𝑔𝑢 = 𝐺𝑢
2

( 𝑒
𝐸

+ 𝑔
𝐺

).

However, 𝑔𝑢 = 0 and 
𝐺𝑢
2 ( 𝑒

𝐸 + 𝑔
𝐺) = − cos 𝑢 sin 𝑢(cos2 𝑢 + 1

cos2 𝑢), so 𝐱 doesn’t satisfy the Mainardi-

Codazzi equations. Therefore there is no such surface.

8. a. Let 𝐱(𝑢, 𝑣) = (𝑢, 𝑣, 0) be the parametrization for the plane in Cartesian coordinates. Then 𝐱𝑢𝑢 =
𝐱𝑢𝑣 = 𝐱𝑣𝑣 = (0, 0, 0), therefore all the Christoffel symbols are zero by definition. It implies that 𝐾 = 0.

b. Let 𝐱(𝜌, 𝜃) = (𝜌 cos 𝜃, 𝜌 sin 𝜃, 0) be the parametrization for the plane in polar coordinates. Then we 

have

𝐱𝜌 = (cos 𝜃, sin 𝜃, 0), 𝐱𝜃 = (−𝜌 sin 𝜃, 𝜌 cos 𝜃, 0),

𝐱𝜌𝜌 = (0, 0, 0), 𝐱𝜌𝜃 = (− sin 𝜃, cos 𝜃, 0), 𝐱𝜃𝜃 = (−𝜌 cos 𝜃, −𝜌 sin 𝜃, 0).

Since

𝐱𝜌𝜌 = (0, 0, 0), 𝐱𝜌𝜃 = 1
𝜌
𝐱𝜃, 𝐱𝜃𝜃 = −𝜌𝐱𝜌,

we have Γ1
 11 = Γ2

 11 = 0,  Γ1
 12 = 0,  Γ2

 12 = 1/𝜌,  Γ1
 22 = −𝜌,  Γ2

 22 = 0. Then the Gaussian curvature is

𝐾 = − 1
𝐸

((Γ2
 12)𝜌

− (Γ2
 11)𝜃

+ Γ1
 12Γ2

 11 + Γ2
 12Γ2

 12 − Γ2
 11Γ2

 22 − Γ1
 11Γ2

 12) = −(− 1
𝜌2 + (1

𝜌
)

2

) = 0.

9. By Theorema Egregium, if two surfaces are locally isometric, then the Gaussian curvature 𝐾 of corre

sponding points must agree. However, the Gaussian curvatures of the given surfaces are

𝐾Sphere > 0, 𝐾Cylinder = 0, 𝐾Saddle < 0.

Therefore the surfaces are not pairwise locally isometric.

4-4. Parallel Transport. Geodesics.

1. a. Given any point 𝐩 ∈ 𝐶, since 𝐶 ⊂ 𝑆 is a geodesic, there exists a parametrization 𝛼 : 𝐼 → 𝐶 of 𝐶 at 

𝐩 such that 𝛼 is a parametrized geodesic. Since 𝐶 is a line of curvature, we have 𝐍′ = 𝜆𝐭, and since 

𝐶 is a geodesic, we obtain 𝐍 = ±𝐧. Then

𝐍′ = ±𝐧′ = ±(−𝑘𝐭 − 𝜏𝐛) = 𝜆𝐭

implies that 𝜏 ≡ 0 in the neighborhood of 𝐩. Since 𝐩 ∈ 𝐶 is arbitrary, 𝐶 is a plane curve.

b. Since the curve 𝐶 ⊂ 𝑆 is a geodesic, 𝐍 = ±𝐧. Then we have

𝐍′ = ±𝐧′ = ±(−𝑘𝐭 − 𝜏𝐛) = ∓𝑘𝐭,

where we applied 𝜏 ≡ 0 because 𝐶 is a plane curve. Therefore 𝐶 is a line of curvature.

c. Consider the circle 𝐶 = {(𝑥, 𝑦, 0) ∈ ℝ3 | 𝑥2 + 𝑦2 = 1} on the plane 𝑆 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 | 𝑧 = 0}. Then 

𝐶 is a line of curvature because 𝐍′ = 𝟎 = 0𝐭 and a plane curve. However, 𝐶 is not a geodesic, because 

the straight lines are the only geodesics of the plane.

2. If a curve 𝐶 ⊂ 𝑆 is an asymptotic curve (𝑘𝑛 = 0) and a geodesic (𝑘𝑔 = 0), then we have

𝑘2 = 𝑘2
𝑛 + 𝑘2

𝑔 = 0

at every point 𝐩 ∈ 𝐶, which implies that 𝐶 is a straight line. Conversely, if 𝐶 is a straight line, then 𝑘2 =
𝑘2

𝑛 + 𝑘2
𝑔 = 0 at every point 𝐩 ∈ 𝐶, therefore 𝐶 is an asymptotic curve and a geodesic.
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3. Given any point 𝐩 ∈ 𝐶, since 𝐶 ⊂ 𝑆 is a geodesic, there exists a parametrization 𝛼 : 𝐼 → 𝐶 of 𝐶 at 𝐩 

such that 𝛼 is a parametrized geodesic. Note that 𝐍 = ±𝐧 because 𝐶 is a geodesic. Since 𝐶 is a plane 

curve, we have 𝐍′ ≡ 0, therefore

𝐍′ = ±𝐧′ = ±(−𝑘𝐭 − 𝜏𝐛) ≡ 0.

Hence we obtain 𝑘 ≡ 0 in the neighborhood of each point 𝐩 ∈ 𝐶, thus 𝐶 is a straight line. We conclude 

that the straight lines are the only geodesics of a plane.

4. By definition, 𝑑𝐯
𝑑𝑡 − 𝐷𝐯

𝑑𝑡  is perpendicular to the tangent plane 𝑇𝐩(𝑆). Since 𝐰(𝑡) ∈ 𝑇𝐩(𝑆), we obtain

⟨𝑑𝐯
𝑑𝑡

− 𝐷𝐯
𝑑𝑡

, 𝐰⟩ = 0 ⟹  ⟨𝑑𝐯
𝑑𝑡

, 𝐰⟩ = ⟨𝐷𝐯
𝑑𝑡

, 𝐰⟩.

Similarly, we have ⟨𝐯, 𝑑𝐰
𝑑𝑡 ⟩ = ⟨𝐯, 𝐷𝐰

𝑑𝑡 ⟩, therefore we obtain

𝑑
𝑑𝑡

⟨𝐯, 𝐰⟩ = ⟨𝑑𝐯
𝑑𝑡

, 𝐰⟩ + ⟨𝐯, 𝑑𝐰
𝑑𝑡

⟩ = ⟨𝐷𝐯
𝑑𝑡

, 𝐰⟩ + ⟨𝐯, 𝐷𝐰
𝑑𝑡

⟩.

5.

