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Preface

This is a solution manual for the textbook which used for “Introduction to Differential Geometry” in Seoul
National University. I hope these solutions are helpful for people who loves mathematics. The solutions may
contain mathematical errors, so I recommend reading them critically. If you find any mathematical errors or
typos, please report them to qwerty12021@snu.ac.kr. Thank you for your valuable feedback.

This file is uploaded to @ https://geniuslhs.com /solutions/do-carmo-differential-geometry.pdf. I recommend

checking it regularly, as it may be updated.

For clarity and consistency, the following basic notations have been modified from the original text: the set
of real numbers R is denoted as R, the unit sphere S? is denoted as S?, vectors are written in bold (e.g. p is
written as p), the set notation {z; P(z)} has been changed to {z | P(z)}, the restriction of a function f|A is
denoted as f|4, the fundamental forms I,(v) and I1,(v) are denoted as I,,(v) and II,(v) to avoid confusion
with the interval I.

The following common conventions were considered but not applied in this manual: the curvature k as x and
the tangent space T,,(S) as T,S.

The solutions are constructed strictly upon fundamental definitions and theorems, aiming for a balance
between conciseness and conceptual depth. Where applicable, graphs and diagrams have been integrated to
provide intuitive visual support. To help you navigate the content, the following tags are used:

e« Note Contains supplementary information and references.

e Unsolved Indicates problems that remain unsolved or only partially completed.
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1-2. Parametrized Curves
1. a(t) = (sint,cost) (0 <t < 2m)

2. Since |a(t)]? is at a minimum at t = ¢, its derivative
d 2 d /
Za®)]?) = —(a(t) - a(t)) = 2a(t) - &/ (t)

is equal to 0 at t = t,. Hence a(ty) - &' (t;) = 0 and the two vectors are orthogonal.

3. For a parametrized curve a: I — R3, let a(t) = (z(t),y(t), 2(t)). Then the condition a”(t) = 0 implies
that z”(t) = y”(t) = 2”(t) = 0. Integrating both sides twice to get
z(t) =g +x1t, y&) =y +wit, 2(t) =25+ 2t
for some constants xy, zq, Yy, Y1, 29, 21 € R. Therefore, we obtain
a(t) = (2(t),y(t), 2(t)) = (€0,Y0, 20) + (21,41, 21)t
and a must be a straight line.

4. Since o'(t) is orthogonal to v for all t € I, we have o/(t)-v =0 for all ¢t € I. Also, «(0) is orthogonal
to v, so a(0) - v = 0. Now define f(¢) = a(t) - v. Then f'(t) = a’(t) - v=0for all t € I and f(0) = a(0) -
v = 0; therefore, f(t) = 0 for all ¢t € I. This implies that a(t) is orthogonal to v for all ¢t € I.

5. First, suppose that |a(t)| is a nonzero constant. Then |a(t)|? = a(t) - a(t) is also a nonzero constant, so
we have (a(t) - a(t)) = 2a(t) - a’(t) =0 for all ¢ € I. In other words, a(t) is orthogonal to o’(t) for all
tel.

Conversely, suppose that «(t) is orthogonal to o/ (¢) for all ¢t € I, i.e., a(t) - ¢’ (¢) = 0. Then

d ’ ’

Za®F) = (a(t) -a(®)” = 2a(t) - o/ () =0 (t€)
which implies that |a(t)|? is a constant, so |a(t)] is also a constant. Note that |a(t)| # 0. Otherwise, «
reduces to a constant point, implying «’(¢t) = 0, which violates the assumption that o’ (t) # 0.

1-3. Regular Curves; Arc Length

1. The tangent lines to the curve a(t) = (3t,3t2,2t3) are parallel to o’(t) = (3,6t,6t?), and the line y =
0,z = x is parallel to a vector (1,0, 1). Therefore the angle 6(t) between two vectors satisfies
“(t) - (1,0,1 3 + 6t2 1
cosﬁ(t):a/()(”): + -
la’(#)[(1,0,1)] V9 +3662+36t3vV2 V2

and 6(t) = w/4 is constant.

a. By interpreting the situation above, the parametrized curve a:R — R? is given by a(t) = (t —
sint,1 — cost). The singular points of « are the points ¢ where o (t) = (1 — cost,sint) = (0,0), which
are t =2nm (n € Z).

b. Observe that the disk rotates exactly once when ¢ increases from 0 to 2w. Therefore the arc length is



2 27 27
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a. Since 0B = 2asecf and 0C = 2acosf, we get CB = 2a(secd — cosf). Then 0P = C'B implies P =
2a(sec @ — cos0)(cos 0, sinf). Let t = tan 6, then

2a(sec§ — cosf) cos 6 = 2a(1 — cos® ) = 2a(1 1 ) _ 2at?
B - 1+62) " 1+
2at? 2at3
2 9 — 9 i 0 = — t 0 — X
a(secd — cos 0) sin 11 fan 10

Therefore the parametrized curve is given by

2at?  2at®
alt) = (mm) teR.

: ’ _ dat  2a(3t2+t%) , - c . . . .
b. Since o/ (t) = ((1+t2)2, W)’ we have a’(0) = (0,0). Therefore the origin (0, 0) is a singular point

of the cissoid.
c. Observe that
. o . ’ _
tl;r(r)lo a(t) = (2a,00), tlg(r)looz (t) = (0,2a).
Thus the curve and its tangent approach the line x = 2a as t — oco.

4. a. The tangent vector of a(t) is

sec?(t/2) \ . 1
2tan(t/2)> = (CO”’_S”IH 2 cos(t/2) sin(t/2)>

1 ) cos?t
= (cost, — —sint | = | cost, — .
sint sint

Therefore o’ (t) = (0,0) if and only if cost = 0, that is, t = 7/2.

o' (t) = (cos t,—sint +




Since o (t) || (sint, cost), the angle between the tangent line and y axis is t. Moreover, the z-coordinate
of a(t) is sint, so the length of the specified segment is always 1.

. The tangent vector of a(t) is o/ (t) = 3a((if§;‘, (fi:tf)lz)’ so o/ (0) = (3a,0). Hence « is tangent to the

x axis for t = 0.

. Ast — o0, a(t) = (0,0) and o'(t) — (0,0) by the equation above.
. Let a(t) = (z(t),y(t)). Then

Y (t) .2t —tt

t—1>I£l1 x'(t) - t—1>r£11 1—2t3

Therefore the slope of the tangent line approaches —1. Also,

. _Ba(t+1t? , 3at
04000 = i *5 = i = o

implies that the curve and its tangent approach the line x +y +a = 0.

Note To be more precise, we have to define what “approach the line” means. Every line in the plane
can be expressed by the equation az + by + ¢ = 0, where either a # 0 or b # 0. Note that multiplying
the vector (a, b, ¢) by a nonzero constant does not change the line, so the line does not determine the
vector (a,b,c) uniquely. However, there exists only two normal vectors (ag,b,) such that (ay, by, cg)
expresses the given line. Now we say that a family of the lines

L(t) = {(z,y) € R? | a(t)z + b(t)y + c(t) = 0}
approach the line
Lo ={(z,y) € R? | agz + byy + ¢y = 0}, where a3 + b3 =1
as t — t, if there exists the choice of signs u(t) = £1 such that

M CONIORE0)

B Jaer o ot

According to this definition, we can explain the behavior of the tangent line more strictly. Let n(t)
—2t+t*  1-2¢3
((1+t3)2’ (1+13)?
((z,y) — a(t)) = 0, that is,

—2t +t* 3at 1—2t3 3at?
2(5”* 3)+ 2 (Y~ 5| =0
(1+13) 14+t (1+t3) 14+t

< (—6at + 3at*)z + (3a — 6at®)y + 9a*t? = 0.

) be a vector orthogonal to a’(t). Then the tangent line of «(t) is given by n(t) -

Since a(t) — 9a, b(t) — 9a,c(t) — 9a? as t — 0, we get

L. a(t),b(t),c(t) ( 1 1 a )
150 a®2+b(t)2 \Va?+2 VaZ+2 VaZ+2)




By the definition above, the tangent line approaches to the line = 0, which

1 1 a
Vazr2 " + Vazi2” + VaZ+2
is the same as ¢ +y +a = 0.

. Obviously a(t) — (0,0) as t — co. «(t) approaches the origin 0 spiraling around it because of the
factor (cost,sint).

./ (t) = a(be’ cost — " sint, be® sint + e cost), so a’(t) — (0,0) as t — co. Since

o’ (t)| = \/a2 ((bebt cost — eP sint)” + (beb® sint + bt cos t)2) =aV/b? + let,

the given integral is

bt

t
¢ t
lim / |/ (t)| dt = Jim / ayv/b? +1e’ dt = a/b2 + 1 Jim l%] = —%\/ b2 + lebto,
—00 —y00
to to

t—o0

which is finite. Hence « has finite arc length on [y, c0).

. First consider the line determined by a(h) = (h3, h?) and «(0) = (0, 0). This line is given by x — hy =
0, or \/ﬁx - J#y = 0. This line has a limit position x = 0 as h — 0, therefore a(t) has a weak

tangent at ¢ = 0.

Now consider the line determined by a(h) = (h3, h?) and a(k) = (k3, k?). This line can be expressed by
z—h3 y — h?
G e o B R) (@ =07 = (= k) (y - %)
< (k+h)(z—h%) = (k* + kh+ h?)(y — h?)

< (k+h)x— (k> + kh + h?)y + k*h* = 0.

Hence «(t) has a strong tangent at ¢ = 0 if and only if the unit vector
1

V(k + h)? + (k2 + kh + h?)?

converges in R? as (k, h) — (0,0). However, this limit does not exist; the expression approaches (0, —1)

along the path k = —h — 0, whereas it approaches (1,0) along the path k = h — 0.

. The direction of the line determined by a(t, + h) and a(t,+ k) is W

(k+ h,k* + kh + h?)

) Since at) =
(z(t),y(t)) is differentiable (that is, has derivative of first order), by mean value theorem, there exists
€11, [€2] < max{[R], |k[} such that

x(ty + h) —x(ty + k) y(ty+h) —ylty + k)
h—k h—k
Also, a is of class C, so &/(t) is continuous and the direction vector converges to (z’(ty),y (ty)) =
o/ (ty) as h,k — 0. It is trivial that a has a strong tangent at ¢ = ¢,,.
. The derivative of a(t) = (x(¢),y(¢)) is

Lo f(2t,2t), (>0
a(t>_{(2t,—2t), (t <0

=2/ (ty + &1), =y (to + &)

Note that o/(t) is continuous, so « is of class C'. However,

s J2t,  (£>0)
vt = {—2t, (t<0)

is not differentiable at ¢ = 0, so « is not of class C2.



8. First observe that

n n

Uow P) = lalt) —alti )l =

i=1 =1

gz/ a'(t)dtz/abm'(tndt.

=1

/ Y dt

i—1 t171
On the other hand, since o’ is uniformly continuous in [a, b], given € > 0, there exists § > 0 such that if
t,s € [a,b] with |t — s| < 4, then
3
"(t) — o < —.
(1) = (5) < 7

Now suppose |P| < 8. Then for every t € [t;_q,t;], we have |/ (¢)| < |’ (¢;)| + &. Therefore

" la/ ()] dt < |a’ (t;)|(t; —t;_q) + elt; =t 1)

N i 4(b—a)
- | et - woyal « 2t
< /tt o () dt| + tt olty) ) ) + g(izb—t;)l)
< Jalty) — alt, )| E(;zb__tia)l)

If we add these inequalities, we obtain
b €
/ o/ (0] dt < I{a, P) + § <o, P) + <.
Hence we conclude that

<e.

b
/ o (1) dt — I(o, P)

9. a. See the definition of I(a, P) in Exercise 8. Observe that as the partition becomes finer and finer,
the polygon approaches the curve more and more closely, and I(«, P) becomes larger and larger by
triangle inequality. Therefore we can define the arc length of a by

sup (o, P),
P

where the supremum is taken over all partitions of [a, b].
b. Observe that the curve a(t) = (¢,tsin(n/t)) passes through the points

(%’0)’ (n +11/2’ 75111);2) (n—ll- 1’0)

for every m € N. Hence the arc length of the portion of the curve corresponding to 1/(n+1) <t <
1/n is at least 2/(n + 1/2). Then the length of the curve in the interval 1/N <t <1 is greater than




N-1

1 1 N-1 ) N-1 1
length f <t —| > _—>2 —_—.
;(eng NS _n)_;n+1/2> ;n+1

Since this sum tends to infinity as N — oo, arc length of « in a closed interval [0, 1] is unbounded.

10. a. By the Cauchy—Schwarz inequality, we have o/ (t) - v < |@/(t)|. Therefore

(@—p) v= /bo/(t) vdt < /abo/(t)dt.

a

b. Let v = (q —p)/|q — p|, then (q —p) - v=|q—p|, so

b
la(b) — a(a)| = |a — p| < / o/ (1) dt.

1-4. The Vector Product in Rr3

1. a. The basis is negative;

b. The basis is positive;

=39>0.

13
23
48

wW = Ot

2. To prove that v = (a, b, ¢) is perpendicular to the plane, we have to show that every line contained in the
plane P is perpendicular to v. Now select any line [ in P and choose (z,y, 21), (25, Yo, 29) € [ so that
(xg — T1,Yy — Y1, 29 — 21) to be the direction of line I. Since (x1,y;,2;), (Tq,Ys, 25) € P, we have az, +
by, +cz; +d = axy + by, +czy +d =0 and

a(Ty — 1) + by, —y1) +clzg —2) =0 = v (T — 1, ¥ — Y1, 22 — 2) =0.
Therefore v L [ for any line [ € P, and v is perpendicular to the plane P.
Let (z,y,z) be a point in P, so we have azx + by + cz = 0. By Cauchy—Schwarz inequality,

VAT Ay aatbute  ld

T Va2 + 2 Va? + 02+
Hence the distance from the plane to the origin is |d|/va? + b2 + 2.

3. The angle of intersection of the two planes bx + 3y 4+ 2z —4 =0 and 3x + 4y — 7z = 0 is equal to the
angle between the two normal vectors n; = (5,3,2) and n, = (3,4, —7). Therefore

cosf = nomy 13 0= arccos(i>
In,[ny|  24/703° 2¢/703 )"

4. Two planes are parallel if and only if two normal vectors are parallel. Hence there exists k such that

(a1,by,¢1) = k(ag, by, ¢0) = Z—; = Z_; = Z—; =k,
where the convention is made that if a denominator is zero, the corresponding numerator is also zero.
5. Since a A b are perpendicular to both a and b,
P—P)A(P—P) (P—P3) =0
= {P-pP)AP—P)+(P3s—P)A(P—P2) +(Ps—P1)A(Ps—P)}- (P—P3) =0
< (P3 —P1) A (P3 —P2) - (P—P3) = 0.



Note that the normal vector of the plane passing through the three points p, ps, P3 is parallel to (p; —
p1) A (ps — py). Hence p is a point of the plane if and only if (ps — p;) A (Ps — P2) - (P — P3) = 0, that
is, P—P1)A(P—P2) - (P—P3) =0

6. Since the line of intersection [ is contained in both planes, [ is perpendicular to the normal vectors v,,v,.
Therefore [ is parallel to the vector u = v; A vo. Now suppose (z,y,z) € [, then (z — 24,y — Yy, 2 — 2g)

is parallel to [, therefore

(T — 20, Y — Y, 2 — 29) = Ut = T — Ty =ust, Yy — Yy = Ust, z— 2y = ust.

7. A plane and a line are parallel when the normal vector to the plane is perpendicular to the direction of
the line, that is, (a,b,c¢) - (uq, uq,u3) =0 < auq + dbuy + cug = 0.