𝑦
𝑧

𝑥

𝐧
𝐍

a. A geodesic is a curve such that 𝐍 = ±𝐧: the maximum parallel, and the minimum parallel.

b. An asymptotic curve is a curve such that 𝑘𝑛 = 0, that is, 𝐍 ⟂ 𝐧: the upper parallel.

c. A line of curvature is a curve such that 𝐍′ = 𝜆𝐭: all the parallels presented.

6. Since 𝑘𝑛 = 0 at the upper parallel and 𝑘2 = 𝑘2
𝑛 + 𝑘2

𝑔, it follows that 𝑘𝑔 = ±𝑘 = ±1/𝑎. Assuming the 

normal vector 𝑁  points toward the interior of the torus, then we have 𝑘𝑔 = −1/𝑎 < 0.

7. a. Note that if we intersect the cylinder 𝑥2 + 𝑦2 = 1 with a plane 𝑧 = 𝑥 tan 𝜃, the intersecting curve 𝐶 

is given by

𝐶 = {(𝑥, 𝑦, 𝑦 tan 𝜃) ∈ ℝ3 | 𝑥2 + 𝑦2 = 1}.

If we take 𝑟 = 𝑦/(cos 𝜃) in the 𝑧 = 𝑦 tan 𝜃 plane, then we have 𝑥2 + 𝑟2 cos2 𝜃 = 1. Therefore intersecting 

curve is an ellipse on the plane.

b. At the points where the curve 𝐶 meets the 𝑥 axis, unit normal vector 𝐍 of cylinder and the normal 

vector 𝐧 of 𝐶 are parallel. Hence 𝑘𝑔 = 0 at these points. Now we consider the other vertices. Since 

the angle between 𝐍 and 𝐧 is 𝜃, we have that 𝑘𝑔 = 𝑘 sin 𝜃, where 𝑘 is the curvature of 𝐶. Since the 

curvature of ellipse at vertex is given by 𝑘 = 1/(cos 𝜃)
12 = 1/(cos 𝜃), we obtain 𝑘𝑔 = 𝑘 sin 𝜃 = tan 𝜃.

𝑦
𝐧

𝐍

𝑧

𝑥
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8. We shall show that all points of a given connected surface 𝑆 are umbilical points, then by Prop. 4 of 

Sec. 3-2, 𝑆 is either contained in a sphere or in a plane. Let 𝐩 ∈ 𝑆. For every 𝐰 ∈ 𝑇𝐩(𝑆), 𝐰 ≠ 𝟎, there 

exists an 𝜀 > 0 and an unique parametrized geodesic 𝛾 : (−𝜀, 𝜀) → 𝑆 such that 𝛾(0) = 𝐩,  𝛾′(0) = 𝐰 by 

Prop. 5. Then 𝐍 = ±𝐧 on the geodesic 𝛾, and 𝛾 is a plane curve, so we have 𝐍′ = ±(−𝑘𝐭 − 𝜏𝐛) = ∓𝑘𝐭. 
Therefore 𝛾 is a line of curvature. Observe that every tangent vector 𝐰 ∈ 𝑇𝐩(𝑆) is a principal direction. 

Hence the point 𝐩 must be an umbilical point. Now we asserted that all points of a given surface are 

umbilical points, and therefore the surface is contained in a plane or a sphere.

9. Since the meridians are geodesics, the field of its tangent vectors is parallel along meridians. Because 𝐰0 

is a tangent vector of 𝐶1 at 𝐩1, 𝐰1 is also a tangent vector of 𝐶1 at 𝐩2. On the other hand, the parallel 

transport preserves angles. Since the angle between the tangent vector of 𝐶2 at 𝐩1 and 𝐰0 is 𝜑, the angle 

between the tangent vector of 𝐶2 at 𝐩2 and 𝐰2 is also 𝜑. Then we conclude that the angle between 𝐰1 

and 𝐰2 is 2𝜑.

𝜑 𝐰2
𝜑𝐰1

𝐩2

𝐩1

𝜑

𝐶1

𝐰0

𝐶2

10. Let 𝐶 be a plane curve obtained by projecting 𝐶 onto the tangent plane 𝑇𝐩(𝑆) along the normal to 

the surface at 𝐩. Let 𝛼 : (−𝜀, 𝜀) → 𝐶 and 𝛼 : (−𝜀, 𝜀) → 𝐶 be the parametrizations at 𝐩 of 𝐶 and 𝐶, 

respectively, such that 𝛼(0) = 𝛼(0) = 𝐩, then we have 𝛼′(0) = 𝛼′(0). We consider a projecting cylinder 

𝑆, which consists of the straight lines orthgonal to 𝑇𝐩(𝑆) and intersect the curve 𝐶. Note that 𝑆 contains 

both curves 𝐶 and 𝐶, and that 𝐶 is the normal section of 𝑆 along 𝛼′(0). By Meusnier’s theorem, we have

𝑘𝑛 = 𝑘𝑛

where 𝑘𝑛 is the normal curvature of 𝐶 ⊂ 𝑆 at 𝐩, and 𝑘𝑛 is the normal curvature of 𝐶 ⊂ 𝑆 at 𝐩. Note that

𝑘𝐧 = 𝑘𝑔𝐍 + 𝑘𝑛𝐍,

where 𝐍 and 𝐍 is the unit normal vector of 𝑆 and 𝑆, respectively. It follows that 𝑘𝑛 = ⟨𝑘𝐧, 𝐍⟩ = 𝑘𝑔. 

By definition, we have 𝑘𝑛 = 𝑘 cos 0 = 𝑘, where 𝑘 is a curvature of 𝐶 at 𝐩. Therefore we obtain 𝑘𝑔 = 𝑘, as 

desired.

𝐶
𝐍𝑇𝐩(𝑆)

𝐶

𝐩

𝐍

11. Let 𝑆 and 𝑆 be two oriented surfaces, and let 𝜑 : 𝑆 → 𝑆 be an orientation-preserving isometry. Let 𝐰 be 

a differential field of unit vectors along a parametrized curve 𝛼 : 𝐼 → 𝑆 on 𝑆. Let 𝛼 = 𝜑 ∘ 𝛼 : 𝐼 → 𝑆 be 
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the corresponding curve on 𝑆, and 𝐰 = 𝑑𝜑(𝐰) be the corresponding vector field along 𝛼. We show that 

the algebraic value of the covariant derivative of 𝐰 along 𝛼 is equal to that of 𝐰 along 𝛼, that is,

[𝐷𝐰
𝑑𝑡

] = [𝐷𝐰
𝑑𝑡

].

Since 𝜑 is an orientation-preserving isometry, we have

⟨ 𝑑𝜑(𝐰1), 𝑑𝜑(𝐰2)⟩ = ⟨𝐰1, 𝐰2⟩, 𝑑𝜑(𝐰1) ∧ 𝑑𝜑(𝐰2) = 𝑑𝜑(𝐰1 ∧ 𝐰2), 𝐰1, 𝐰2 ∈ 𝑇𝐩(𝑆).

Note that 𝐍 = 𝑑𝜑(𝐍) is the corresponding unit normal vector of 𝑆, because for parametrization 𝐱(𝑢, 𝑣) 
of 𝑆, we obtain

𝐍 = (𝜑 ∘ 𝐱)𝑢 ∧ (𝜑 ∘ 𝐱)𝑣
|(𝜑 ∘ 𝐱)𝑢 ∧ (𝜑 ∘ 𝐱)𝑣|

= 𝑑𝜑(𝐱𝑢) ∧ 𝑑𝜑(𝐱𝑣)
|𝑑𝜑(𝐱𝑢) ∧ 𝑑𝜑(𝐱𝑣)|

= 𝑑𝜑(𝐱𝑢 ∧ 𝐱𝑣)
|𝑑𝜑(𝐱𝑢 ∧ 𝐱𝑣)|

= 𝑑𝜑(𝐱𝑢 ∧ 𝐱𝑣)
|𝐱𝑢 ∧ 𝐱𝑣|

= 𝑑𝜑( 𝐱𝑢 ∧ 𝐱𝑣
|𝐱𝑢 ∧ 𝐱𝑣|

) = 𝑑𝜑(𝐍).

Therefore

[𝐷𝐰
𝑑𝑡

] = ⟨𝑑𝐰
𝑑𝑡

, 𝐍 ∧ 𝐰⟩ = ⟨𝑑(𝑑𝜑(𝐰))
𝑑𝑡

, 𝑑𝜑(𝐍) ∧ 𝑑𝜑(𝐰)⟩

= ⟨𝑑𝜑(𝑑𝐰
𝑑𝑡

), 𝑑𝜑(𝐍 ∧ 𝐰)⟩ = ⟨𝑑𝐰
𝑑𝑡

, 𝐍 ∧ 𝐰⟩ = [𝐷𝐰
𝑑𝑡

].

12. We can parametrize a neighborhood of 𝐩 ∈ 𝑆 by 𝐱 : 𝑈 → 𝑆 in such a way that the two families of geodesics 

are the coordinate curves by Corollary 1 of Sec. 3-4. Since two differentiable families are orthogonal, we 

have 𝐹 = ⟨𝐱𝑢, 𝐱𝑣⟩ = 0. Recall that the differential equations of the geodesics are given by

𝑢″ + Γ1
 11(𝑢′)2 + 2Γ1

 12𝑢′𝑣′ + Γ1
 22(𝑣′)2 = 0, 𝑣″ + Γ2

 11(𝑢′)2 + 2Γ2
 12𝑢′𝑣′ + Γ2

 22(𝑣′)2 = 0.

Since the curve obtained by 𝛼(𝑡) = 𝐱(𝑢(𝑡), const.) is a geodesic, applying this to the second equation, we 

have Γ2
 11 = 0. Similarly, 𝛽(𝑡) = 𝐱(const., 𝑣(𝑡)) is a geodesic, it follows that Γ1

 22 = 0. Then

Γ1
 22𝐸 + Γ2

 22𝐹 = 𝐹𝑣 − 1
2
𝐺𝑢 ⟹  𝐺𝑢 = 0,

Γ1
 11𝐹 + Γ2

 11𝐺 = 𝐹𝑢 − 1
2
𝐸𝑣 ⟹  𝐸𝑣 = 0.

Therefore the Gaussian curvature of 𝑆 is

𝐾 = − 1
2
√

𝐸𝐺
{( 𝐸𝑣√

𝐸𝐺
)

𝑣
+ ( 𝐺𝑢√

𝐸𝐺
)

𝑢
} = − 1

2
√

𝐸𝐺
{( 0√

𝐸𝐺
)

𝑣
+ ( 0√

𝐸𝐺
)

𝑢
} = 0.

13. Fix two orthogonal unit vectors 𝐯(𝐩) and 𝐰(𝐩) in 𝑇𝐩(𝑆). Then for each point 𝐪 ∈ 𝑉 , we parallel transport 

𝐯(𝐩) and 𝐰(𝐩) from 𝐩 to 𝐪 along an arbitrary curve. Since parallel transport between any two points 

of 𝑉  does not depend on the curve joining these two points, we can define differentiable orthogonal unit 

vector fields 𝐯(𝐪) and 𝐰(𝐪). By Corollary 1 of Sec. 3-4, we can construct parametrization 𝐱 for 𝑉  such 

that the directions of the vector fields are tangent to the coordinate curves. Hence these are geodesics by 

definition. Now we can apply Exercise 12 to conclude that the Gaussian curvature is zero.

14. Since |𝐓| = 1, we have ⟨𝑑𝐓/𝑑𝑠, 𝐓⟩ = 0. Therefore we can write

𝑑𝐓
𝑑𝑠

= 𝟎 + 𝑎𝐕 + 𝑏𝐍

for some differentiable functions 𝑎(𝑠) and 𝑏(𝑠). Next, |𝐍| = 1 implies ⟨𝑑𝐍/𝑑𝑠, 𝐍⟩ = 0, and ⟨𝐍, 𝐓⟩ = 0 

implies that ⟨𝑑𝐍/𝑑𝑠, 𝐓⟩ = −⟨𝐍, 𝑑𝐓/𝑑𝑠⟩ = −𝑏. Therefore

𝑑𝐍
𝑑𝑠

= −𝑏𝐓 − 𝑐𝐕 + 𝟎

for some differentiable function 𝑐(𝑠). Finally, since 𝐕 = 𝐍 ∧ 𝐓, we obtain
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𝑑𝐕
𝑑𝑠

= 𝑑𝐍
𝑑𝑠

∧ 𝐓 + 𝐍 ∧ 𝑑𝐓
𝑑𝑠

= (−𝑏𝐓 − 𝑐𝐕) ∧ 𝐓 + 𝐍 ∧ (𝑎𝐕 + 𝑏𝐍) = −𝑎𝐓 + 𝟎 + 𝑐𝐍.

a. Since ⟨𝑑𝐍/𝑑𝑠, 𝐕⟩ = −𝑐, we have 𝑐 = −⟨𝑑𝐍/𝑑𝑠, 𝐕⟩. Note that 𝛼(𝐼) ⊂ 𝑆 is a line of curvature if and 

only if 𝐍′ = 𝜆𝐓, which is equivalent to 𝑐 ≡ 0.

b. 𝑏 = ⟨𝑑𝐓/𝑑𝑠, 𝐍⟩ = ⟨𝛼″, 𝐍⟩ = 𝑘⟨𝐧, 𝐍⟩, which is a normal curvature of 𝛼(𝐼) ⊂ 𝑆 at 𝐩.

c. 𝑎 = ⟨𝑑𝐓/𝑑𝑠, 𝐕⟩ = ⟨𝛼″, 𝑉 ⟩ = 𝑘⟨𝐧, 𝐍 ∧ 𝐭⟩, which is a geodesic curvature of 𝛼(𝐼) ⊂ 𝑆 at 𝐩.