The distance p between the nonparallel lines is given by |r||cos 6|, where 6 is the angle between r and the
normal vector u A v. Therefore

(uAvV)-r|  [(uAV)-1|
[uAvlr]  |[uAv|

i

[T

Let 6 be the angle of intersection of the plane and the line. Then the angle between the normal vector
n = (3,4,7) and direction (3,5,9) is 7/2 — 0. Therefore

0) v 92 = H—arcsin(i)
n|lv| 74115 V8510

|
p = r||cos 0] = |r|

sinf = cos(z —
2

10. It is easy to see that

u-uu-vy  (u ug\ (U vy
v-u v-v Uy Uy ) \Uy Vg )

Now let u’ = (u;,uy,0),v’ = (v;,v5,0) € R%. Then A = |[u’ A V| so
2 a2 (U VY | furuuv
AT =" A V] _‘(v’~u’ v-v )l |\viuv.v

(U U ) (U Up )| _ | U1 U Up V)| _ | U U2
V1 Uy ) \U2 Vg V1 Vg Uy Vg V1 Vg




11. a.

The volume of a parallelepiped is given by (area of the base) - (height). Let 6 be the angle between w
and u A v. Since the area of the base is [u A v| and height is |w]||cos |, we have

V =|uAv||wl|lcosf| = |(uAV)- w|.

Now we can define oriented volume (u A v) - w, which is positive if and only if the basis {u,v,w} is
positive.

b. Since |(u A V) - w| = det(u, v, w), we have

s

V2

<

[(uA V) w|? = det(u, v, w)? (
u

w
= ulviw || = v u|v|w
w
u-u uv uw
=(lv.uv-v vw
W-u WV W-W
12. fuAv=w, then v.-w=v-(uAv)=0so v is perpendicular to w.
Conversely, suppose that v is perpendicular to w, so v-w = 0. Let uy = #(v A w) then

L((V AW)AV) =

/\ =
Ug AV |V|2

~E —((v-v)w—(w-V)V) =w.
Therefore there exists a vector u, such that uy Av=w. To find the general solution, suppose u
also satisfies the given condition. Then uyy Av=w=uAv = (u—uy) Av=0s0u—u, and v are

parallel. Therefore we have u = u, + kv (k € R).
13. Let w = u A v, then

/

w =(uAv) =uAv+uAv =(au+bv)Av+uA(cu—av) =auAv—auAv=0.
Therefore w(t) = u(t) A v(t) is a constant vector.

14. The normal vector of the plane determined by the points (0,0,0),(1,—2,1),(—1,1,1) is parallel to
the vector (1,—2,1) A (—1,1,1) = (—3,—2,—1). Now the unit vector we want is perpendicular to both
(2,2,1) and (—3,—2,—1), so it is parallel to (2,2,1) A (—3,—2,—1) = (0,1, 2). Therefore the answer is

+1(0,1,2).

1-5. The Local Theory of Curves Parametrized by Arc Length

1. Note I will assume a > 0. Otherwise, we have to consider the sign of a.

a.a'(s) = (—%sin2,%cos 2, %), s0 [/ (s)| =1 and s is the arc length.

b. o’ (s) = (—%cos £, —%sin2,0), so the curvature is k=|a”(s)| =a/c?. Moreover, since n=
(f cos 2, —sin ¢, 0) we have

b=a"An=|—%sin® %cos? g :—(bsin—,—bcos—,a)
eSS c c c
cos 2 sin2 0



and b’ = C%(b cos 2,bsin 2, 0) = —C%n. Therefore the torsion is —b/c?.
c. The osculating plane contains «(s) and is normal to the vector b, so it is represented by the equation
b (x —a(s)) =0, where x = (x,y, z), That is,

.S s s .S s
(bsm—,—bcos—,a) . <x—acos—,y—asm—,z—b—> =0
c c c c c

= (bsin§>$— (bcos§>y+a(z—bf) =0.
c c c

d. The line containing n(s) and passing through a(s) is given by

r—acos? y—asing z—05b2
C __ C __ C

—cos 2 —sin 2 0
Since (0, 0,a+ bf) satisfies this equation, this line meets the z axis. Also,n-z =mn-(0,0,1) = 0, thus
two lines meet under a constant angle /2.
e. Since t = (—2%sin £, 2 cos £,2) and |t| = 2| = 1, we have

b b
cosf(s)=t-2=- = 0(s) = arccos(—),
c c

which is constant.
2. Since o/ =t, o” =kn, and o” = kn’ 4+ k'n = —k?t + k'n — krb, we have o/ Aa” =t Akn = kb and
(@ ANa”)-a” =kb- (—k’t + k'n — ktb) = —k?7. Therefore

__d(s)Aa’(s)-a”(s)
T G

3. a. We have [t'(s)| = |k(s)n(s)| = k(s) # 0 by assumption. Therefore s - t(s) is a regular parametrized

curve.
b. By definition of 6(s), we get t(s) = (cos0(s),sinf(s)) and n(s) = (—sinb(s),cosd(s)). Since t'(s) =
(—0'(s)sin6(s), 0 (s) cos(s)) = 0’ (s)n(s), we have k = 6’ (s) = db/ds.
Note The definition of (s) provided in the problem does not guarantee the differentiability of 6(s),
as 0(s) is not uniquely determined. For example, if t(s) = (cos s, sin s) then both 6, (s) = s and 04(s) =
s —2m|s/(2m)| satisfy the definition, yet 6, is not differentiable. Therefore, an additional condition,
such as continuity, must be imposed.
We now show that continuity of (s) implies differentiability (of co-order). Suppose 6(s) is continuous.
Fix an arbitrary s, and consider the case where 0(sy) — 2mnm € (—n/2,7/2) for some integer m. Since
sinf(s) = y'(s) for a(s) = (z(s),y(s)), we can express 0(s) locally as
0(s) = arcsin(y’(s)) + 2m(s)w

for some integer-valued function m : I — Z. Due to the continuity of 8(s), The function m : I — Z
must be locally constant (i.e., m(s) = m). Now both arcsin(-) and y’(-) are C*° function, thus 0(s) is
also a C'*° function at s = 5.

For cases where 6(s;) lies in other intervals, such as (0, 7), we can proceed similarly using arccos(-).

4. Since (a(s) —xg) || n(s) for all s € I with a fixed point x;, there exists a function w : I — R such that
Xy = a(s) + u(s)n(s). Differentiate both sides to get
0=co +un+un =t+un+u(—kt —7b) = (1 —uk)t + u'n —urb.
Therefore 1 — uk = v’ = ur = 0. From 1 — uk = v’ = 0, we have u(s) = 1/k. Also, ur = 0 implies 7(s) =

0, that is, a(s) is contained in a plane. Finally |x, — a(s)| = |u(s)n(s)| = 1/k, so the trace of the curve
is contained in a circle.

5. a. Let x, be a fixed point, then there exists a function uw:I — R such that x; = a(s) + u(s)t(s).
Differentiate both sides then

0=co +u't+ut =t+u't+ukn=(14u")t+ ukn.

10



. a.

Therefore 1 +u = uk = 0. From u’ = —1, we obtain u(s) = —s + u, for some constant u, € R. Also,
uk = 0 implies k(s) =0 (because k(s) =0 for all s # uy and k(s) is continuous at s = u,). Hence
|a”(s)] =0 and « is a (segment of a) straight line.

. No. Consider the curve

(@), (=0
a(t)_{(—tQ,ﬁ), (t < 0)

a has the property that all its tangent lines pass through the fixed point (0, 0), but the trace of « is
not a straight line.

. |pu| = /pu-pu = y/u-u = |ul, so the norm of a vector is invariant under orthogonal transformations.

Also,
pu - pv u-v

cos Z(pu, pv) = = cos Z(u, V)

lpullpv] — fullv]

and Z(pu, pv) = Z(u,v). Hence the angle between two vectors is also invariant.

. Let R denotes the matrix representation of p, that is, pu = Ru for all u € R. Now

(pu A pv) - pw = det(pu, pv,pw) =det | Ru|Rv|Rw | =det| R| u|v|w

=det(R)det(u,v,w) = (uAV) -w=p(uAV)-pw,

where det(R) = 1 because p is an orthogonal transformation with positive determinant. Since this
equation holds for arbitrary w € R3, we have pu A pv = p(u A v).

Note that the condition on the determinant is necessary, otherwise, if det(R) = —1, then pu A pv =
—p(u A v) would hold.

. Let s(t), k(t),7(t) be the arc length, the curvature, and the torsion of the curve a. By Exercise 12,

we have
, , a/ /\ a// (a/ /\ a//) . a///
S0 =la'l, ko= TDE] g = he) o
| la" Ao
Let a(t) = pa(t). Then
s(t) = ()] = [pa’ (t)] = |/ (t)] = 5" (t),
so5(t) = [ §(t)dt = [ s'(t)dt = s(t). Also,
_ pa//\pall p a/ /\a// a//\all
k(t):‘ | _ In( 3)|:| ,3|:k(t>.

lpa’|? |a
Finally we have
(pa/ /\pal/)'pal// p(a/ /\a”)'pa/// (a//\al/).a/ﬂ

7(t) = — = = =1(t).
" lpa’ A pa”|? ol Aa”)? o’ Aa”|? )

Therefore the arc length, the curvature, and the torsion are invariant under rigid motions.

We will reparameterize the curve a by arc length. Let s(t) = f: |a’(t)| dt and define the curve & as
0 /

a(s) = a(t(s)), where t(s) is the inverse function of s(t). Note that &'(s) = 442 = % =1,s0 & is

parametrized by arc length. Then we can define n(t) and k(t) as

11



n(t) = i(s(t), k(t) = k(s(t)),

where 1i(s) and k(s) are the normal vector and curvature of & at s. Now we have

Let [ be the tangent at t of the evolute of a. Since
B(t)- o/ (t) = B (®)]|e/ ()] - B'(5) - & (s)

=B )] a(s L/f1.9—~5—7~-—8)~5 A (s
= Ol 0] ( ”*(;@) (5~ )~ 7 b >) )

=18l ®)]- (1+0-1-0) =0,
1 is normal to a at t. Also, a(t) = B(t) — (1/k(t))n(t), so [ passes through the point a(¢).

. Define s; = s(t;), 85 = s(t;). Fix t,, then the intersection point p(s;) of the normal lines at ¢; and t,
is given by

a(sq) + 1(sy)u(sy) = a(sy) +0(sy)v(sy) = p(sy1),
for some function u,v : I — R. Rewrite this equation by

a(sy) —aflsy) _ 1(s1)u(sy) — n(sy)v(sy)

and take the inner product of both sides with t(s;) to get

t(sy) - a(sy) — a(sy) (s1) - ni(s;)u(sy) — n(sy)v(sy)

(s 89 — 81 ! S9 — 81 (51 S9 — 81
—t t —t
_ fl(82) (81)’0(81) _ fl(Sz) (82) — (SI)U(Sl)
Sg — 81 S9 — 81
Therefore
oy o) et
vis1) =~ t(s5)—t(s;)
n(s ) ' 52—51 '
and taking the limit t; — ¢, (that is, s; — s5) leads to
E s ) 5‘(32):6‘(51) E % 1
lim v(s;) = lim (51 —2 0L — (822 (S~2) == .
ti—ty Lot fi(s,) - He2lHe)  A(sy) - k(sy)n(sy)  K(sy)
S35,
Since
lim p(sy) = lim a(sy) + n(sy)v(sy) = a(sy) + =——n(s,),
t1_>t2p( 1) ot (s2) (s2)v(sy) (s2) % (55) (s2)

the intersection points converge to a point on the trace of the evolute of a.

. Let & be a reparametrization of a by the arc length. Since o/ () = (1,sinht) and s(t) = f;|o/(t)| dt =
fg V1+sinh?tde = fot coshtdt =sinh¢, we have t(s) =arsinhs as the inverse function of s(t).
Therefore

a(s) = a(t(s)) = (t(s), cosht(s)) = (arsinhs, Vit 52).

The derivatives of & are

12



6/(3)—( 1 s ) &(s) = (- s 1
VI+s? Vits? (14 52)%27 (1 4 52)%/2
Since n(s) = ( s/V1+s2,1/V1+s ) we have @”(s) = 1+%fl(s) and k(s) =
- 1 1
K(t) = k(t(s)) = 1+sinh2¢  cosh2t’
b. Let § be the reparametrization of 8 by the arc length, where 8(t) = a(t) + ==n(t) is an evolute of

1+32 Thus

1700)
a. Then
~ 1 S 1
s) = a(s) + ——n(s) = (arsinhs, /14 s2) + (1452 (— , )
= (arsinhs—sx/1+s2,2\/1+sz),
so we get

B(t) = B(s(t)) = (t — sinht cosht, 2 cosht).

9. Since |’ (s)| = 1, there exists a differentiable function 6 : I — R such that
a’(s) = (cosb(s),sinb(s)).

Then a”(s) = 6’(s)(—sin6(s), cos6(s)) and |a”(s)| = 6’(s). By definition we have 8’ (s) = k(s) and 6(s) =
J k(s)ds + ¢ for some constant angle ¢. It follows that

a(s) = /o/(s) ds = (/cos@(s) ds+a,/sin9(s) ds+b)

for some constant vector (a,b).
10. a. Let a(t) = (z(t),y(t), 2(t)). Obviously, z(t) = ¢ is differentiable. It remains to show that
e/t t>0
t) = ’
2(t) {o, t<0
is differentiable at every ¢t € R. We assert that there exist a series of polynomials {pn}f; , such that

() — J P/, >0 >
2™ (x) {0’ t<0 (n >0).

For n = 0, it is trivial with py(2) = 1. Now suppose above statement is true for n = k. Since 2(*)(t) is
differentiable (of first order) for every ¢ # 0, we only have to check for ¢ = 0.

) (¢) — 5®)
20 =270 _ oy, (1) =% = lim sp(s)e~*" =0,

S5—00

lim -
t—0+ t—20 t—0+ tpk

therefore z(®) is differentiable (of first order) at t = 0 and z*+1)(0) = 0. Moreover,

d 1 1 1 1 2 1 1
(k1) () = — e )= (—=p/ = i z T >
U (t) dt(zon(t)e ) ( tgpn(t)+t3pn(t))e (t=>0),

hence p,, .1 (t) = —t2p) (t) + 2t3p,, (1)
b. Observe that the derivatives of a(t) are

( Ze 12) £>0 (0 0, =822 ‘%), t>0
o'(t) = (1,t—36 #0), t<o  O=1(o, 4;2”&%2,0), t<0
(1,0,0), t=0, (0,0,0), t=0.

Therefore a is regular for all t. Note that k(t) = o/ (t) A a” ()| /|e/ (t)[>. If ¢ > 0, then the curvature
is zero if and only if

4—6t? _1 2
k(t):04:>|o/()/\a(t)—’<0, /6 e‘ﬂo)’=0<:)t:\/;.
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11.

12.

. Let 7(s) be the curvature of 8 at s € J, so 7(s) = 7(t(s)). Observe that B”(s)

Similarly, if ¢ < 0 then k(¢) = 0 if and only if t = —4/2/3. Obviously k(0) = 0, since a”(0) = 0.

Ift>0and t — 0 then the osculating plane is spanned by the vectors o' (t) = (1,0, t%e_t%) and

o’ (t) = (0 0,4

‘e t2), so the plane is y = 0. Otherwise, if t < 0 and t—> 0, then the osculating
plane is spanned by the vectors o (t) = (1, t%e*t%, 0) and o’ (t) = (0, 4-61 o= 0) which implies the

16
plane z = 0.