15. a. Remember that the meridians and parallels of the sphere are geodesics, so the field of its tangent 

vectors is parallel along meridians. Since 𝐯 is the tangent vector of the meridian at 𝐩0, the parallel 

transport 𝐯′ at 𝐪 is tangent to meridian, so it points downward. Because parallel transport preserves 

angles, and 𝐯′ is orthogonal to tangent vector of the parallel at 𝐪, the parallel transport 𝐯″ at 𝐫 is also 

orthogonal to parallel. Finally, meridians are geodesics, thus parallel transport 𝐯‴ at 𝐩0 is tangent 

to the meridian. Therefore the angle of 𝐯 and 𝐯‴ is 𝜃.

𝐩0

𝜃

𝐯″ 𝐯′

𝐫

𝐯𝐯′

𝐪

b. The parallel transport 𝐯′ at 𝐪 is tangent to the meridian at 𝐪. Then we consider the cone which is 

tangent to the sphere along the parallel 𝐶 of colatitude 𝜑. We can determine the parallel transport 

of 𝐯′ along the 𝐶 relative to the tangent cone (see Example 1), and therefore the angle between the 

parallel transport 𝐯″ at 𝐫 and the tangent vector of the meridian at 𝐫 is 𝜃 cos 𝜑. Finally, since parallel 

transport preserves angles, the angle between the parallel transport 𝐯‴ at 𝐩0 and the tangent vector 

of the meridian is also 𝜃 cos 𝜑. Hence the angle between 𝐯 and 𝐯‴ is 𝜃(1 − cos 𝜑).

𝐩0

𝐯″
𝐯′

𝐫

𝐯
𝐯‴

𝐪

𝐯′𝐯″

𝜃 cos 𝜑

𝜃 cos 𝜑

16. Since 𝐩 ∈ 𝑆 is a nonumbilical point of 𝑆, it is possible to parametrize a neighborhood of 𝐩 by 𝐱(𝑢, 𝑣) in 

such a way that the coordinate curves of this parametrization are the lines of curvature of 𝑆, and that 

𝑣 = const. are the asymptotic curves. Then the fact that coordinates curves are the lines of curvature 

implies that 𝐹 = 𝑓 = 0. Note that 𝑣 = const. satisfies the differential equation of the asymptotic curves
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𝑒(𝑢′)2 + 2𝑓𝑢′𝑣′ + 𝑔(𝑣′)2 = 0,

it follows that 𝑒 = 0 in the neighborhood of 𝐩. Now recall the Mainardi-Codazzi equations

𝑒𝑣 = 𝐸𝑣
2

( 𝑒
𝐸

+ 𝑔
𝐺

) ⟹  0 = 𝐸𝑣
2

(0 + 𝑔
𝐺

).

Since 𝑢 = const. are not the asymptotic curves, it must be 𝑔 ≠ 0, therefore 𝐸𝑣 = 0. Along the 𝑣 = const. 
curve, the normal curvature 𝑘𝑛 is zero by definition, and the geodesic curvature is also zero because

𝑘𝑔 = − 𝐸𝑣

2𝐸
√

𝐺
= 0

by Proposition 4. Therefore 𝑘2 = 𝑘2
𝑛 + 𝑘2

𝑔 = 0 and that the asymptotic curve through 𝐩 is an open segment 

of a straight line.

Note that the condition of having a neighborhood of parabolic points is essential, if not, there exists a 

counterexample like the upper parallel of the torus.

17. The parametrized surface 𝐱 : 𝑈 × (−1, 1) → ℝ3 is regular because

𝐱𝑠 ∧ 𝐱𝑣 = (𝛼′ + 𝑣𝐛′) ∧ 𝐛 = (𝐭 + 𝑣𝜏𝐧) ∧ 𝐛 = −𝐧 + 𝑣𝜏𝐭 ≠ 0,

so 𝑑𝐱𝐪 is one-to-one for all 𝐪 ∈ 𝑈 = 𝐼 × (−1, 1). Therefore 𝐱(𝐼 × (−𝜀, 𝜀)) is a regular surface for small 

enough 𝜀 > 0.
Now we assert that 𝛼(𝐼) is a geodesic. Since the normal vector 𝐧 of the curve and the normal vector 𝐍 ∥
𝐱𝑠 ∧ 𝐱𝑣 = −𝐧 of the surface are parallel on the curve 𝛼(𝐼), we conclude that 𝛼(𝐼) is a geodesic.

Unsolved  By Prop. 2 of Sec. 2-3, for each 𝐪 ∈ 𝑈 , there exists a neighborhood 𝑉  of 𝐪 in ℝ2 such that 

𝐱(𝑉 ) ⊂ ℝ2 is a regular surface. However, the existence of 𝜀 > 0 such that 𝑥(𝐼 × (−𝜀, 𝜀)) is a regular 

surface is not immediately evident. It remains unclear how to extend this local property to a global one 

over the entire interval 𝐼 .

18. By Clairaut’s relation, we know that 𝑟 cos 𝜃 is constant along the geodesic. Since 𝑟 cos 𝜃 = 1 at the start 

point 𝐩, we have 𝑟 cos 𝜃 = 1 at every point along the geodesic. Since 𝜃 > 0 when 𝑟 > 1, the curve continues 

to point downwards and 𝑟 decreases monotonically. As 𝑟 → 1+, cos 𝜃 → 1− and thus 𝜃 → 0+.
Consequently, the curve approaches asymptotically the parallel 𝑥2 + 𝑦2 = 1,  𝑧 = 0.

19. Note that 𝐸(𝑢′)2 + 2𝐹𝑢′𝑣′ + 𝐺(𝑣′)2 = 1, because the curve is parametrized by an arc length. Differenti

ating this expression to obtain

0 = (𝐸𝑢𝑢′ + 𝐸𝑣𝑣′)(𝑢′)2 + 𝐸 ⋅ 2𝑢′𝑢″

+2(𝐹𝑢𝑢′ + 𝐹𝑣𝑣′)𝑢′𝑣′ + 2𝐹(𝑢″𝑣′ + 𝑢′𝑣″)

+(𝐺𝑢𝑢′ + 𝐺𝑣𝑣′)(𝑣′)2 + 𝐺 ⋅ 2𝑣′𝑣″,

that is,

𝐸𝑢(𝑢′)3 + 𝐺𝑣(𝑣′)3 + (𝐸𝑣 + 2𝐹𝑢)(𝑢′)2𝑣′ + (𝐺𝑢 + 2𝐹𝑣)𝑢′(𝑣′)2

+2𝐸𝑢′𝑢″ + 2𝐹𝑣′𝑢″ + 2𝐹𝑢′𝑣″ + 2𝐺𝑣′𝑣″ = 0.
Now define Ψ1 = 𝑢″ + Γ1

 11(𝑢′)2 + 2Γ1
 12𝑢′𝑣′ + Γ1

 22(𝑣′)2 and Ψ2 = 𝑣″ + Γ2
 11(𝑢′)2 + 2Γ2

 12𝑢′𝑣′ + Γ2
 22(𝑣′)2, and 

recall that the Christoffel symbols satisfy the equations

(𝐸
𝐹

𝐹
𝐺)(Γ1

 11
Γ2

 11
) = (

1
2𝐸𝑢

𝐹𝑢 − 1
2𝐸𝑣

), (𝐸
𝐹

𝐹
𝐺)(Γ1

 12
Γ2

 12
) = (

1
2𝐸𝑣
1
2𝐺𝑢

), (𝐸
𝐹

𝐹
𝐺)(Γ1

 22
Γ2

 22
) = (

𝐹𝑣 − 1
2𝐺𝑢

1
2𝐺𝑣

).