. Note that 7(t) = —((a/ Aa”) - ")/’ Aa”|>. If t > 0, we have o/ Aa” || § and o” || 250 (o Aa”) -

o” =0 and 7(¢) = 0. Also if t <0, then &’ Aa” ||z and &” || § so (&/ Aa”)-a” =0 and 7(t) = 0.
Finally, if ¢ = 0, then o = a” =0so0 7(0) = 0.

. The plane curve is given by

a(f) = (p(0) cos b, p(f)sinh), a <0 <b.
Hence o’ (0) = (p’ cos — psiné, p’ sinf + pcos ). The arc length is

b b b
/|a’(9)|d9=/ \/(p'cosa—psma)2+(p'sin9+pcos9)2d9:/ \/p2 + (p)*db

. By Exercise 12(d), the curvature of the curve a(f) = (z(6),y(0)) is given by

k(O) = (2'y —a"y)/ (@) + )?) ™"
Since
a”(0) = (p” cos@ —2p"sinf — pcos b, p” sinb + 2p’ cos @ — psin ),
we have
a'y" —a"y = (p'c—ps)(p”s+2p'c—ps) — (p's+ pc)(p”c —2p’'s — pc)
=2(p")" — pp” + 0%,

where ¢ = cos 6, s = sin §. Therefore the curvature is

Y A 2/27 ” 2
k(o) = — 2V =2y _20")" —pp" +p

(@ + @) (0 + )"

. Note that s(t f |o/(t)| dt and s’(t) = |/ (t)|. Hence gt = 1/(%) =1/]a’|. Also,

d2 t dfdty d( 1 \ d( 1 e o A T
ds>  ds\ds) ds\|a’(t)]) dt\|/(t)]) ds |&)* || |t

/ N [
i 7 7 20"« a
where |o/|" = (\/a e ) = .
‘ | 2va’- o/ ‘0‘ |

. Let k(s) be the curvature of 8 at s € J, so k(s) = k(t(s)). Since B(s) = a(t(s)), we have §'(s) =

do(t) = dtda — o' /|a’|. Moreover,

ds — dsdt
, d (o d (o dt  df 1 S\ dt
pris) = <|a|)‘E(w)'%‘ﬁ(wa)'%
—|o/| = 1, 1 o ~a”a, N o ~o/a,, 1
= o a” |- = | = .
4k o o o' o o
1 ’/ ’/ " /7 " / / V4 ’/
:—4((a~a)a f(a~a)a):—4((a Aa”)Na').
/] ||
Therefore
7. ” 1 ’ ” ’ |O//\O//|
k() = k(s) = |8 <s>|=‘7«a ') na)| = 12N
/| /]

because o’ A @” and o’ are perpendicular.
= k(s)fi(s) implies
B”(s) =k'n+ ki =kn+ %(—Eﬁ — %B), so B”(s) - b(s) = —k(s)7(s) = —k(t)7(t).

14



The normal vector fi(s) and binormal vector b(s) are given by

~ 1 ” |O/‘ ” oo’ o
n = — = — _
(S) k(S)IB (5) |O[/ A O[”‘ |Oé/ A Oé”| |a/|7
~ B a/ |a/| a/ . a// C‘{/ a/ /\ a//
b(s) =t(s) An(s) = A a” — — =
() () () |a/| (|a//\a//| ‘a//\a//||a/‘ ‘a//\a//|
Hence
5 dt\*® dt d*t d3t o Ao’ a” AN
—k(t t) = B” b — m 2 30" — 2~ i X — . )
(tr(t) = B7(s) - B(s) (a () +30" G+ ) e = s ne
Finally we get
(t) 1 a/// a/ /\ a// (a/ /\ a//) . al//
T = — . [
k@) o> o Ao’ o’ Aa”|?
d. Since t(t) = %, the normal vector is given by n(¢) = % Note that there is no vector
z/ + y/ z/ + y/
product in R?, so we can’t use the formula k(t) = |/ A o”|/]a’|*. Since we have
1 V4 v /4 7,
ﬂ//(s): ((a/.a/)a//_(a/.a//)a/): (x ?y ) _ T +yy (:E/’y/)
A N2 N2 2 202
o] @)+ W) (@) +@)?)
x’y” — 2"y —y, 2’ m’y” . w//y/
= 32 = 3/2 n(t),

(@) +@)?) @)+ )" (@) +))

the curvature is
x/yll _ m//y/
(=) + )?)

13. First suppose that a(I) lies on a sphere. Since k and 7 are invariant under translation, we can assume

k(t) = [8"(s)| =

3/2°

|a(s)|? = C for some constant C > 0. Differentiate a(s) - a(s) = C three times then we obtain
a-a' =0, a-a"+a -/ =a-a"+1=0, a-a”"+a -a"=a-a” =0.
Since o” = kn and o” = k'n+ kn’ = k'n + k(—kt — 7b), it follows that
a-t=0, a-kn=-1, a-(kK'n—Fk* —krb)=0.
In particular, the last equation leads to

0:k’(a-n)—kQ(a-t)—kT(a-b)zk’(—%>—kQ-O—kT(a-b),

hence we get a- b = k—/(—%) = (—Z—;) L (%),(%) = R'T. Thus « satisfies

kT T
a=(a-t)t+(a-n)n+ (a-b)b=—Rn+ R'Tb
and |a|2 = R2 + (R’)°T? is constant. )
Conversely, assume that R? + (R’)*T? is constant, so we have (R2 + (R’)2T2) =2RR' +2R'T(R'T) =
0. We define the parametrized curve §(s) = a(s) + Rn — R’Tb, then
4 R 4
B'(s) = t+ R'n+ R(—kt — 1b) — (R'T)'b — (R'T)rn = — b — (R'T)'b
1 ’
= —— 2 ! 2 /T /T b = .
s (2RR +2RT(R'T) )b =0
Therefore B(s) is constant, so let B(s) = x,. Accordingly,

la(s) — x| = |[Rn — R'Tb| = \/R? + (R")*T? = const,,

hence «(I) lies on a sphere.
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14.

15.

16.

Let f(t) = |a(t)]? = a(t) - a(t). Since f(t) is maximum at t =t,, we have f’(t,) =0 and f”(t,) <0,
that is,

f'(#) =2a(t) - o' (t) = alty) - o/ (ty) =0,

P () =20 () - &/ (1) + 2a(t) - a”(t) = |a’(t)[* + alty) - a” (ty) < 0.
Note that a - a” < 0, so we have |a - o”| > |a’|>. Now {a(t,), o (t,)} is an orthogonal basis of R2, so there
exists ¢p, ¢y € R such that a”(t,) = c;a(ty) + cya’ (). Applying inner product with a(t,) both sides to
obtain o” - a = ¢;|al? and ¢; = (a” - a)/|a|?. By Exercise 12,

1
k(to) = | ,‘4|(O/ -a’)a” — (o -a”)a’|
1 72 ’ 72 7
= la'[*(e;a+ c,0") — ey’ P
|
_lalle] _Ja-o"] o2 1
@ * fefla’* T Jalla P falt)l
Since b’ = 7n, the absolute value of the torsion is determined by |7| = [b’|, and n is determined up to a

sign. Now t = n A b and the curvature satisfies the relation t' = kn, so k > 0 can be determined.

The statement is false. We introduce a counterexample.

For r,h >0 with r2 +h% =1, define a heliz given by «a(s) = (rcoss,rsins, hs). Note that o/(s) =
(—rsins,rcoss, h), so o/ (s)] = v/r2 + h2 = 1 and a is parametrized by an arc length.

Since a”(s) = (—rcoss,—rsins) = r(—cos s, —sin s, 0), we have k(s) = r and n(s) = (—cos s, —sins, 0).
Consequently, b(s) =t(s) An(s) = (hsins,—hcoss,r) and b’(s) = (hcoss, hsins,0) = —hn(s), thus
7(8) = —h. Observe that n(s) is the same for every helix with arbitrary r,h > 0, but k(s) =r, 7(s) =
—h # 0 is not same. Therefore k(s) and 7(s) cannot be determined by the normal vector n(s).

Note In the solution of the book, they said that

so k/7 can be determined by arctan(k/7) = [ a(s)ds. However, we have to consider the constant of
integration, so arctan(k/7) cannot be determined.

In fact, in the case of family of helix, (arctan(k/7))" = (arctan(—r/h))" = 0 is determined for all helices,
but arctan(k/7) = arctan(—r/h) is not determined.

17. a. Let a be an unit vector of the fixed direction and 6 be a fixed angle. By definition, if a is a helix, then

a -t = const.. Differentiate both sides to get a - kn = 0, that is, k(s) = 0 or a-n(s) = 0 for every s €
I. Note that if k(s) =0 in some interval (a,b), then « is straight line in that interval so 7(s) =0,
which is contradiction. Hence for arbitrary interval (a,b), there is a point sy € (a, b) such that k(sy) #
0, that is, a - n(s,) = 0. Since a - n(s) is continuous, we have a - n(s) =0 for all s € I.

Since (a-b)’ =a-7n =0, we have that a - b is constant. Therefore

k b
an =0 = a (—kt—7b)=0 = - =_2"2 _ const.
T a-t

Conversely, suppose that k/7 is constant. Define a =t — éb. Since
k k
a =t ——-b' ' =kn—-mn=0,
T T
a is constant. Because a -t = 1 is constant, by definition, « is a helix.

b. If @ is a helix, then a - t = const., so we have a - n = 0 by the argument of (a). Then the lines containing
n(s) and passing through «(s) are parallel to a fixed plane normal to a.
Conversely, if the last condition holds, then a-n = 0. So we have (a-t)’ =a-kn = 0, therefore a -
t = const. and « is a helix.
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18.

c. If a is a helix, a - t = const., so we have a-n = 0 by the argument of (a). Then we obtain (a-b)" =

a-7tn =0, that is, a-b = const., and the lines containing b(s) and passing through a(s) make a
constant angle arccos(a - b) with a fixed direction a.

Conversely, if a - b = const., then a - 7n = 0. Since 7(s) # 0, we havea-n=0. So (a-t)’ =a-kn =
0 implies that a - t = const. and « is a helix.

. We reparametrize the curve a by an arc length, and denote it by «. (That is, we will assume that « is

already parametrized by an arc length.) We can see that this assumption doesn’t make any problem.
Note that @(s) = a(s) + r(s)n(s), thus @ may not be parametrized by an arc length. Differentiate
both sides with respect to s, then we obtain

da / ’ ’

o =t+rn+m’ =1 —rk)t++r'n—rrb.

By the definition of Bertrand mate, da/ds is tangent to n(s), so we have da/ds -n =71 =0 and r is
constant.

. We will denote the arc length, the unit tangent vector, and the normal vector of @ by 5, t and 1.

First suppose that « is a Bertrand curve. By the definition, we have t L n || n L t for each s € I.
Observe that

ae-t) _, L O SRy o St S
ds ds ds = ds ds ds = ds -
thus ¢ - € = const., and |t /\E‘Z\/l—(t-f)Q is also constant. Moreover,
— ds da ds ds
t =t 2. 2%t L (1 —rk)t—rb) = Z(1 -k
dg dS d§ (( T) TT) dg( T)?
— ds da ds ds
tAt i =tAl—=-— || =|—=CtA((1—=rk)t —rtb))| = |—r7|.
el = fon (- 5) | = [S2ten @ = ke —rrbp| = | %0

So we have (1 —rk)/(r7) = const. = C, that is, rk + Cr7 = 1. Letting A =t and B = Cr, we obtain
Ak + Bt =1.
Conversely, assume that Ak + Br = 1 for some constants A, B. Define @ = a + rn with r = A. We

will justify that @ is Bertrand mate of a. Since
da
d_a = (1—rk)t —r7b = Brt — r7b = 7(Bt — rb),
s

the unit vector t of @ is given by t = (Bt —rb)/v/ B2 + r2. It follows that

dt ((Bk - rT)/\/m)n,

E:

so n(s) = +n(s) and the normal lines of @ and « at s agree. Thus, « is a Bertrand curve.

. Assume that « has two distinct Bertrand mates @ = o + 7n, @ = a + #n. By part (b), we can see that

a+ rn is Bertrand mate of « if and only if the relation rk(s) + B7(s) = 1 holds for some constant
B. Hence we obtain 7k + Bt = 7k 4+ Bt = 1 for some constant B, B. Now for arbitrary & € R, the
following relation

(+(1—OR)k+ (EB+(1-€B)r=1

holds. Hence for r* = £F + (1 — €)7, the curve a* = a + r*n is a Bertrand mate of «, so « has infinitely
many Bertrand mates.

As k+ (E/’I_")T =1/ and k + (B/F)r = 1/7, it must be B/F # B/F. Otherwise, we have 7 = 7, which
is a contradiction. Hence we obtain k' + (F/T") v =k + (B/f)r =0 and k' =7’ =0. Using the
uniqueness part of the fundamental theorem of the local theory of curves, we can conclude that the
circular helix is the only such curve.
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2-2. Regular Surfaces; Inverse Images of Regular Values

1. First, we show that the cylinder S = {(z,y,2) € R | 22 + y? = 1} is a regular surface. Define f: R3 —
R as f(z,y,2) = 2 + y2. Since (f,, fys f.) = (2z,2y,0), the partial derivatives vanish simultaneously at
(0,0, 2) for all z € R, and the set of critical values is {f(0,0, z) | z € R} = {0}. Hence 1 is a regular value
of f, and f71(1) = S is a regular surface by Prop. 2.

We now show that the mapping x: U — S, x(u,v) = (cosu,sinu,v) where U = (0,27) x R defines a
parametrization. Note that cos?u +sin?u = 1 so x(U) C S. (i) It is easy to see that x is differentiable.
(iif) Since

—sinu 0
dxq = | cosu 0|,
0 1

the differential dx, is one-to-one for each q € U. (ii) Let (cosu,sinu,v) = (z,y, 2). Since v = z and (z,y)
determines u, x is one-to-one. By Prop. 4, x ! is continuous.

Note that this parametrization doesn’t cover the points {(1,0,v) | v € R}. However, we can define x* :
U— S, x*(u,v) = (sinu, cosu,v), and fully cover S by x(U) Ux*(U).

Note The process of proving that a given mapping x : U — R? is a parametrization for S is as follows.

o First, justify that x : U — S by showing that x(U) C S.
e Second, verify the three conditions provided in Def. 1:

(i) x is differentiable,
(ii) x is a homeomorphism,
(iii) For each q € U, dxg R? — R? is one-to-one.
In the solution above, the notations (i), (ii), and (iii) refer to the proofs of these three specific conditions.
The method of proof is as follows:
o If it is easily established by other means that S is a regular surface, we first prove (i) and (iii), and
then apply Prop. 4 to conclude (ii).
o Otherwise, conditions (i), (ii), and (iii) must be proven independently.

2. The set {(z,y,2) € R® | 2 =0,2% + y* < 1} is a regular surface. It’s because T = {(z,y) | z*> + y* < 1}

is open and f: T — R defined by f(z,y) = 0 is differentiable, so {(z,y, f(z,y)) | (z,y) € T} is a regular
surface by Prop. 1.
We now show that S = {(z,y,2) € R® | z=0,2% + y* < 1} is not a regular surface. Let p = (1,0, 0), and
suppose that S is a regular surface. Then by definition, there exists a neighborhood V of p in R® and
amap x: U — VNS of an open set U C R? onto VNS C R3 such that (i) x is differentiable, (ii) x is
a homeomorphism, (iii) dx, is one-to-one for each q € U. Since x(u,v) = (2(u,v), y(u,v), 2(u,v)) is onto
VNS, we have z(u,v) = 0. Let q = x1(p).

F=mwmox

Now define 7 : R® — R? as 7(z,y, 2) = (z,y) and consider the function F : R? — 7(S), F = mox. Since
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Oz /0u Ox/dv
dxy = | Oy/0u Oy/Ov
0 0

is one-to-one, we have

Gl o) o

Therefore dF, = ‘(g;?gz gz;g;]) # 0 and we can apply the inverse function theorem, so there exists

neighborhood U’ of q in U and neighborhood W of F(q) = (1,0) in R? such that F|;, : U' — W has
differentiable inverse (F|y) " : W — U".

Let r = F(q) + (¢,0) for sufficiently small & so that r € W — 7(S). Then s = (F|,) ' (r) € U/ ¢ U and
F(s) =r ¢ n(S). However, since F : U — w(S5), it must be F(s) € 7(5), which is a contradiction.

3. If it is a regular surface, by Prop. 3, there exists a representation of the surface in one of three forms z =
f(z,y), y=g(z,z), £ = h(y, z) in the neighborhood of (0, 0,0). However, projections of the surface over
the xy, yz, zx planes are not one-to-one, so it cannot be the regular surface.

4. Since df, = (0,0,22), The critical points of f are the points with z=0 and critical values are
{f(z,v,0) | z,y € R} = {0}. Thus 0 is not a regular value of f. However, f~1(0) is zy-plane, which is a
regular surface by Prop. 1 (with U = R? and f(z,y) = 0).

5. Yes. First observe that P is a regular surface by Prop. 2, because it is given by the preimage of a
differentiable function f(z,y,2) =2z —y at a regular value 0, that is, P = f~1(0). Now we show that
x(u,v) = (u +v,u + v,uv) is a parametrization of P. Clearly, x(U) C P. (i) It is easy to see that x is
differentiable. (iii) Since

):u—v#O,

the differential dx, is one-to-one for each q € U. (ii) Let (u + v, u +v,uv) = (x,y, 2). Since u and v are
zeros of quadratic equation t2 —xt + 2z = 0 and u > v, we can determine (u,v) by (x,v,2). So x is one-

to-one. By Prop. 4, x~! is continuous.

6. Let U C R? be an open set and suppose that f:U — R is a differentiable function. Now define the
function h: U x R — R as h(z,y,z) = f(z,y) — 2. Since dhy = (f,, f,,—1) never vanishes, there is no
critical point. Hence every real number is a regular value of h . In particular, 0 is a regular value, so
h71(0) = {(z,y,2) e U xR | z = f(x,y)} = {(=,y, f(z,y)) | (x,y) € U} is a regular surface by Prop. 2.

7. a. Since df, = 2@ +y+2—1),2(z+y+2—1),2(x +y+ 2z —1)), the critical points are {(z,y, 2) €
R® | z 4+ y + z = 1}. Hence critical values are

f(x7y? Z)|z+y+z:1 = (x + Yy +z— 1)2|w+y+z:1 =0.
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10.

b. For ¢ # 0, c is a regular value of f, so f~!(c) is a regular surface by Prop. 2. If ¢ = 0, the surface is

given by x + y + z = 1, which is plane and also a regular surface.

. Let f(x,y,2) = zy2z%. Since dfq= (y2?, 222, 2zyz) = (0,0,0) implies x =y = 0 or z = 0, the critical

value of f is 0. Now we determine whether f~1(c) is a regular surface. For ¢ # 0, c is a regular value of
f,s0 f~1(c) is a regular surface by Prop. 2. Otherwise, if ¢ = 0, then the surface is given by f~1(0) =
{(z,y,2) ER® |z =0o0r y =0 or z=0}. Observe that, in the neighborhood of (0,0, 0), projections
of the surface over the zy, yz, zz planes are not one-to-one, so it can not be the regular surface by
Prop. 3.

- Note that two column vectors of dx, are 9x/0u and 9x/0v. Hence dx, is one-to-one if and only if two
column vectors are linearly independent, that is, two vectors are not parallel, so we obtain dx/du A

Ox/0v # 0.
. Let f(z,y,2) = 0. Then the set {(z,y,2) € R® | 2=0 and (z,y) € V} is the same as

{(z,y, f(2,9)) | (z,9) €V},

which is a regular surface by Prop. 1.

No. At an intersection point of “8”, projections of the surface over the xy, yz, zzx planes are not one-to-
one. So by Prop. 3, it can not be the regular surface.

11. a. Note that the given set S = {(z,y,2) € R® | z = 2% — y?} is a regular surface by Prop. 1 (with U =

R? and f(z,y) = 2% — y2.) Now we show that x(u,v) = (u+ v,u —v,4uv), (u,v) € R? is a parame-
trization for S. Note that (u + v)? — (u — v)? = 4uwv, so we have x(U) C S. (i) It is easy to show that
x is differentiable. (iii) Since

1 1
0
dxg=|1 -1/, (x’y):—27é0,
4v 4u 0(u, )
the differential dx, is one-to-one for each q € R2. (ii) Let (cosu,sinu,v) = (z,y,2). Since u = *3¥

and v = %5¥, x is one-to-one. By Prop. 4, x~! is continuous. Therefore x is a parametrization for S.

Note that x(R?) = S.

. Let U = {(u,v) € R? | u # 0}. We want to show that x(u,v) = (ucoshv, usinhv, u?) is a parametriza-

2

tion for S. Since (ucoshv)? — (usinhv)? = u?, we obtain x : U — S. (i) Obviously x is differentiable.

(iii) Since

coshv wsinhwv d(z,y)
dx, = | sinhv ucoshwv |, =L =y #0,
2u 0 O(u,v)

the differential dx, is one-to-one for each q € U. (ii) Let (ucoshv,usinhv,u?) = (z,y,2). By the
equation (coshv,sinhv) = (z/z,y/z), we can determine v from (z,y,z). Then u = z/coshv can be
determined. So x is one-to-one and x~! is continuous by Prop. 4. Therefore x is a parametrization
for S. Note that x(U) = S|,.,.
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12. First, the ellipsoid S = {(z,y,2) € R® | 2?/a® + y?/b* + 2?/c®> = 1} is a regular surface by Prop. 2,
because it is the preimage of the differentiable function f(x,vy,2) = x2/a® 4+ y?/b? 4 22/c? at the regular
value 1.

Now we show that x(u,v) = (asinucosv, bsinusinv, ccosu) is a parametrization for S. Note that

2

asinu cosv)? bsinusinv ccosu)?
( 2 2 (ccosn)

a? b2 c2 =1L

hence x(U) C S. (i) It is easy to see that x is differentiable. (iii) Since

acosucosv —asinusinv
dxq = | bcosusinv bsinucosv |,
—csinu 0
we have
2 2 2

L (0@ y)\" 1 (02N 1 (0(y7)
a?b? \ d(u,v) a?c? \ O(u,v) b2¢? \ O(u,v)

= sin? u cos? u + sin* usin? v + sin* u cos? v = sin® u # 0,

so the differential dx, is one-to-one for each q € U. (ii) Let (asinucosv,bsinusinv,ccosu) = (z,y, 2).
u can be determined by the equation cosu = z/c, and then v is determined by (cosv,sinv) =
(z/(asinu),y/(bsinu)). Hence x is one-to-one, and x~! is continuous by Prop. 4. Therefore x is a
parametrization for S.

The curve u = const. is given by the circle parallel to xy-plane.

13. Let S ={(z,y,2) ER®|—2? —y®>+ 22 =1}. Since S is the preimage of a differentiable function
f(z,y,2) = —x% — 3% + 22 at a regular value 0, S is a regular surface. Observe that

21



14.

—(cos usinhv)? — (sinusinh v)? + (coshv)? = 1,

so we can define x : U — S as x(u,v) = (cosusinhv,sin usinhv, coshv) for an open set U = {(u,v) €
R? | 0 < u < 2m, v > 0}. We will show that x is a parametrization for the surface S. (i) It is trivial that
x is differentiable. (iii) Since

—sinusinhv coswcoshwv (z,y)
dx, = | cosusinhv sinucoshv |, 'Y _ _sinhvcoshwv +0,
. 0(u,v)
0 sinh v

the differential dx, is one-to-one for each q € U. (ii) Let (cosusinhv,sinusinhv,coshv) = (z,y, 2). v >
0 can be determined by coshv = z, then the equation (coswu,sinu) = (x/sinh v, y/sinh v) determines u €
(0,27). Hence x is one-to-one, and x~! is continuous by Prop. 4. Therefore x is a parametrization for S.
Note that x(U) only covers the portion of the surface S where z > 1. To fully cover S, we define x*(u, v) =
(cosusinh v, sinusinhv, —coshv) for U* = {(u,v) €R? | 0 <u < 2w, v>0}. Then, for a sufficiently
small € > 0,

S:X(U)U{(zc,y,z) ER3 | z2=+22+9y2+1, 22+ <82}
Ux*(U*)U{(m,y,z) ER3 | z2=—/22+ 92 +1, 2% + > <€2}.

EUOON
e
T\

%

Let t denote the distance from a point to the origin, then the image of the rotating line which has removed
the line E is S = {(tcosb,tsin6,sin?(6/2)) | t >0, 6 € [0,27)}. Hence we define x : U — S as

0
x(t,0) = (tcos@,tsinﬁ,sin2 5), U={(t0)]|t>0, 6 (0,2m)}.
Now we will show that x is a parametrization for S. (i) It is easy to see that x is differentiable.

(ii) Let (tcos6,tsin@,sin? g) = (z,y,2). First, x has an inverse since (tcos@,tsinf) = (z,y) and the
condition ¢ > 0, 8 € (0,27) completely determines (¢,0). Now we have to verify that ¢, are continuous
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functions of (z,y, z). It is easy to see that t = y/x2? + y? is continuous function of (z,y, z). Observe that
if 0 # 7, we obtain,

tang _ sing _ 2singcosg _ sin § _ 4 __Y
2 cos? 2cos? § I+cosf 14+%2 x4+t
hence 0 = 2 arctan(ﬁt). Thus, if 8 # 7, 6 is a continuous function of (z,y, z). By the same token, if 6 is
in a small interval about 7, we obtain
0 = 2 arccot ( ) .
—x+t

Therefore 6 is a continuous function of (x,y, z). This shows that x~! is continuous. (iii) Since

cosf —tsind
qu = | sin@ tcosf
0 1ising

oz, y)
oo 70

the differential dx,, is one-to-one for each q € U. Therefore x is a parametrization for S.
Note that this parametrization doesn’t cover the points {(¢,0,0) | ¢ > 0} C S. To resolve this, we can
define
* : 22 9 *
x*(t,0) = | tcosf,tsinf,sin 3) U={(t,0) |t >0, 0 € (—¢,¢e)}

for sufficiently small € > 0, and fully cover the S by x(U) Ux*(U*). Hence S is a regular surface.

Let’s consider the case when d = sin(6/2). Note that sin(6/2) is a function of period 4x. If we denote ¢
the distance from a point to the origin, then the image of the rotating line which has removed the line E
is S = {(tcosf,tsinb,sin(0/2)) | t >0, 6 € [0,4m)}.

Observe that in the neighborhood of (¢,0,0),t > 0, the projections of S over the zy, yz, zx planes are
not one-to-one. Hence the line T'= {(¢,0,0) | t > 0} would need to be excluded from S.

Now define the functions

x(t,0) = (tcos&,tsin@,sin g), U={(t0)]|t>0, 6 (0,27},

x*(t,0) = (tcos«‘),tsin@,sin g), U*={(t,0) |t >0, 6 € (2w, 4m)},

Then we can show that x and x* is a parametrization for S — T similar to the case d = sin?(6/2). Finally,
S —T =x(U)Ux*(U*) is a regular surface.
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15. We can assume the velocity of the points is 1 and let p(¢) = (0,0,¢) and q(t) = (a,t,0). Hence the line
passing through p(t) and q(t) is given by 2= = v=0 — 2=t where the convention is made that if a
denominator is zero, the corresponding numerator is also zero. We denote

t—0 — 0-t’
T= {(:v,y,z) € R3

S ={(z,y,2) €R® | y(x — a) + zz =0}

—1
rT_¥_2 :sfort,seR},
a t —t

and prove that T'=S.
First suppose that (z,y,z) € T. Then (x,y, z) = (as, ts,t —ts), so we have y(z — a) + zz = ts(as — a) +
(t —ts)as = 0, that is, (z,y, 2) € S. Conversely, choose arbitrary (z,y,2) € S and let s = 7. Now we have
x = as and a # 0, thus

yrx—a)+zc=0 = ylas—a)+zas=0 = y(s—1)+2s=0 = L 1z .
s —s

Letting ¥ = ;% = ¢ gives the desired relation £ =¥ = 2t =5 Hence T' = S.
Now we prove that this set S is a regular surface. Define f : R® — R as f(z,vy,2) = y(x — a) + zz. Since
dfq= (y + z,z — a,z) = 0 implies z = 0 A z = a, which is impossible, so every real number is a regular

value of f. In particular, 0 is a regular value, thus by Prop. 2, S = f71(0) is a regular surface.

16. a. Since three points N = (0,0,2), (z,y, 2), (u,v,0) are contained in one straight line, we have = =
z=2 — ¢ Then put (z,y,2) = (ut,vt,2 — 2t) into 22 4+ 3 + (2 — 1)2 = 1 to obtain

Y
v

0—2
4
242 242 2 __ 2 2 2 __ —
Therefore we have
4u 4v 2(u? 4 v?)
1 _ _ )
e <U,U>—($7yaz> (u2+v2—|—4’u2+1}2+4’u2+’02+4

b. First we show that x = 77! : R? — § is a parametrization for the given sphere. (i) It is easy to see
that x is differentiable. (iii) Since

—4u?+4v2+16 —8uv
(u24v2+4)°  (u2+v2+4)°
dx. — —8uv 4u?—4v2+16 8(1‘,2) _ 64v 79 0
a4 | (u2u2+4)° (u+0244)° |7 N u.v) (2 2 3 )
6w oo (u,v)  (u2 + 02 +4)

(u240v2+4)°  (u2+v2+4)°

2 2
the differential dx, is one-to-one 2for2 each q € U. (ii) Let (uz—:l:z+4’ u2f§2+4, i(;:_;;‘j_i) = (z,y, 2).
Since u? +v? = 3£ and (u,v) = “*+(z,y), (u,v) is determined by (z,y,z). By Prop. 4, x ! is

continuous. Therefore x is a parametrization for the sphere S2.
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Note that x(R?) =S? — {N}, so this parametrization doesn’t cover the point N. To resolve this
issue, define new function x* : R? — S as follows. Consider the another stereographic projection
7* :S? — {0} — R? which carries a point p = (z,y, 2) € S? — {0} onto the intersection of the plane
{(u,v,2) | (u,v) € R?} with the straight line which connects 0 to p. Let (u,v) = 7*(z,y, 2).

z=0

0 m(p)

Since three points 0 = (0,0,0), (z,¥, 2), (u,v,2) lie on the same straight line, we obtain £ = £ =

t. Then put (z,y, z) = (ut,vt,2t) into 22 +y* + (2 — 1)2 = 1 to get

Z
2

4
2,2 2,2 2 _ 2 2 2 _ _
wit? + vt + (2t — 1) —1=>(u +v +4)t —4t:>t—m~
Therefore we have
_ 4u 4u 8
-1 _ _
(") (w,0) = (@9, 2) (u2+v2+4’u2+v2+4’u2+v2+4>'

Similar to the argument above, we can show that x* = (7r*)71 :R? — §% — {0} is a parametrization
for S2. Finally we have

x(R?) Ux*(R?) = (8 — {N}) U (§* — {0}) = 8%,
so it is possible to cover the sphere with two coordinate neighborhoods using stereographic projection.