Since we have

𝐸Ψ1 + 𝐹Ψ2 = 𝐸(𝑢″ + Γ1
 11(𝑢′)2 + 2Γ1

 12𝑢′𝑣′ + Γ1
 22(𝑣′)2) + 𝐹(𝑣″ + Γ2

 11(𝑢′)2 + 2Γ2
 12𝑢′𝑣′ + Γ2

 22(𝑣′)2)

= 𝐸𝑢″ + 𝐹𝑣″ + (𝐸Γ1
 11 + 𝐹Γ2

 11)(𝑢′)2 + 2(𝐸Γ1
 12 + 𝐹Γ2

 12)𝑢′𝑣′ + (𝐸Γ1
 22 + 𝐹Γ2

 22)(𝑣′)2

= 𝐸𝑢″ + 𝐹𝑣″ + 1
2
𝐸𝑢(𝑢′)2 + 𝐸𝑣𝑢′𝑣′ + (𝐹𝑣 − 1

2
𝐺𝑢)(𝑣′)2.

Similarly, we obtain 𝐹Ψ1 + 𝐺Ψ2 = 𝐹𝑢″ + 𝐺𝑣″ + (𝐹𝑢 − 1
2𝐸𝑣)(𝑢′)2 + 𝐺𝑢𝑢′𝑣′ + 1

2𝐺𝑣(𝑣′)2. Then
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2𝑢′(𝐸Ψ1 + 𝐹Ψ2) + 2𝑣′(𝐹Ψ1 + 𝐺Ψ2) = 𝐸𝑢(𝑢′)3 + 𝐺𝑣(𝑣′)3 + (𝐸𝑣 + 2𝐹𝑢)(𝑢′)2𝑣′ + (𝐺𝑢 + 2𝐹𝑣)𝑢′(𝑣′)2

+2𝐸𝑢′𝑢″ + 2𝐹𝑣′𝑢″ + 2𝐹𝑢′𝑣″ + 2𝐺𝑣′𝑣″

= 0,

thus we get (𝐸𝑒′ + 𝐹𝑣′)Ψ1 + (𝐹𝑢′ + 𝐺𝑣′)Ψ2 = 0. Therefore if the first equation Ψ1 = 0 holds and 𝐹𝑢′ +
𝐺𝑣′ ≠ 0, then we can conclude that the second equation Ψ2 = 0 holds.

Note  Since 𝐹𝑢′ + 𝐺𝑣′ = ⟨𝐱𝑢𝑢′ + 𝐱𝑣𝑣′, 𝐱𝑣⟩ = ⟨𝐭, 𝐱𝑣⟩, the condition 𝐹𝑢′ + 𝐺𝑣′ ≠ 0 is not guaranteed by 

the condition that the curve is not a coordinate curve.

20. a. By Clairaut’s relation, we know that 𝑓 cos 𝜃 is constant, where 𝜃 is the angle between the geodesic 

and a parallel. Since 𝑓 cos 𝜃 = (𝑟 cos 𝜋/2 + 𝑎) cos 0 = 𝑎, we have

𝑓 cos 𝜃 = (𝑟 cos 𝑢 + 𝑎) cos 𝜃 = 𝑎

everywhere. Since cos 𝜃 ≤ 1, it must be 𝑟 cos 𝑢 + 𝑎 ≥ 𝑎, that is, −𝜋/2 ≤ 𝑢 ≤ 𝜋/2.
b. At the intersection point with the parallel 𝑢 = 0, we have 𝑓 cos 𝜃 = (𝑎 + 𝑟) cos 𝜃. Note that 𝑓 decreases 

on the geodesic until the intersection angle 𝜑 is positive, where it is determined by the equation 

𝑓 cos 𝜑 = (𝑎 + 𝑟) cos 𝜃. Since

cos 𝜑 = 𝑎 + 𝑟
𝑓(𝑢)

cos 𝜃 ≤ 𝑎 + 𝑟
𝑎 − 𝑟

cos 𝜃 < 1, for all 𝑢 ∈ [0, 2𝜋),

we conclude that the geodesic also intersects the parallel 𝑢 = 𝜋.

21. a. By simple calculation, the Christoffel symbols are given by

Γ1
 11 = 𝑈 ′

2(𝑈 + 𝑉 )
,  Γ1

 12 = 𝑉 ′

2(𝑈 + 𝑉 )
,  Γ1

 22 = − 𝑈 ′

2(𝑈 + 𝑉 )
,

Γ2
 11 = − 𝑉 ′

2(𝑈 + 𝑉 )
,  Γ2

 12 = 𝑈 ′

2(𝑈 + 𝑉 )
,  Γ2

 22 = 𝑉 ′

2(𝑈 + 𝑉 )
.

Hence the differential equations of the geodesics is

𝑢″ + 𝑈 ′

2(𝑈 + 𝑉 )
(𝑢′)2 + 𝑉 ′

𝑈 + 𝑉
𝑢′𝑣′ − 𝑈 ′

2(𝑈 + 𝑉 )
(𝑣′)2 = 0,

𝑣″ − 𝑉 ′

2(𝑈 + 𝑉 )
(𝑢′)2 + 𝑈 ′

𝑈 + 𝑉
𝑢′𝑣′ + 𝑉 ′

2(𝑈 + 𝑉 )
(𝑣′)2 = 0.

Observe that by the first equation, we have

𝑑
𝑑𝑠

((𝑈 + 𝑉 )𝑢′) = (𝑈 ′𝑢′ + 𝑉 ′𝑣′)𝑢′ + (𝑈 + 𝑉 )𝑢″

= (𝑈 ′𝑢′ + 𝑉 ′𝑣′)𝑢′ + (−1
2
𝑈 ′(𝑢′)2 − 𝑉 ′𝑢′𝑣′ + 1

2
𝑈 ′(𝑣′)2)

= 1
2
𝑈 ′((𝑢′)2 + (𝑣′)2).

We multiply both sides by 2(𝑈 + 𝑉 )𝑢′ in the equation above, then

𝑑
𝑑𝑠

((𝑈 + 𝑉 )𝑢′)2 = 2(𝑈 + 𝑉 )𝑢′ ⋅ 𝑑
𝑑𝑠

((𝑈 + 𝑉 )𝑢′) = 2(𝑈 + 𝑉 )𝑢′ ⋅ 1
2
𝑈 ′((𝑢′)2 + (𝑣′)2)

= 𝑈 ′𝑢′(𝑈 + 𝑉 )((𝑢′)2 + (𝑣′)2) = 𝑑𝑈
𝑑𝑠

(𝑈 + 𝑉 )((𝑢′)2 + (𝑣′)2).

Suppose that the curve is parametrized by an arc length, so that

𝐸(𝑢′)2 + 2𝐹𝑢′𝑣′ + 𝐺(𝑣′)2 = (𝑈 + 𝑉 )((𝑢′)2 + (𝑣′)2) = 1.

Therefore we get

𝑑
𝑑𝑠

((𝑈 + 𝑉 )𝑢′)2 = 𝑑𝑈
𝑑𝑠

 ⟹  ((𝑈 + 𝑉 )𝑢′)2 = 𝑈 − 𝑐.

Similarly, by the second equation of the differential equations of the geodesics, we obtain
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((𝑈 + 𝑉 )𝑣′)2 = 𝑉 − 𝑐′.

By adding the two equations, since ((𝑈 + 𝑉 )𝑢′)2 + ((𝑈 + 𝑉 )𝑣′)2 = 𝑈 + 𝑉 , it must be 𝑐 + 𝑐′ = 0. Thus

(𝑈 + 𝑉 )𝑢′ = ±
√

𝑈 − 𝑐,  (𝑈 + 𝑉 )𝑣′ = ±
√

𝑉 + 𝑐 ⟹  𝑑𝑢√
𝑈 − 𝑐

= ± 𝑑𝑣√
𝑉 + 𝑐

,

and the geodesics of a surface of Liouville may be obtained by integration in the form

∫ 𝑑𝑢√
𝑈 − 𝑐

= ± ∫ 𝑑𝑣√
𝑉 + 𝑐

+ 𝑐1.

b. Observe that cos 𝜃 and sin 𝜃 satisfies the relation

cos 𝜃 = |⟨𝐱𝑢, 𝐱𝑢𝑢′ + 𝐱𝑣𝑣′⟩|
|𝐱𝑢|

= |
√

𝐸𝑢′| =
√

𝑈 + 𝑉 |𝑢′|,

sin 𝜃 = |⟨𝐱𝑣, 𝐱𝑢𝑢′ + 𝐱𝑣𝑣′⟩|
|𝐱𝑣|

= |
√

𝐺𝑣′| =
√

𝑈 + 𝑉 |𝑣′|.

Therefore

𝑈 sin2 𝜃 − 𝑉 cos2 𝜃 = 𝑈(𝑈 + 𝑉 )(𝑢′)2 − 𝑉 (𝑈 + 𝑉 )(𝑣′)2 = (𝑈 + 𝑉 )(𝑈(𝑣′)2 − 𝑉 (𝑢′)2)

= (𝑈 + 𝑉 )(𝑈 𝑉 + 𝑐
(𝑈 + 𝑉 )2 − 𝑉 𝑈 − 𝑐

(𝑈 + 𝑉 )2 ) = 𝑐 = const.

22. We use the result from Exercise 15(a). Given rotation angle 𝜓 ∈ [0, 2𝜋) of 𝑅, we can construct the 

piecewise regular curve 𝛼 as following. Regard 𝐩 as a pole, and let 𝐪, 𝐫 be two points on the equator 

in such a way that the meridians 𝐩𝐪 and 𝐩𝐫 make an angle 𝜓 at 𝐩. 𝛼 consists of the meridian 𝐩𝐪, the 

parallel 𝐪𝐫, and the meridian 𝐫𝐩. Then by Exercise 15(a), it must be 𝑅 = 𝑃𝛼.

23. From Exercise 11(b) of Sec. 4-2, we already showed that restrictions to 𝕊2 of the linear orthogonal 

transformations of ℝ3 is the isometry of the unit sphere. Now we show that every isometry are the 

restrictions to 𝕊2 of the linear orthogonal transformations. Let 𝜑 : 𝕊2 → 𝕊2 be an isometry of 𝕊2. By 

Exercise 3 of Sec. 4-2, an arc length of any parametrized curve in 𝕊2 is equal to the arc length of the image 

curve by 𝜑. Note that the intrinsic distance 𝑑(𝐩, 𝐪) between two points 𝐩, 𝐪 ∈ 𝕊2 is the angle between 𝐩 

and 𝐪. It follows that the angle between 𝐩 and 𝐪 is same as the angle between 𝜑(𝐩) and 𝜑(𝐪), that is, 

⟨𝐩, 𝐪⟩ = ⟨𝜑(𝐩), 𝜑(𝐪)⟩. So if we define 𝜓 : ℝ3 → ℝ3 as

𝜓(𝐩) = {|𝐩|𝜑( 𝐩
|𝐩|), 𝐩 ≠ 𝟎

𝟎, 𝐩 = 𝟎,

then

⟨𝜓(𝐩), 𝜓(𝐪)⟩ = ⟨|𝐩|𝜑( 𝐩
|𝐩|

), |𝐪|𝜑( 𝐪
|𝐪|

)⟩ = |𝐩||𝐪|⟨𝜑( 𝐩
|𝐩|

), 𝜑( 𝐪
|𝐪|

)⟩ = |𝐩||𝐪|⟨ 𝐩
|𝐩|

, 𝐪
|𝐪|

⟩ = ⟨𝐩, 𝐪⟩

for arbitrary 𝐩, 𝐪 ∈ ℝ3 − {𝟎}. Since 𝜓(𝟎) = 𝟎, it is actually ⟨𝜓(𝐩), 𝜓(𝐪)⟩ = ⟨𝐩, 𝐪⟩ for every 𝐩, 𝐪 ∈ ℝ3. 
Observe that

|𝜓(𝐩) − 𝜓(𝐪)|2 = |𝜓(𝐩)|2 + |𝜓(𝐪)|2 − 2⟨𝜓(𝐩), 𝜓(𝐪)⟩ = |𝐩|2 + |𝐪|2 − 2⟨𝐩, 𝐪⟩ = |𝐩 − 𝐪|2, 𝐩, 𝐪 ∈ 𝕊2.

Hence 𝜓 : ℝ3 → ℝ3 is a distance-preserving map, and there exists 𝐩0 ∈ ℝ3 and a linear isometry 𝐅 of ℝ3 

such that 𝜓(𝐩) = 𝐅(𝐩) + 𝐩0 by Exercise 8 of Sec. 4-2. Since 𝜑 is an isometry of 𝕊2, it must be 𝐩0 = 𝟎. 

Therefore 𝜑 = 𝐅|𝕊2 is the restriction to 𝕊2 of the linear orthogonal transformation 𝐅 of ℝ3.

4-5. The Gauss-Bonnet Theorem and Its Applications

1. Since the surface is compact, by Exercise 16 of Sec. 3-3, there is an elliptic point 𝐩1 in 𝑆 so that 𝐾(𝐩1) >
0. Now suppose that there is no point 𝐩 ∈ 𝑆 such that 𝐾(𝐩) < 0, that is, 𝐾(𝐩) ≥ 0 for all 𝐩 ∈ 𝑆. Since 

𝐾(𝐩1) > 0, we have
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0 < ∬
𝑆

𝐾 𝑑𝜎 = 2𝜋𝜒(𝑆)

by Corollary 2. It follows that 𝜒(𝑆) = 2 = 𝜒(𝕊2), thus 𝑆 is homeomorphic to a sphere 𝕊2, which is a 

contradiction. Therefore there exists a point 𝐩2 such that 𝐾(𝐩2) < 0. Finally, since 𝑆 is connected, we can 

connect 𝐩1 and 𝐩2 by a regular curve, and 𝐾(𝐩3) = 0 for some point 𝐩3 on that curve by the intermediate 

value theorem.