17. A regular curve in R2 is a subset C' C R3 with following property: for each point p € C, there is a
neighborhood V of p in R? and a differentiable homeomorphism a : I — V N C of an open interval I C
R onto V' N C such that the differential deo, is one-to-one for each ¢t € I.

a. Suppose p = (z4,%,) be a point of f~1(a). Since a is a regular value of f, it is possible to assume, by
renaming the axes if necessary, that f, # 0 at p. We define a mapping F : U C R? — R3 by

F(x7y) = (1}, f(:r,y)),

and we indicate by (u,v) the coordinates of a point in R? where F takes its values. The differential

of F at p is given by
10
dF_ = ,
P (fz fy)

det(dF,) = f, # 0.

We can therefore apply the inverse function theorem, which guarantees the existence of neighborhoods
V of p and W of F(p) such that F : V — W is invertible and the inverse F~1 : W — V is differentiable.
It follows that the coordinate functions of F~1, i.e., the functions

whence

T = u, y:g(u,v)a (U7U)EW

are differentiable. In particular, y = g(u, a) = h(z) is a differentiable function defined in the projection
of V onto the z axis. Since

F(fa)nV)=Wn{(wv) | v=a},
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we conclude that the graph of h is f~!(a) N V. By a similar argument of Prop. 1, f~1(a) NV is
a coordinate neighborhood of p. Therefore, every p € f~!(a) can be covered by a coordinate neigh-
borhood, and so f~!(a) is a regular curve.

Now consider the function f(z,y) = 2* —y* — 1. Since df, = (22, —2y) = (0,0) implies (x,y) = (0,0),
the critical value of f is £(0,0) = —1. Hence f~1(0) = {(z,y) € R? | 22 —y? = 1} is a regular curve
which is not connected.

. Suppose p = (7, ¥y, 29) be a point of F~1(a). Since a = (a, b) is a regular value of F,
o= (T 9
9z 9y 92
is surjective, and at least one of the determinants
o £y (fz fz) fy £
92 9y )| |\9s 9./ 9y 9-

is nonzero. Hence it is possible to assume, by renaming the axes if necessary, that ‘(gw ;y) ’ #+0 at
z Yy

p. We define a mapping G : U c R? — R? by
G(z,y,2) = (z, f(x,9,2), 9(z,y, 2)),
and we indicate by (u,v,t) the coordinates of a point in R* where G takes its values. The differential
of G at p is given by
100
de - fa} fy fy B
92 9y 9

whence

9o 9y

det(dG,) =1- (f’” fy) ’ #0.

We can therefore apply the inverse function theorem, which guarantees the existence of neighborhoods
V of p and W of G(p) such that G : V — W is invertible and the inverse G™! : W — V is differen-
tiable. It follows that the coordinate functions of G™1, i.e., the functions

T =1u, y:i(UJ),t), Z:j(u,’U,t), (u,'u,t)EW

are differentiable. In particular, y = i(u,a,b) = «(z) and z = j(u,a,b) = j(z) is a differentiable func-
tion defined in the projection of V' onto the x axis. Since

GF1a)nV)=Wn{(u,v,t) | v=a, t=D>},
we conclude that the graph of (z,7), that is
{(z,4(z), 3(z)) | (z,y,2) € V for some y, 2},

is equal to F~1(a) N V. By a similar argument of Prop. 1, F~(a) NV is a coordinate neighborhood
of p. Therefore, every p € F~1(a) can be covered by a coordinate neighborhood, and so F~!(a) is a
regualr curve.

Now, using this proposition, we can show that the set defined by the intersection of two surfaces is
a curve. If two surfaces are given by f(z,y,2) = a and g(z,y, z) = b respectively, the intersection is
given by F~1(a), where F(z,y,2) = (f(x,v,2),9(z,y, 2z)) and a = (a,b). Provided that a is a regular
value of F, the proposition just proved implies that this set is a regular curve.

. We extend Prop. 3 for plane curves.

Proposition 3 for plane curves. Let C C R? be a regular curve and p € C. Then there exists a
neighborhood V of p in C such that V is a graph of a differentiable function which has one of the
following two forms: y = f(z), z = g(y).
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The proof is as follows. Let & : I C R — C be a parametrization of C in p, and write a(t) = (x(¢), y(¢)),
t € I. By the definition of regular curve, one of the derivatives z,, ¥, is not zero at a~1(p) = q.
Suppose first that z, # 0, and consider the map 7o« : I — R, where 7 is the projection 7(z,y) = z.
Then 7o a(t) = z(t), and since (dz/dt)(q) # 0, we can apply the inverse function theorem to guarantee
the existence of neighborhoods V| of ¢, V; of 7 o a(q) such that 7o @ maps V| diffeomorphically onto
V. It follows that 7 restricted to a(V;) =V is one-to-one and that there is a differentiable inverse
(moa)™t:V, — V;. Observe that, since a is a homeomorphism, V is a neighborhood of p in C. Now,
if we compose the map (moa)™!: x> t(x) with the function ¢ - y(¢), we find that V is the graph
of the differentiable function y = y(t) = y(t(x)) = f(x), and this settles the first case. The remaining
case can be treated in the same way, yielding z = g(y).

Now we get back to the exercise. If C' = {(z,y) € R? | 2 = y3} is a regular curve, then by the
proposition above, in a neighborhood of (0,0) € C, the graph of a differentiable function having one
of two forms: y = f(x), z = g(y). The second form can be discarded by the simple fact that the
projections of C' over the y axis is not one-to-one. The first form would have to agree, in a neighborhood
of (0,0,0), with y = 22/3. Since y = 2%/ is not differentiable at 0, this is impossible.

Y

18. Define E : R? — R? as E(z,y, 2) = (f(z,v, 2),9(x, 9, 2), h(z,y, 2)). Since

o(f,g,h)
3(z.0.2) (p) #0,

by the inverse function theorem, there exists a neighborhood V of p and W of E(p) such that E|,, : V —
W is invertible and (E|y,)”" : W — V is differentiable. Now denote F = (E|;,)”" then we can write

det(dE,) =

($7y7 z) = F(u7 /U’ w)?
so three families (x,y, z) in a neighborhood of (zg, ¥y, 2y) can be described by a mapping F.
If f(z,y,2) =2>+y* + 22 = u,g(z,y,2) = y/z = v,h(z,y,2) = (2% + y*)/2? = w, then we have
9 uw 5 uv?w U
@+ Dw+1) Y T )wrl) w1

= (z,y,2) = (i\/m7 iv\/(v?-i-l)(w+1)’ i\/ w+1>'

Note that there are four possibilities for choosing the signs, and that is completely determined by

(g5 Yos 29)- To see this, let p; = sgn(zy) and py = sgn(z,), then

19. a. No, C is not a regular curve. If C is a regular curve, then by Prop. 3 for plane curves, in a neighborhood
of a(—2) = (0,0) € C, it would be a graph of a differentiable function having the form y = f(x) or
z = g(y). However, given neighborhood V of (0,0), we can choose sufficiently small € > 0 so that
{(z,y) € R? | 22 + y?® < 2} C N and large natural number n > 1/(27r), then we have
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a(—2) = (0,0), a(—2— %) - (o,g), a(—#) - (ﬁo)

which implies that the projections of C' over the x and y axis are not one-to-one. Hence C is not a
regular curve.
Note In this book, we distinguish between two types of regular curves:
1. Regular parametrized curves; differentiable map « : I — R? such that o/(t) # 0 for all t € I.
2. Regular curves; subset C C R? with following property: for each point p € C, there is a neigh-
borhood V of p in R? and a differentiable homeomorphism o : I C R — V' N C such that the
differential day, is one-to-one for each t € I.
Note that the second definition is stricter; it requires V' N C to be homeomorphic to an open interval,
which effectively forbids self-intersections. In the context of this exercise, the curve C is a regular
parametrized curve since ' (t) # 0 for all ¢ € (—3,0), but it fails to be a regular curve.
b. No. Similar to argument above, we can see that in a neighborhood of (0,0,0), the projections of S
over the xy, yz, rz planes are not one-to-one, so it cannot be a regular surface.

2-3. Change of Parameters; Differentiable Functions on Surface

1. Define a mapping B : R?® — R? as B(z,y,2) = (—x,—y, —2), then B is differentiable. For arbitrary p €
S?, there is a parametrization x : U — S? with open set U C R? such that p € x(U). Observe that B o x
is differentiable at any point of U. Since B|gz = A and x(U) C S?, we have A o x = B o x is differentiable
at x 1(p). Hence A is differentiable in S2.

Now A2 = idg:, so we can see that A~! = A is also differentiable, that is, A is a diffeomorphism.

Note We can generalize this argument. Let S; and S, be regular surfaces. Assume S; C V' C R3, where
V is an open set of R?, and that ¢ :V — R? is a differentiable map such that ¢(S;) C S,. Then the
restriction ¢|g ) — S, is a differentiable map in S;.

The proof is as follows. If we choose arbitrary p € S; and parametrization x; : U; — S; and x4 : Uy —
S, with p € x;(U;), ¢(x1(U;)) C x4(U,), we have that the map x5! o p o x; : U; — U, is differentiable at
x71(p). (see Example 3.)

2. Note that 7: S — R? is defined as =(z,y,2) = (z,9,0). Since the mapping 7* : R® — R3 defined by
m*(z,y,2) = (z,y,0) is differentiable and 7*(R3) C R? x {0}, so m = 7*|¢ is a differentiable map in S.
3. Denote the paraboloid and the plane by S; = {(z,y,2) € R® | 2 =22 +y?} and S, = {(z,9,2) € R3 | 2 =
0}. We want to show that 7 : S; — S, defined as 7(z,y, 2) = (z,9,0) is a diffeomorphism. Since * : R® —
R3, *(z,y, z) = (z,y,0), the extension of r, is differentiable, and 7*(S;) C Sy, we have that m = g, is
differentiable.
In addition, 7 is bijective because

(@1, Y1, 21) = T(@g,Yp,22) = @ =z, and y; =y,
= =ity =5y =2 = (21,91,21) = (T2, 92, 22)
shows injectivity and
For arbitrary (z,y,0) € Sy, n(z,y,2% +y?) = (z,y,0)

shows surjectivity. The inverse function of 7 is given by 7~ (z, y,0) = (z,y, z? + y2). Since 7 : R? — R3,
™ (z,y,2) = (z,y,2* + y*) is differentiable and 7**(S,) C S;, we obtain 7!

Therefore 7 is a diffeomorphism.

= 1**|g, is differentiable.

4. Let S; = {(a:,y,z) € R3 | §—2+g—§+z—§ = 1} be an ellipsoid and S, = {(z,y,2) € R® | 2% + y* + 22 = 1}

be a sphere. The goal is to show that ¢ : S; — Sy, ¢(x,y,2) = (%, g, f) is a diffeomorphism between S,
and S,. Note that ¢* : R? — R®, ¢*(z,y,2) = (£, %, £) is differentiable map and ¢*(S;) C S,. Therefore

© = ¢ s, is differentiable.
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It is easy to see that ¢ has an inverse function o' : S, — S;, o7 (x,y, 2) = (az, by, cz). Since p** : S, —
S, ©*(z,y,z) = (ax,by,cz) is differentiable and ¢**(Sy) C Sy, we obtain ¢~ = ¢**|g, is differentiable
and that ¢ is a diffeomorphism.

5. Let d* : R3 — {py} = R, d*(p) = |p — Py|- Then d* is a differentiable function. Hence d = d*|g is also
differentiable.

6. Suppose that a continuous map ¢ : V, — S; of an open set V] of a regular surface S; to a regular surface
S, is differentiable at p € V;. That is, given parametrizations x; : U; — S, x5 : Uy = S, with p € x;(U;)
and ¢(x1(U;)) C x5(Uy), the map x5! o @ o x; : U; — U, is differentiable at q = x7!(p).

Now assume that y; : V; — S, y, : V, — S2 is another parametrization for S; and S, with p € y,(V;) and
e(y1(W))) Cya(W). Let W, = x,(U;) Ny, (V;) and W, = x4(U,) Ny, (V;), then the change of coordinates

hy =x7loy, 1y (W) = x71 (W), hy =x31 oy, 1 y3 (W) — x5 (Wh)

are diffeomorphisms. Therefore

yglo(poylz(hgloxgl)o(po(xlohl):hglo(xglogpoxl)ohl

is also differentiable, whence the asserted independence.

7. (i) reflexivity: We define idgs : R3 — R?® as idgs(z,y,2) = (z,y,2). Since idgs is differentiable and
idgs(S;) C Sy, we have that idg = idgs|g, is differentiable. Moreover, (idsl)_ =1idg,, soidg isa
differmorphism and S; is diffeomorphic to ;.

(ii) symmetry: Suppose S; is diffeomorphic to S, that is, there is a diffecomorphism ¢ : S; — S,. Now
¢ 1:8, = 8 is also diffeomorphism because ¢! and (@’1)71 = ¢ is differentiable. Hence S, is
diffeomorphic to S;.

(iii) transitivity: Suppose S; is diffeomorphic to Sy and S, is diffeomorphic to S;. Then there exist diffeo-
morphisms ¢ : S; — S, and 9 : Sy — Ss. Since po1p and (po1p) ™t =1L op ! are differentiable,
S, is diffeomorphic to S;.

8. The half-line [ is given by I(t) = (tz,ty,2), t > 0. As F(p) =1N H, we obtain t?z? +t?y?> — 2% =1, so
t =/(1+ 22)/(z2 + y?). Therefore

1+ 22 1+ 22
F(m7yaz) = (tmat:%z) = ($\/x2+y2’ y\/x2+y2’ Z1-

Since F*:R3 — {0} — R? defined as F*(z,y,2) = (:v\/ ;Qtrz:z, y\/;;f;z, z) is differentiable, we can

conclude that F = F*|g is also differentiable.

9. a. Differentiable function on a regular curve. Let f: V C C' — R be a function defined in an open
subset V of a regular curve C. Then f is said to be differentiable at p € V if, for some parametrization
a:I CR— C with p € a(I) C V, the composition foa:I CR — R is differentiable at a~(p). f
is differentiable in V' if it is differentiable at all points of V.
Differentiable function between regular curves. A continuous map ¢ : V; C C} — G, of an open
set V of a regular curve C] to a regular curve C, is said to be differentiable at p € V| if, given
parametrizations

o[ CR=C, ay:,CR—=GC,
with p € a;(f;) and ¢(aq(I;)) C ay(l;), the map
aytopoay il = I
is differentiable at ¢ = a7'(p). ¢ is differentiable in V] if it is differentiable at all points of ;.

Note that we need to prove that both definitions do not depend on the choice of the parametrization
« for the definitions to make sense.

b. Observe that E is a mapping between two regular curves C; = R x {0} and C, = S'. Now choose
arbitrary p € C; and given parametrizations o; : [; C R = (] and oy : I, C R — C,, with following
property p € a; (1) and E(a; (1)) C ay(I,). Then we have to show that ag! o E o o is differentiable
at ¢ = a7 *(p). To achieve this, we proceed similarly to argument in proof of Prop. 1.
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(z(t),y(t)) is a parametrization, we can

Let 7= (ag'oEoa;)(q) = (a3 o E)(p). Since a,(t) =
assume, by renaming the axes if necessary, that dz/dt(r) # 0. We extend a, to a map F: I, x R —
R? defined by

F(t,u) = (2(t),y(t) + u), t€L,ueR.