2. Recall that the torus is parametrized by

𝐱(𝑢, 𝑣) = ((𝑟 cos 𝑢 + 𝑎) cos 𝑣, (𝑟 cos 𝑢 + 𝑎) sin 𝑣, 𝑟 sin 𝑢),

and

𝐸 = 𝑟2, 𝐹 = 0, 𝐺 = (𝑎 + 𝑟 cos 𝑢)2, 𝐾 = cos 𝑢
𝑟(𝑎 + 𝑟 cos 𝑢)

.

Therefore we have

∬
𝑇

𝐾 𝑑𝜎 = ∫
2𝜋

0
∫

2𝜋

0

cos 𝑢
𝑟(𝑎 + 𝑟 cos 𝑢)

√𝑟2(𝑎 + 𝑟 cos 𝑢)2 𝑑𝑢 𝑑𝑣

= ∫
2𝜋

0
∫

2𝜋

0
cos 𝑢 𝑑𝑢 𝑑𝑣 = 0.

Now we check the above result with the Gauss-Bonnet theorem. Since there is one handle in the torus, 

𝜒(𝑇 ) = 0. The torus is an oriented compact surface, we can apply Corollary 2 to torus and we obtain

∬
𝑇

𝐾 𝑑𝜎 = 2𝜋𝜒(𝑇 ) = 0.

3. Since 𝑆 has positive Gaussian curvature, it is homeomorphic to a sphere. So the simple closed curve Γ 

divides 𝑆 into two simple regions 𝐴 and 𝐵, hence 𝜒(𝐴) = 𝜒(𝐵) = 1. Now we assert that

area(𝐍(𝐴)) = area(𝐍(𝐵)) = 2𝜋.

We will apply Corollary 1 to 𝐴, whose boundary is Γ which has zero geodesic curvature and ∑𝑖 𝜃𝑖 = 0. 

Therefore

∫
Γ

𝑘𝑔(𝑠) 𝑑𝑠 + ∬
𝐴

𝐾 𝑑𝜎 + ∑
𝑘

𝑖=0
𝜃𝑖 = ∬

𝐴
𝐾 𝑑𝜎 = 2𝜋.

Note that if 𝐱(𝑢, 𝑣) is a parametrization for 𝑆, then 𝐍𝑢 = 𝑎11𝐱𝑢 + 𝑎12𝐱𝑣, 𝐍𝑣 = 𝑎12𝐱𝑢 + 𝑎22𝐱𝑣 and

𝐍𝑢 ∧ 𝐍𝑣 = (𝑎11𝐱𝑢 + 𝑎12𝐱𝑣) ∧ (𝑎12𝐱𝑢 + 𝑎22𝐱𝑣) = (𝑎11𝑎22 − 𝑎12𝑎21)(𝐱𝑢 ∧ 𝐱𝑣) = 𝐾(𝐱𝑢 ∧ 𝐱𝑣).

By Prop. 2, there is a triangulation of 𝔍 of 𝐴 such that every triangle 𝑇𝑖 ∈ 𝔍 is contained in some 

coordinate neighborhood of the family {𝐱𝑖}. Hence

area(𝐍(𝐴)) = ∑
𝑖

∬
(𝐍𝑖∘𝐱𝑖)−1(𝐍𝑖(𝑇𝑖))

|𝐍𝑖
𝑢 ∧ 𝐍𝑖

𝑣| 𝑑𝑢 𝑑𝑣

= ∑
𝑖

∬
(𝐱𝑖)−1(𝑇𝑖)

|𝐾||𝐱𝑖
𝑢 ∧ 𝐱𝑖

𝑣| 𝑑𝑢 𝑑𝑣

= ∑
𝑖

∬
𝑇𝑖

𝐾 𝑑𝜎 = ∬
𝐴

𝐾 𝑑𝜎 = 2𝜋.

We conclude that 𝐍(𝐴) and 𝐍(𝐵) have the same area 2𝜋.

4. a. By Exercise 4 of Sec. 2-3, an ellipsoid 𝑆 is diffeomorphic to the sphere 𝑆2. Therefore we obtain 𝜒(𝑆) =
𝜒(𝕊2) = 2 by Prop. 4.

b. Observe that the map 𝜑 : 𝑆 → 𝕊2 defined by 𝜑(𝑥, 𝑦, 𝑧) = (𝑥, 𝑦5, 𝑧3) is a homeomorphism. Therefore 

𝜒(𝑆) = 𝜒(𝕊2) = 2 by Prop. 4.

5. By the argument for the interpretation of 𝐾 (p. 274), we have
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Δ𝜑 = ∬
𝑅

𝐾 𝑑𝜎.

Since 𝐾 ≡ 1 on the sphere, we have

Δ𝜑 = ∬
𝑅

𝐾 𝑑𝜎 = ∬
𝑅

𝑑𝜎 = ∫
2𝜋

0
∫

𝜑

0
sin 𝜑 𝑑𝜑 𝑑𝜃 = 2𝜋(1 − cos 𝜑).

Since Δ𝜑 is the same as 𝐴, which is the area of the region 𝑅 of 𝕊2 bounded by 𝐶, we also have that

lim
𝐴→0

Δ𝜑
𝐴

= lim
𝐴→0

1 = 1 = curvature of 𝕊2.

6. To compute the index, we will restrict the vector field 𝐯 to the curve 𝛼(𝑡) = (cos 𝑡, sin 𝑡), 𝑡 ∈ [0, 2𝜋]. If 
𝜑(𝑡) is the angle that 𝐯(𝑡) forms with the 𝑥 axis, then we have 2𝜋𝐼 = 𝜑(2𝜋) − 𝜑(0).
a. 𝐯(𝑥, 𝑦) = (𝑥, 𝑦) = (0, 0) if and only if 𝑥 = 0 and 𝑦 = 0. So (0, 0) is an isolated singular point. Since 

𝐯(𝑡) = (cos 𝑡, sin 𝑡), we have 𝜑(𝑡) = 𝑡 and 2𝜋𝐼 = 2𝜋 ⟹  𝐼 = 1.
b. 𝐯(𝑥, 𝑦) = (−𝑥, 𝑦) = (0, 0) if and only if 𝑥 = 0 and 𝑦 = 0, so (0, 0) is an isolated singular point. Since 

𝐯(𝑡) = (− cos 𝑡, sin 𝑡) = (cos(𝜋 − 𝑡), sin(𝜋 − 𝑡)), we have 𝜑(𝑡) = 𝜋 − 𝑡 and 2𝜋𝐼 = (−𝜋) − 𝜋 = −2𝜋, thus 