It is clear that F is differentiable and that the restriction F| Lx{o} = @. Calculating the determinant

of the differential dF,
dx
0 dz
dt
‘ (—dy 1) ’ - E(r) 7 0.

dt

It is possible therefore to apply the inverse function theorem, which guarantees the existence of a
neighborhood M of ay(r) in R? such that F~! exists and is differentiable in M.

By the continuity of E, there exists a neighborhood N of p in C] such that E(N) C M. Furthermore,
by the continuity of «a;, there exists a neighborhood L of ¢ in I; such that a;(L) C N. Notice that,
restricted to L,

(03" cEoay)|, =F 'oEoa;

is a composition of differentiable maps. Thus, we can apply the chain rule for maps and conclude that
E is differentiable at p. Since p is arbitrary, E is differentiable on Cj.

10. The condition is that the curve C' must meet the axis r orthogonally at points p and q. We shall take zz
plane as the plane of the curve and the z axis as the rotation axis. Let
z=f(v), z=g9W), a<v<b f(v)>0fora<v<b, f[f(v)=0forv=a,b.
The region obtained by rotating the part of a < v < b is regular surface since f(v) > 0. Hence it is sufficient
to check regularity at the points p and q. We consider the point p. By Prop. 3 of Sec. 2-2, there exists
a neighborhood V of p in S such that V is the graph of a differentiable function which has one of the

three forms z = h(z,y),y = i(z, 2),z = j(y, z). Since S is a surface of revolution, it must be represented
by z = h(z,y). Then for every v € [a,b] and 6 € [0, 27), we have

9(v) = h(f(v) cos, f(v) sinf).
Since h is differentiable, we can write h as
h(z,y) = 7(0,0) + h, (0,0)z + hy(0,0)y + &(z,y) V2% + 12
where e(z,y) — 0 as (z,y) — (0,0). Then put z = f(v) cosf,y = f(v)sinf to obtain
g(v) = g(a) + h,(0,0) f(v) cos @ + h,(0,0) f(v) sin 6 + (f(v) cos b, f(v) sin )| f(v)].

In consequence,

9(v) = g(a) = h, (0, O)M cos + h,(0,0) f(v) sin 6 + (f(v) cos b, f(v) sin ) |£(v)] .

v—a —a v—a v—a
Taking the limit v — a™, we obtain g’(a) = (h,(0,0)cosf + h ,(0,0) sin 0)f’(a). If f’(a) = 0, then ¢'(a) =
0, so it contradicts the regularity of the generating curve. So f’(a) = 0. “To ensure the right-hand side
yields a constant value g’(a) regardless of 6, it must be h,(0,0) = h,(0,0) = 0, and g’(a) = 0. Therefore
the curve C meets the r-axis orthogonally at points p and q.
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11.

12.

Unsolved The conditions mentioned above are sufficient for the surface of revolution to have a well-
defined tangent plane at every point. However, to satisfy the book’s definition of a regular surface (having a
parametrization which has continuous partial derivatives of all orders), additional conditions are required;
specifically, it seems like
« g'(a) =g'(b) =0,

« f(a) #0,f(b) #0,

o g1 (a) = g1 (b) = 0 for every k € N,

o [ (a) = f@*)(b) = 0 for every k € N.

Nevertheless, I have not yet been able to provide a rigorous proof for this.

Let Ry, denote the rotation by an angle 6 about the axis r. Since
RO,T (p + q) = RO,r(p> + Re,r(q)) RO,T (Cp) = CR@,’I"(p>) pP;q € R3

Ry, is a linear map and is therefore differentiable. Moreover, as S is a surface of revolution about axis r,
it follows that Ry,.(S) C S. Thus the restriction ¢ = R, |5 and its inverse ¢! = (Re,r)_1|s =R y,ls
are differentiable. Consequently, ¢ is a diffeomorphism of S.

a. Since the straight line passing through a moving point a(t) € C' and the fixed point 0 is given by
{va(t) | v € R}, we can represent X by the trace of a parametrized surface
x:U—=2%, x(v,t)=valt),
where U = {(v,t) | v € R, t € (a,b)}.

b. For a given point q € U to be regular, the differential dx, : R? — R? must be one-to-one. We denote
a(t) = (z(t),y(t), 2(t)), then

Observe that

8($,y) 8(‘/Ll’z) 8(y7z) _ ’ ’ ’ ’ ’ N o ’
(a(v,t) ’_a(v,t) ) 8(11,15)) =v(zy — 'y, zx’ —x2',yz —zy’") = va(t) A (t),

s0 dx is one-to-one if and only if va(t) A a’(t) # 0. Hence x is not regular at the origin (v = 0) and
at points where the tangent passes through the origin (a(t) || o/(t)).

c. For the remaining set of ¥ to be a regular surface, we must first remove the points where the
parametrization x is not regular.
Additionally, as shown in the given figure, we must remove the lines of self-intersection in 3, because
> might fail to satisfy the condition of being locally homeomorphic to a plane at these points. Let’s
examine this condition in more detail.
First, for a self-intersection to occur, there must exist distinct t;,t, € (a,b) such that a(t) || a(ty).
Since the normal vector of the tangent plane at a given point q = (v,t) is determined by x, A x, =
va(t) A o’ (t), the condition for the tangent planes to be distinct (non-parallel) at the intersection is

via(ty) Aa'(t) f vaa(ts) Ad'(ts).

Since non-zero scalars vy, v, # 0 do not affect the direction, and because a(t;) || a(tsy), this condition
can be rewritten as

alty) Aa'(ty) I alt) A/ ().

This is equivalent to their cross product being non-zero. Using the vector quadruple product identity,
we can derive

0 # (a(ty) Ao/ () A (a(ty) A a'(Ey))
= det(a(ty), (1), & (ty)) - alty) — det(al(ty), ' (t1), alty)) - o' ()
= det(a(ty), (1), &/ (t5)) - a(ts)-

Since a(ty) # 0, this condition is equivalent to
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13.

14.

det(a(ty), o/ (t,), 0/ (ty)) # 0.
In summary, the points and lines that must be removed are:
1. The origin 0,
2. The line of non-regular points: {x(v,t) € ¥ | v € R,t € (a,b) such that a(t) || &'(t)}
3. The line of self-intersections:

v €R, It; # ty € (a,b) such that a(t;) || a(tsy)
{x(v,tl) ex }

and det(a(ty),a’(t1), e (t5)) #0
We have to show that f:V C S — R is differentiable at p € V if and only if f = f*|;, for some differen-
tiable function f* : V* — R, where p is contained in an open set V* C R3.

First suppose that f is such a restriction. Since f* is differentiable, f = f*|y, is also differentiable.
Conversely, suppose f is differentiable at p € V, that is, if x : U — R3 is a parametrization for S at p,
then f ox is differentiable at x~1(p). Since

x(u,v) = (z(u,v), y(u,v), 2(u, v))

is a parametrization, we can assume, by renaming the axes if necessary, that ggzz; (q) # 0. We extend x
toamap F:U xR — R3 as

F(u,v,t) = x(u,v) + t2 = (z(u,v),y(u,v), z(u,v) + t).

We can see that F is differentiable and F|y, oy = x. Since

dr dx 0
du dv
det(dF,) =det| & % o | = Oz, y) (q) #0,

i o)

du dv

we can apply the inverse theorem, which guarantees the existence of a neighborhood W of p in R? such
that F~! is a diffeomorphism. Define g : W — R by

g:foxoﬂ'oFfl’

where 7: U x R = U, m(u,v,t) = (u,v) is the natural projection. Then g is differentiable at p, because
it is a composition of differentiable functions. Now observe that f is the restriction to W NS of a
differentiable function g, i.e., f = glywns-

First suppose that A is a regular surface. Given point p € A, we wish to find a neighborhood of p in
S that is contained in A. Since S is a regular surface, there exists a neighborhood V C R? of p and
parametrization

x:U—=>VnNS§,
where U C R? is open. Since A is a regular surface, there exists a neighborhood V' C R? of p and
parametrization

y:U = V'NA,
where U’ C R? is open. By shrinking the neighborhoods if necessary, we can assume that VN A C VN
S. Now consider the map h: U" — U defined by

h=xloy.
Sincey(U") =V’ N A C VNS and x is a homeomorphism onto V' N S, this map is well-defined. Applying
the chain rule to y = x o h, we obtain
dyq = dxp(q) ° dhy

for q = y}(p) € U’. Since y is a parametrization, dy is one-to-one. Thus dh, is also one-to-one, that
is, dh, : R* — R? is an isomorphism. By the inverse function theorem, there exists a neighborhood N of
qin U’ and N of h(q) in U such that h: M — N has a differentiable inverse h=! : N — M. Specifically,
h maps an open neighborhood of q in U’ to an open neighborhood of h(q) in U.

Now let M’ C M be an open neighborhood of q. Then h(M’) is open in U. Moreover, because x is a
homeomorphism, it maps an open set h(M’) to an open set in V' N S, that is, an open set in S. Therefore
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x(h(M’")) = y(M’) is a neighborhood of p in S. Since y(M’) C A, we found a neighborhood of p in S
that is entirely contained in A. Therefore A is open in S.

Conversely, suppose that A is open in S. Given point p € A C S, since S is a regular surface, there exists
a neighborhood V in R? and a parametrization x : U — V' N S of an open set U C R? onto V NS C R3.
Observe that V' N A is open in S. Now we show that

y = x|x_1(VﬂA) x Y VNA) - VnA.
is a parametrization for A at p. (i) y is differentiable since x is differentiable. (ii) y is homeomorphism,

being restriction of the homeomorphism x to the open set x *(V N A). (iii) the differential dy, is one-
to-one for each q € x~1(V N A), since dx is injective for each q € U. Therefore A is a regular surface.

15. a. Let 7 € B7Y(W) and q = h(r). Since a(t) = (z(t),y(t), 2(t)) is a parametrization, we can assume, by
renaming the axes if necessary, that dz/dt(q) # 0. We extend a to a map F : I x R? — R? defined by
F(t,u,v) = (z(t),y(t) +u,2(t) +v), tel, u,veR.

It is clear that F is differentiable and F|;,(040y = a. Calculating the determinant of the differential
dF, we obtain

00
dr
det(dF,) =det| % 1 0 = (@) #0.
dz ) 1

It is possible therefore to apply inverse function theorem, which guarantees the existence of a neigh-
borhood M of a(q) in R? such that F~! exists and is differentiable in M.

By the continuity of 8, there exists neighborhood N of r in J such that S(N) C M. Notice that,
restricted to N, h|y = F 1o |y is a composition of differentiable maps. Thus, we can apply the
chain rules for maps and conclude that h is differentiable at r. Since r is arbitrary, h is differentiable
on B~H(W).

Exactly the same argument can be applied to show that the map h~! is differentiable, and so A is a
diffeomorphism.

b. Let ¢ = h(7). Differentiating both sides of a(t) = () with respect to ¢, then we obtain
, ,, AT
o/ (1) = /(1)
Note that dr/dt # 0 doesn’t change the sign. If not, there exists ¢ such that dr/dt =0 by the
intermediate value theorem. Then we have o’(t) = 0, which contradicts the regularity of a. Hence
there exists a sign g = 41 such that
dr  |o/(t)]
a )]

for every t € I. Therefore

T t T t t t
[ @lar|=| [18miG ) =| [ o ola = ul| [ o ®lat| = | [0 2z

16. We first assert that F is differentiable on S? — {N}. To show this, for each p € S — {N}, and given
parametrization x; and x, at p, we must show that

= |pl

XyloFox; =x3 oyl o Pomy o,

is differentiable at x71(p). Since 7! is a parametrization for S?, the change of coordinates

1yl _1n—1
myoxy = (1) ex; and myex; = (my') e xy
are diffeomorphisms. Therefore

1

X3t omyto Pomyox; = (myo%;) o Po(myox)
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is differentiable at x7!(p). Now we show that F is differentiable at N. Consider the stereographic
projection g from the south pole S = (0,0, —1) to C. (Here, we identify the plane z = 1 with C.) Define
the complex polynomial @ : C — C as

Q(¢) = 4/P(4/¢)

_ 4
Arag + A+ e+ T

and we shall show that the equation
F = 7r§1 oQoTg

holds in the neighborhood of N. For p = N, we can easily check that the equation holds, because F(N) =
N and 75" (Q(7g(N))) = m5*(Q(0)) = g (0) = N. Now suppose that p # N. We have to show that

mt o Pomy =75 0 Qomg

in the neighborhood of N. Observe that

71( ) 4y 4o w402 —4
N (u,v) =

N AT w2 +4 w2+ 02 4+4"u2 40244’
71( ) 4u 4v 4—y2—?
e (u,v) = .
57 w402+ 47w+ 02 + 47 u 02 +4

Let £ = (my o mg")(€), then 't (€) = 75" (¢). By a slight abuse of notation, we have

S ) W PN DO G SR S 4
<|s|2+4’ |£|2+4) =7 &) =750 = (|<|2+4’ i)

From (€2 — 4)/(1€? +4) = (4— C[2)/(C? +4), we obtain [é] = 4/[¢], then from (4€)/(J¢]? +4) =
(4¢)/(|¢? 4+ 4), we get & = 4/¢. By the definition of Q,

(Ws omyt o Pomy °7T§1)(C> = ((WN °7T§1)_1 oPo (7TN °7T§1>>(C) = 4/P(4/Z) = Q((),

which means 73! o Pomy = mg' o Q o mg. Therefore we have F = 75! o Q o mg in the neighborhood of N.
Since @ is differentiable at ( =0, F = 7g' o Q o 7 is differentiable at N.

2-4. The Tangent Plane; The Differential of a Map

1. The regular surface S is given by S = {(z,y,2) | f(z,y,2) = 0}. Let p = (z,y,2) and py = (g, Yo 2g)-
Suppose W = p — p, is a tangent vector to S at a point pg, that is, w = a’(0) where a : (—¢,e) — S is
differentiable and a(0) = py. Write the curve as a(t) = (z,(t), Y, (t), 24 (t)), then we have

(fea)(t) = fla(t) = f(z(t),ya(t), 2,(t)) =0
because a(t) € S for every t € (—e, ). Now differentiate both sides with respect to ¢, then
fala(t))zo (t) + fy(a(t))yy (t) + f.(a(t)) 2y (t) = 0.
Evaluating this at t = 0, we obtain
f(Po)Tor (0) + £, (Po)Yar (0) + f.(Po)2ar (0) = 0.
Since (z,/(0),y,/(0),2,,(0)) =a’(0) =w=p —py = (. — g,y — Yo, 2 — %), We have
fe(Po)(x —z0) + £,(Po) (¥ — Yo) + £.(Po) (2 — 29) = 0.

Conversely, suppose this equation holds, and we will show that (x — x4,y — ¥, 2 — 2o) is a tangent vector
to S at py. Since 0 is a regular value of f, it is possible to assume, by renaming the axes if necessary,
that f, # 0 at py. Based on the argument from Prop. 2 of Sec. 2-2, the curve can be expressed by the
equation z = g(x,y) in the neighborhood of p,. Now we define the curve a: (—e,e) — S as

alt) = (zg + (. —zo)t, Yo+ (¥ —Yo)t, 9(zo + (T — To)t,yo + (¥ — Yo)t))-
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Since f(z,y,9(x,y)) =0 in the neighborhood of p,, differentiating both sides with respect to z and y
respectively, evaluating these at (xg,y,) yields

f2(Po) + £.(P0)9z(20,%0) =0, f,(Po) + f.(Po)gy (20, %0) = 0.
Recall that f,(pg)(z — o) + f,(Po) (¥ — ¥o) + f.(Po) (2 — 29) = 0, we have
o/ (0) = (z— 20,y — Yo, 9. (T0, o) (T — To) + 9, (%0, Y0) (¥ — ¥0))

S . . _fa:(pO) r— _fy(pO) B
‘( 0¥ y( fz<1oo>>< 0”( fz<po>><y y0)>

=(x—29,¥Y — Yo, 2 — %p)-
Therefore (x — x4,y — Yo, 2 — 2g) 1S & tangent vector to S at py.
.Let f:R3 - R3 as f(z,y,2) = 2% +y? — 22 — 1. Since dfq = (2z,2y,—2x) = (0,0,0) implies (z,y,2) =
(0,0,0), the critical value of f is f(0,0,0) = —1. Thus the given surface f~1(0) is a regular surface by
Prop. 2 of Sec. 2-2. By Exercise 1, the equation of the tangent plane at (xg,yq, 2p) is given by 2z (z —
zo) + 2yo (¥ — yg) — 22¢(2z — 2y) = 0. Put 2, = 0 then we obtain
(T — o) + Yo(y — yo) = 0.

The normal vector of the tangent plane is (zy,yy,0), which is perpendicular to z = (0,0,1). Therefore

the tangent planes are all parallel to the z axis.

. Let g(z,y,2) = f(z,y) — 2. Since dgq = (f,, f,»—1) # (0,0,0), we see that § = g~*(0) is a regular surface.
By Exercise 1, the equation of the tangent plane at (zg,yg, 2y) is given by

fe (@0, Y0) (@ — 20) + f (20, Y0) (Y — Yo) — (2 — 29) = 0,
where z, = f(z,¥y), which is equivalent to

z= f(z9,Y0) + fo(T0,Yo) (T — ) + £, (0, Y0) (Y — Yo)-
To see that the graph of the differential df, is the tangent plane, choose arbitrary w € T}, (S) and find
the differentiable parametrized curve o : (—e,e) — S with a(0) = p, and a’(0) = w. We denote a(t) =
(2, (t),y,(t)). Then for = foa: (—e,e) = R, we have

dfp,(w) = 5'(0) = %f(%(t), Ya®)| = f2(Po)z4(0) + £, (Po)ya (0).

t=0

Denote w = (2,(0),y,(0)) = (2w, Yw), then the graph of the differential df,, is
{(#ws Yor Ao, (@ 00)) | Fo(PO) T + f (P0)tw = A, (T Y) }
={(z =20,y —¥0,2— 20) | fo(P0)(® — z0) + £, (P0) (¥ — %) = 2 — 2}
={(z,9,2) | f.(Po)(z — o) + f,(P0) (¥ — o) = 2 — 20} — (0, Y0, 20)
which is the translation of the tangent plane at pg.

. Let g(z,y) = zf(y/z). Since g : R? — {0} — R is the differentiable function defined on an open set, S =
{(z,y,9(z,y)) | (z,y) € R? —{0}} is a regular surface by Prop. 1 of Sec. 2-2. By Exercise 3, the tangent
plane at py = (2, Yg, Z9) is given by

z=g(Tg,Yo) + 92(To, Yo) (T — Tg) + 9, (0, Yo) (Y — Yo)

() ((2) - () (2w

Now put = y = 0 then we obtain

ona(2)+ ((2)- 28] (2)w

Hence the tangent planes all pass through the origin (0,0, 0).
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5. We first show that the normal vector of the tangent plane of S at p = x(u,v) is given by x,(u,v) A
X, (u,v). if we define a: (—¢,e) = S as a(t) = x(u +t,v), then we have a’(0) = x,,(u,v) so x,(u,v) €
T,(S). Similarly, x,(u,v) € T,(S). Since x is a parametrization for S,

dX(

u,v) T Xy [ Xy

is one-to-one, that is, x,, A x,, # 0 at (u,v). Therefore x,, A x,, is the normal vector of T,,(S).

Now consider the fixed coordinate curve u = u,. The parametrization of the surface is given by x(u,v) =
a;(u) + ay(v), thus the normal vector of the tangent plane at x(ugy,v) is af(uy) A aj(v), which is
perpendicular to o] (ug) for every v. Therefore the tangent planes along a fixed coordinate curve u = uy
are all parallel to a line.

6. The tangent plane of the surface S at p = x(t,v) contains two vectors x, = &’ (t) + va” (t) and x,, = o’ (¢).
Observe that x, A x, = va”(t) A a’(t). Since the curvature of the parametrized curve « is everywhere
nonzero, we have k(t) = |o/(t) A o’ (t)|/|o’ (t)|> # 0, therefore the normal vector of T,(S) is x, Ax, =

va” (t) Ao/ (t) # 0.

Now fix ¢t = t,. The equation of tangent plane at p, = x(ty,v) is given by
yeT, (S) = (a"(t) N (L)) - (y —x(tg, v)) = 0.
For arbitrary v;, vy, observe that
X(tg, vy) — X(tg, v1) = (vy —v1)a’ (tg) L a”(tg) A (tg).
Therefore
ye Tpv2 (8) <= (a"(to) N/ (tg)) - (y —x(tg,v5)) =0

<= (a(tg) N/ (tg)) - (v — x(tg, v2) + x(tg,v5) — X(tg,v1)) =0

= (a"(tg) N/ (t)) - (v —x(tg,v1)) =0

= ye¢c Tpv1 (S).

Since v; and v,y are arbitrary, the tangent planes along the curve x(t,, v) all coincide.

7. Given w € T,,(S), we can choose differentiable curve o : (—¢,¢) — S with a(0) = p, o/(0) = w. Since

fla(t)) = la(t) = pol” = (al(t) = po) - (a(t) = py),

dfp(w) = %f(a(t)) = (22/(t) - (a(t) = Po))ls=o = 2¢/(0) - ((0) = py) = 2w - (P — Py)-
t=0

8. Since the linear map L is differentiable and L(S) C S, Ll|g is also differentiable. Given w € T,,(S), we
can choose differentiable curve a : (—e,e) — S with a(0) = p, &’(0) = w. Then

dL, (W) = %L(a(t)) — dL ) (/(0)) = dL, (w) = L(w).

t=0

9. We first show that given parametrized surface is regular. (i) It is easy to see that x is differentiable.
(iii) Since

—vsinu cosu 8(z, ) 2 8(y, 2) 2
— : ’ ' —(_ 2 0 (Coaina)? — o2
dx, = vczsu suolu ) (5(u,v)) + (8(u,v)> = (—acosu)? + (—asinu)® = a® # 0,

the differential dx, is one-to-one for each q € U. (ii) Let (vcosu,vsinu,au) = (z,y,2). Since u = z/a

and the equation (vcosu,vsinu) = (x,y) determines v, x is one-to-one. By Prop. 4 of Sec 2-2, x7! is

continuous. Therefore the surface S given by parametrization x is regular.

Now x,, = (—vsinwu,vcosu,a) and x,, = (cosu, sinu, 0), so x,, A X, = (—asinu, a cos u, —v) and N(u,v) =
a21+v2 (—asinu,acosu,—v). Let 8(v) € (0,7/2) denote the angle between the tangent plane of S at

x(ug,v) and the z axis. If ¢(v) is the angle between the unit normal vector of T, ) (S) and z axis, then

sin f(v) = |cos ¢(v)|. Since

:
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10.

11.

12.

v
Va2 + 02’

we have sin0(v) = v/va? + v? and cos0(v) = |a|/va? + v2. Finally, we can see that tan8(v) = |a|/v is
proportional to the inverse of the distance v of the point x(uy,v) to the z axis.

cos ¢(v) = N(ugy,v) - (0,0,1) = —

Observe that

o/ (s) + r(n’(s) cosv + b’(s) sinv)

t(s) + r((—k(s)t(s) — 7(s)b(s)) cosv + 7(s)n(s) sinv),
r(—n(s)sinv + b(s) cosv)

ig
([

Xy

and
x, A X, = —rb(s)sinv — rn(s) cosv
+72(k(s)b(s)sinvcosv + k(s)n(s) cos® v — 7(s)t(s) sinvcosv + 7(s)t(s) sinv cos v)

= —rb(s)sinv — rn(s) cos v + r2k(s) cos v(b(s) sin v + n(s) cos v)

= —r(1 — rk(s) cosv)(b(s) sinv + n(s) cosv).
Since x is a parametrization for the surface, x, and x, are linearly independent, that is, x, A x, # 0.
Therefore we obtain 1 — rk(s) cosv # 0. Finally, the unit normal vector is

N(s,v) = — sgn(r(1 — rk(s) cosv))(n(s) cosv + b(s) sinv).

Note If we suppose the natural situation, that is, » > 0 and 1/k(s) > r, then we can conclude that
N(s,v) = —(n(s) cosv + b(s) sinwv). However, if 1/k(s) < r, in the case where the tubular surface has a
self-intersection, then N(s,v) might change direction.

Observe that

X, = (f'(u) cosv, f'(u) sinv, ¢’ (u)),

x, = (—f(u) sinv, f(u) cosv,0),
thus

X, A, = (=g (u) f(u) cos v, —g" (u) f (u) sin v, f*(u) f (u)).
Note that x,, A x,, # 0 because ¢g’(u) # 0. Since normal vector x,, A x,, is parallel to
(=9 (u) cosv, =g’ (u) sin v, f'(u)),

the normal line at x(u,v) = (f(u) cosv, f(u)sinv, g(u)) is given by

r— f(u)cosv y— f(u)sinv  z—g(u)

—g¢'(u)cosv  —¢'(u)sinv  f'(u)
This line passes through (O, 0,9(u) + gf,((i)) f’(u)), so all the normals to the surface all pass through the
z axis.
We denote
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S, ={(z,y,2) | 2 + y* + 2% = az},

Sy ={(z,y,2) | 22 +y* + 2% = by},

Sy ={(z,y,2) | 2> +y* + 2% = cz}.
Define f,(x,y,2) = 22 +y*> + 22 —ax. Since d(f1)q = (22 — a,2y,22) = (0,0,0) implies (z,y,2)=
(a/2,0,0), the critical value of f; is f;(a/2,0,0) = —a?/4 # 0. Therefore S; = f;1(0) is a regular surface
by Prop. 2, Sec. 2-2. Similarly, S, and S5 are also regular surfaces.
Now we show that they all intersect orthogonally. Consider the intersections of S; and S, that is, 22 +
y? + 22 = ax = by. Denote the unit normal vector of S; and S, at (z,vy,2) as N;(z,y, 2) and Ny(x,y, 2),
respectively. By Exercise 1, the unit normal vectors are given by

(22 — a,2y,2z2)

V(22 —a)? + (29)2 + (22)2

(2z,2y — b, 22)
V(222 + 2y — )% + (22)7

Nl(l‘,y,Z): N2($ay7z):

Since
(2z — a,2y,22) - (2z,2y — b,22) = 4(z* + y* + 2%) — 2(az + by) =0

for every (z,y,2) € S; NSy, we obtain N, (z,y, z) - Ny(z,y, 2z) = 0 and that S; and S, intersect orthogo-
nally. Similarly, we can show that S, and S5, S; and S; intersect orthogonally.

13. a. Given w € T,,(S), we can find parametrization a : (—¢,¢) — S with a(0) = p, o/(0) = w.

% (a(t) — po) - (alt) — po)

dfp(w) =

T at
t=0

fla)| = olalt) ~pl
t=0

t=0

(a(t) —po) - &' (t)

2(a(t) — py) - (1)

2y/(a(t) = po) - (a(t) = po) |,_, (a(t) =po) |,
_(P—py)-w
P —Ppol

Therefore
dfy =0 <= (p—pg) - w=0forallweT,(S) < T,(S) L (p—py)

b. By Example 1, dh,(w) = w - v. Therefore
dh,=0 < w-v=0forall weT,(S) < T,(S) Lv.

14. a. The graph of the function f(¢) is as follows. Therefore the equation f(¢) =1 has three distinct real

roots.
f(®)

22 2 52 1 1 1

TrETT / | | |

1 : / : / !

£ 7 a t
b. Define
22 y? 22
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15.

16.

17.

for k =1,2,3. Then d(f’f)q = (%,%, %) = (0,0,0) implies (z,y,z) = (0,0,0), therefore the sin-
gular value of f; is f,(0,0,0) = —1. Hence the sets given by S, = f*(0) are regular surfaces by Prop.
2, Sec. 2-2. Note that these surfaces pass through p = (z,y, 2).

Now Ny (z,y, z) denote the unit normal vector of S, at (z,y, z). By Exercise 1,

2z 2y 2z
Nk<$7y7z) || (a_tkab_tkyc_tk)~

Now given distinct k,1 € {1,2,3}, we have
2z 2y 2z 2z 2y 2z
a—t, b—t, c—t a—t'b—t c—t
2 2 2
(a—tp)la—t;)  (O—t)b—t) (c—t)(c—1t)

4 22 y? 22 22 y? 22
tk—tl<(a—tk+b—tk+c—tk a—tl+b—tl+c—tl

=0.
Therefore Ny (z,y, 2) - N;(z,y,2) = 0 for every (z,y,z) € S, NS, that is, they are pairwise orthog-

onal.

Suppose that all normals to a connected surface S pass through the fixed point p,. Define f: S — R as
F(p) = |p — py|*. By Exercise 7, the differential of f is df,(w) =2w - (p — pg). Since the normal at p
passes through py, we have w - (p — pg) for every w € T,(S). Therefore df, =0 for all p € S. Since S
is a connected surface, f is constant on S by Exercise 21, which means that the surface is contained in
a sphere.

For parametrizations x : U CR? = S and X: U CR? = S, let W =x(U) N i(ﬁ) Then the change of
coordinates is given by

X tox:x (W) —=xt(W), (X!ox)(u,v)=(u(u,v),v(u,v)).
Hence x(u,v) = X(u(u,v),v(u,v)). Differentiating both sides with respect to u and v, respectively, then
X zi—@ﬁ-i—@ 7(9% 7(%.
v YOu  TVOu’ TV TYov  TVOw
Since

_ N o (20 2 T L (0L O
W= onX, X, =0 | Xy + Ko | Xy, + Xy,

ou ou\ _ Jv ov\ _ _ -
=\ Mg, Ty, |Ka T (Mg, T2y, Xy = b1Xg + BoXy,

we conclude that the coordinates of w are related by
ou Ju ov ov

B = g, T2y By = G5, T2y
In the neighborhood of p € .S;NS,, S; can be expressed by one of the equations z = a(z,y),y =
b(z, z),x = c(y, z) by Prop. 3, Sec 2-2. We can assume, by renaming the axes if necessary, that S; can
be expressed by the equation z = a(z,y). Then we can define f(z,y,2) = z — a(z,y) and express S; by
f£71(0) in the neighborhood of p. Note that dfq = (%,%,1) # (0,0,0), so 0 is a regular value of f. Similarly,
there exists the function g such that g(z,y, z) = 0 expresses S, in the neighborhood of p.
Now define F : U C R® — R? as F(z,y,2) = (f(z,v, 2), g(z,y, 2)) in the neighborhood U of p. Note that
S, NS, is given as the inverse image of (0,0) under F in the neighborhood of p. Since §; intersects
S, transversally, the normal vectors (f,, f,, f.) and (g,,9,,9.) are linearly independent. Therefore the
differential of F',
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18.

19.

20.

fo 1y fo
dF, = vla),
9z Gy 9z
is surjective for every q € U N (S; NS,). Hence 0 = (0,0) is a regular value of F. Since S; NS, can be

expressed locally by F~1(0), which is a regular curve by Exercise 17(b) of Sec. 2-2, we can conclude that
S; NSy is a regular curve.