𝐼 = −1.
c. 𝐯(𝑥, 𝑦) = (𝑥, −𝑦) = (0, 0) if and only if 𝑥 = 0 and 𝑦 = 0, so (0, 0) is an isolated singular point. Since 

𝐯(𝑡) = (cos 𝑡, − sin 𝑡) = (cos(−𝑡), sin(−𝑡)), we have 𝜑(𝑡) = −𝑡 and 2𝜋𝐼 = (−2𝜋) − 0 = −2𝜋, thus 𝐼 =
−1.

d. 𝐯(𝑥, 𝑦) = (𝑥2 − 𝑦2, −2𝑥𝑦) = (0, 0) implies 𝑥 = ±𝑦 and 𝑥𝑦 = 0, thus 𝑥 = 𝑦 = 0. Hence (0, 0) is an 

isolated singular point. Observe that

𝐯(𝑡) = (cos2 𝑡 − sin2 𝑡, −2 cos 𝑡 sin 𝑡) = (cos 2𝑡, − sin 2𝑡) = (cos(−2𝑡), sin(−2𝑡)),

Thus 𝜑(𝑡) = −2𝑡. Therefore 2𝜋𝐼 = (−4𝜋) − 0 = −4𝜋 and 𝐼 = −2.
e. Note that (𝑥 − 𝑦𝑖)3 = (𝑥3 − 3𝑥2𝑦) + (𝑦3 − 3𝑥2𝑦)𝑖. Thus 𝐯(𝑥, 𝑦) = (𝑥3 − 3𝑥𝑦2, 𝑦3 − 3𝑥2𝑦) = (0, 0) im

plies (𝑥 − 𝑖𝑦)3 = 0, and 𝑥 = 𝑦 = 0. So (0, 0) is an isolated singular point. Since

𝐯(𝑡) = (cos3 𝑡 − 3 cos2 𝑡 sin 𝑡, sin3 𝑡 − 3 cos2 𝑡 sin 𝑡) = (cos(−3𝑡), sin(−3𝑡)),

we have 𝜑(𝑡) = −3𝑡 and 2𝜋𝐼 = (−6𝜋) − 0 ⟹  𝐼 = −3.

7. Yes. Consider the vector field 𝐯(𝑥, 𝑦) = (𝑥2 + 𝑦2, 𝑥2 + 𝑦2). Then (0, 0) is an isolated singular point. We 

restrict 𝐯 to the curve 𝛼(𝑡) = (cos 𝑡, sin 𝑡), 𝑡 ∈ [0, 2𝜋]. Then the angle 𝜑(𝑡) that 𝐯(𝑡) = (1, 1) forms with 

the 𝑥 axis is 𝜋/4. Therefore we have 2𝜋𝐼 = 𝜑(2𝜋) − 𝜑(0) = 0, 𝐼 = 0.

8. First suppose that an oriented compact surface 𝑆 ⊂ ℝ3 has a differentiable vector field without singular 

points. Then

𝜒(𝑆) = 1
2𝜋

∬
𝑆

𝐾 𝑑𝜎 = ∑
𝑘

𝑖=1
𝐼𝑖 = 0.

(In fact, there are no singular points, so 𝑘 = 0.) We have 𝜒(𝑆) = 0 = 𝜒(𝑇 ) and 𝑆 is homeomorphic to 

a torus.

Conversely, suppose that 𝑆 is homeomorphic to a torus. Recall that torus can be parametrized by

𝐱(𝑢, 𝑣) = ((𝑟 cos 𝑢 + 𝑎) cos 𝑣, (𝑟 cos 𝑢 + 𝑎) sin 𝑣, 𝑟 sin 𝑢), 𝑢 ∈ (0, 2𝜋),  𝑣 ∈ (0, 2𝜋).

Then the vector field 𝐰(𝑢, 𝑣) = 𝐱𝑣(𝑢, 𝑣) = (−(𝑟 cos 𝑢 + 𝑎) sin 𝑣, (𝑟 cos 𝑢 + 𝑎) cos 𝑣, 0) is differentiable and 

has size |𝑟 cos 𝑢 + 𝑎| > 𝑎 − 𝑟 > 0. Therefore there is a differentiable vector field without singular points on 

the torus. Since there is a diffeomorphism 𝜑 : 𝑇 → 𝑆 between a torus 𝑇  and the surface 𝑆, the mapping 

𝑑𝜑(𝐰) is the differentiable vector field on 𝑆, and this doesn’t have singular points because 𝑑𝜑(𝐰) = 0 ⟺
 𝐰 = 0.

9. A regular closed simple curve 𝐶 divides 𝕊2 into two disjoint open regions, say 𝑅1 and 𝑅2, which are 

homeomorphic to an open disk. Let 𝛼 : 𝐼 → 𝐶 be a parametrization by an arc length of 𝐶 such that 
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𝛼(0) = 𝛼(𝑙). For tangent vector 𝐭(𝑠) = 𝛼′(𝑠), there exists an orthonormal basis {𝐭(𝑠), 𝐧(𝑠)} of 𝑇𝛼(𝑠)(𝕊2). 
Then we can write

𝐯(𝑠) = 𝑎(𝑠)𝐭(𝑠) + 𝑏(𝑠)𝐧(𝑠)

for some differentiable functions 𝑎(𝑠) and 𝑏(𝑠). Since the trajectories of 𝐯 are never tangent to 𝐶, we 

have 𝑏(𝑠) ≠ 0 for all 𝑠. So it follows that 𝑏(𝑠) has fixed sign, and that 𝐯 always points inward toward 𝑅1 

or outward toward 𝑅1 at every point on 𝐶. Let 𝜃𝐭(𝑠) be an angle from 𝐱𝜃(𝛼(𝑠)) (the parallel) to 𝐭(𝑠), 
and 𝜃𝐯(𝑠) be an angle from 𝐱𝜃(𝛼(𝑠)) to 𝐯(𝑠). Then the angular difference 𝜑(𝑠) = 𝜃𝐯(𝑠) − 𝜃𝐭(𝑠) between 

𝜃𝐯(𝑠) and 𝜃𝐭(𝑠) is confined within the open interval (0, 𝜋) or (𝜋, 2𝜋). Since 𝜑(𝑙) − 𝜑(0) must be an integer 

multiple of 2𝜋, we have 𝜑(𝑙) − 𝜑(0) = 0. Therefore

2𝜋𝐼𝐯 = 𝜃𝐯(𝑙) − 𝜃𝐯(0) = 𝜃𝐭(𝑙) − 𝜃𝐭(0),

where 𝐼𝐯 is the index of 𝐯 along 𝐶 ⊂ 𝑅1, respectively. By Hopf’s theorem, we have 𝜃𝐭(𝑙) − 𝜃𝐭(0) = ±2𝜋. 

hence 𝐼𝐯 = ±1, and therefore 𝑅1 contains at least one singular point of 𝐯. Similarly, 𝑅2 also contains at 

least one singular point of 𝐯.
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