Suppose that T,(S) # P. Since T,,(P) = P, we have T,(S) # T,,(P). Then Exercise 17 shows that SN
P = {p} is a regular curve, which is a contradiction; therefore, the plane P coincides with the tangent
plane of S at p.

Choose arbitrary p € PN S. Let v be an unit normal vector of P, pointing the side where S exists. Now
define f: § — R as f(x) = (x —p) - v. For any w € T,(S), we can find parametrized curve o : (—¢,¢) —
S with a(0) = p and o'(0) = w. Since f(a(t)) = (a(t) —p)-v >0 for all ¢t € (—e,¢) and f(a(0))=0-
v = 0, we have %f(a(t))hzo =0, that is, df,(w) = 0 for every w € T,,(S). Note that df,(w) = w - v by
Example 1, so w - v = 0 for every w € T,,(S). Therefore T,,(S) = P.

Since the ellipsoid S is the inverse image of f(z,y, z) = i—i + g—j + j—j — 1 at regular value 0, it is a regular
surface. We first show that if (x,y, z) # 0 is the perpendicular projection of the center 0 onto its tangent
plane, then it satisfies the equation (z? + y* + z2)2 = a?z? + b%y? 4 c222. By Exercise 1, the equation of
the tangent plane at (zq, yg, 7o) 1S

2x 2y 2z
a_;(x_x0)+b_2()(y_y0)+c_2()(z_Z0):0 = a2ty ta=1L

The line through 0 and perpendicular to the tangent plane is given by

za?  yb?  zc?

Zo Yo 20
From the last expression, we obtain

1.2(12 y2b2 Z202 a2m2 +b2y2 —|—sz2

T YYo 22 Txo + YYo + 229
From the same expression, and taking into account the equation of the ellipsoid, we obtain

TTo YYo ) TTo + YYog + 229

z3/a? N v /b2 N 22 /c? - 1

Again from the same expression and using the equation of the tangent plane, we obtain

72 B y? B 22 B 2?2 +y? + 22
(330517)/‘12 (yoy)/b2 (zoz)/(:2 1 .

The right-hand sides of the three last equations are therefore equal, and hence the asserted equation.

Conversely, suppose that (z,y, z) # 0 satisfies the given equation. From the last equation, we can calculate
(m07 Yo, zO) from (.7), Y, 2)7 that iS,

za? yb? zc?
(To, Yo, 20) = .

1.2+y2+z2’m2+y2+z2’x2+y2+z2

Then we can see that (z,y, z) is the perpendicular projection of the center 0 onto the tangent plane at
(g, Yos 29)- Therefore the trace of the perpendicular projections constitutes a surface given by

T = {(m,y, z) ER3 | (22 + 2 + 22)2 =a%z? + b%y% + 0222} —{(0,0,0)}.
Now we show that T is a regular surface. Define g : R — {0} — R as
g(z,y,2) = <$2 +y2 +22)2 B (a2x2 + b2y2 +sz2).

Since
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21.

22.

2 b2 2
dg, = (4w(m2+y2+z2—%),4y(m2+y2+z2—5),4z(a:2+y2+z2—%)>,

the equation dg, = (0,0,0) implies

a? b? c?
$:0Va:2+y2+z2:7 A y=0Vm2+y2+z2:E A zzOVm2+y2+z2=3 .

There are several cases depending on the values of a, b, c. If they are all distinct, then at least 2 variables
must be zero. For example, 2 + y? + 22 = a?/2 and y = z = 0 then g(z,y, 2) = (x2)2 —a?z? = (a2/2)2 —
a*(a?/2) = —a*/4 # 0.

Next, suppose that two values are equal, e.g., a = b # c. This allows for the case 22 + 9% + 22 = a?/2 =
b?/2 and z = 0, and g(z,y,2) = (z? + y2)2 — (a?z? + b%y?) = (a2/2)2 —a*(a?/2) = —a?/4 # 0.

Finally, if a = b = ¢, then this allows for the case x? +y? + 2% = a?/2 =b%/2 = ¢?/2 and g(z,y,2) =
(22 +y* + 22)2 — (a?z? + b2y? + c22%) = (a2/2)2 —a?(a?/2) = —a?/4 # 0.

In all cases, we can see that 0 is a regular value of g, hence S = g~1(0) is a regular surface by Prop. 2,
Sec. 2-2.

Let p € S. Since S is a regular surface, there exists a circular neighborhood V in R3 and a parametrization
x:U — VNS of an open set U C R? onto VNS C R®. Any point q € VN S can be joined to p by
the segment B:[0,1] — V NS, where 8(t) = x(tx*(p) + (1 —t)x*(q)). Since VNS is open, we can
extend S to (0—¢g,1+¢). Now, fof:(0—e,14+¢) — R is a function defined in an open interval, and
d(foB)y=dfgu °dB, =0, since df, =0. Thus, 4(foB)=0forall t € (0—e,1+¢), and hence (fo
B) = const.. This means that f(p) = f(8(0)) = f(B(1)) = f(q); that is, f is constant on V' N S.

Let r be an arbitrary point of S. Since S is connected, there exists a continuous curve « : [a,b] — R, with
afa) = p,a(b) =r. The function « : [a,b] — R is continuous in [a,b]. By the first part of the proof, for
each t € [a,b], there exists an interval I, open in [a,b], such that foa is constant on I,. Since (J, [, =
[a, b], we can apply the Heine-Borel theorem. Thus, we can choose a finite number I, ..., I, of the intervals
I, so that Ul I, =[a,b],i =1, ..., k. We can assume, by renumbering the intervals, if necessary, that two
consecutive intervals overlap. Thus, f o « is constant in the union of two consecutive intervals. It follows
that f is constant on [a, b]; that is,

f(p) = fla(a)) = f(a(b)) = f(r).
Since r is arbitrary, f is constant on S.

Let 7 be a fixed line which is met by the normals of S, and let p € S. The plane P, which contains p
and r, contains all the normals to S at the points of P, N S. Consider a plane P, passing through p and
perpendicular to r. Since the normal through p meets r, B, is transversal to 7,,(S). Hence, B, N S is a
regular plane curve C' in a neighborhood of p, by Exercise 17. Furthermore, B, N B, is perpendicular to
T,(S) N B,. Hence B, N B, is normal to C. It follows that the normal at p pass through a point q = r N B,.
Since q is determined by the plane B,, we can conclude that the normals s of C' all pass through a fixed
point q = r N F,. Hence C'is contained in a circle by Exercise 4 of Sec 1-5. Finally, P, is also transversal to
T, (S), so P, N S is a regular plane curve. Then S, in the neighborhood of p, can be obtained by rotating a
regular plane curve P, N.S. Thus every p € S has a neighborhood contained in some surface of revolution

with axis r.

Note We proved that S is locally piece of a surface of revolution at every point p € S. However, we
can’t extend this property to global. For example, there is a counterexample such that all normal lines to
a connected regular surface S meets a fixed straight line, but S is not a piece of a surface of revolution.
Define x : U — R in the open set U = (0,27) x (0,1) U ((0,7/2) U (m,37/2) x [1,3) as

x(0,z) = (r(0, z) cos 8, (0, 2) sin b, z),

where
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23.

24.

(

(1<2z<2, 0<0<7/2)
r(f,2) =<1 (1<2<2, 71<0<31/2)

(2<2<3,0<0<7/2)

(2<2<3, 1< 0<31/2)

and a bump function r*(2) is a differentiable function satisfying r*(1) =1 and 7*(2) = 1/2, e.g.,
el x>0 P —t) 1.1
= = - * = — — — 1 .
v = {5 128 o= P =g et D)

Then this surface S = x(U) satisfies the condition that all normals meet a fixed straight line (z axis)
because it is locally a piece of surface of revolution at every point in S, but it is not a piece of surface of
revolution.

171171777
P

Recall that F(p) = (73 o Pomy)(p) for p € S2 — {N}, and F(N) = N. We assert that there is only a
finite number of critical points in S — {N}. Since 73! : R? — S? — {N} is defined by

_1( ) 4u 4v w? +02—4
™ u,v) =
AT WA+ 4 w02 +4 w02 +4 )]

we obtain
—4u?+4v2+16 —8uv
(w24+0v2+4)°  (u2+v2+4)2
-1 _ —8uv 4u?—4v2+16
d(TrN )q - (uz-',-vQ-}—Al)2 (u2+112+4)2
16u 16v

(u2+v24+4)°  (u24v2+4)°

Therefore there is no q € R? such that d(ﬂ'fvl)q = 0. Similarly, there is no point p € S> — {N} such that

drt), = (dxt), ) =0

We now consider the complex polynomial P({) = ay¢(™ + a;(" + -+ a,,. If we consider P as a map
from R? to R?, then for the differential dF,, it follows that det(dE,) = |P’(¢)[?. (See Proposition 2.3 in
Stein’s Complex Analysis.) Therefore dF, = 0 only if P’(¢) = 0. Since P is a polynomial of degree n, its
derivative P’ has degree n — 1, and thus there are at most n — 1 such points. We conclude that F has at
most n critical points, including the potential critical point at V.

We first show that if ¢ :S5; = S, and ¢ : S, = S; are differentiable maps, then o : S5, = S5 is
differentiable. Given p € S}, let x;, X,, X3 be a parametrizations of S;, Sy, S5, at p, ¢(p), ¥(v(p)),
respectively. Then x5! o o x; is differentiable at x71(p) and x5! o 9 o x, is differentiable at x5 (p(p)).
Therefore

xgl o(zpo(p)oxl = (X§101/)ox2)o(x51 o(poxl)
is differentiable at x7!(p). Since p € S; is arbitrary, ¥ o ¢ is a differentiable map.

Now fix any w € T,(S;), and find a parametrized curve a : (—¢,¢) — S; with a(0) = p and oa/(0) = w.
By definition, the map d(v o )y, : T, (S1) = Ty (p) (S3) is given by
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25.

26.

d(¥ e ) (W) =7(0)
where v =1 o poa. Let 8 = ¢ oa, then we obtain
dpp (W) = (o )’(0) = £(0),

A, () (87(0)) = (¢ 2 B)’(0) = +(0).

Therefore
(d () © dipp, ) (W) =/ (0).
Since w € T,(5,) is arbitrary, we conclude that d(¢ o ), = dib,p) © dpp,.
Note that the tangent vector at p of regular curve C, which is parametrized by a: I -V NC at p =
a(ty), is given as o (ty).
We first show that ¢(C)) and ¢(C,) are regular curves. Since the curves C; and C, are regular, there
are parametrizations a; : I} = V; N €y, where d(ay ), is one-to-one for each ¢t € I, and ap : I, = V, N Gy,
where d(a,), is one-to-one for each t € I,. Fix arbitrary ¢(p) € ¢(C}), and we will show that the map
poay: I} = p(VNCy) C VY Ne(C,) is a parametrization for ¢(C;) at ¢(p). Differentiating both sides
of p~1 o =1Idg yields d(go_l)w(p) odp, = d(IdS)p =1Idg (). Since Idy, (g) is one-to-one, di, is one-to-
one for every p € S. therefore d(p o ay), = dpq, () © d(ey), is a composition of injective mappings, which
is also one-to-one. Therefore ¢(C}) is a regular curve. Similarly, ¢(C,) is a regular curve.
Now suppose that regular curves C; and C, are tangent at a point p = a4 (t;) = ay(ty) € S, that is,
o} (ty) || @b (ty). Then we have ¢, (t;) + coah(ty) = 0 for ¢;, ¢y € R, ¢ + ¢2 # 0. Since
(poay) (t1) = dea, ) (04 () = dey (e (),
(9o ay) (ty) = dpg, i, (a5 (ty)) = dipy (5 (ty)),
and dep,, is linear, we obtain
c1dp, (] (ty)) + cadpy (as(ty)) = dpy(craq(ty) + caas(ty)) = dp,(0) = 0.

Hence ¢(C;) and ¢(C,) are regular curves which are tangent at ¢(p).
Let x : U C R? — S be a parametrization of S in p, and write x(u,v) = (z(u,v),y(u,v), z(u,v)). Take
any orthonormal basis {v;, vy} of T,,(S) and let v3 = +(x, A x,)/|x, A x,|, where the sign of v; is chosen

so that det(v;, vy, Vv3) = 1. Then we have v; A v, = v;. For the point x € R? in the original coordinate
system, we define the new coordinates X = (7,7, Z) as

T = (X_p) *Vi, y: (X_p) * Vo, z= (X—p) © V3, X = (5’3775)
Now we represent the neighborhood of p in S in the form z = 7(5, 7). Define 7 : R3 — R? as
m(z,y,2) = (T(2,9, 2),Y(z, Y, 2))
and consider the map 7o x : R? — R2. Since
o, y) |(0Z/0u OT/Ov\| _|(%Xy V1 X, Vy
O(u,v)  |[\0Y/O0u dy/ov)| |\x, Vs X, Vy
= (Xu : vl)(xv : V2) - (Xu : V2)(XU : Vl)
= (Xu /\Xv) : (Vl /\VQ) = (Xu /\Xv) © V3

at g = x"1(p), we can apply the inverse function theorem to guarantee the existence of neighborhoods
Vi of q, V; of (7 ox)(q) such that mox maps V] diffeomorphically onto V5. It follows that 7 restricted
to x(V}) =V is one-to-one and that there is a differentiable inverse (mox)~!:V, — ;. Since x is a
homeomorphism, V is a neighborhood of p in S. We compose the map (w0 x)™! : (Z,7) = (u(Z,7),v(T,7))
and the map (u,v) — zZ(x(u,v)) = (x(u,v) — p) - vg, then we find that V is the graph of the differentiable
function

z =%(u(Z,9),v(Z, 7)) = f(Z,7).
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Now we show that £(0,0) = £.(0,0) = ?y(O, 0) = 0. Since the surface S passes the point p, which has the
coordinates (T,7,%) = (0,0,0), we have that £(0,0) = 0. Moreover,

a—?—§6—u+§@—(x v )@+(x v )@—0

oz oudzr  owozx Yoz U Moz o

at p, because x,,x, € T,,(S) and v, is the unit normal vector of T}, (S). Thus we have £-(0,0) = 0.
Similarly, we obtain ?g(O, 0) =0.

27. a. Let x(u,v) be the parametrization of S at p, where x(ug,v,) = p. We assert that
i(ua ’l)) =p-+ Xu(’U‘Oa UO)(U - U’O) + X’U(UO’ UO)(’U - UO)

is a parametrization for T, (S) at p. (i) It is easy to see that X is differentiable. (iii) Since

dXg = X, (g Vo) | Xy (Ug, Vo) |

dX, is one-to-one for each q. (ii) X is one-to-one because x,(ug,vy) and x,(ug,vy) are linearly
independent. By Prop. 4 of Sec. 2-2, x ! is continuous. Therefore X is a parametrization for T,(S) at
p. Since x,, = X,, and x, = X, at (ug,vy), we conclude that T}, (S) has contact of order > 1 with the
surface at p.

b. Let x(u,v) be a parametrization for S at p. By (a), there exists a parametrization X(u,v) for T,,(S5)
at p, which satisfies the equation x,, =X, and x, = X,. Since a plane P has contact of order > 1
with a surface S at p, there exists a parametrization X(u,v) for P at p, with x,, = X,, and x,, = X,,.
Therefore we obtain X, = %X, and X, = X,. Observe that two planes T,(S) and P pass through the
same point p and normal to X, A X, = X, A X,. Hence T,(S) = P.

c. First suppose that two regular surfaces S and S have contact of order > 1. Then there exist param-
etrizations x(u,v), X(u,v) at p of S and S, respectively, such that x, = X, and x, = X, at p. Since
both Tp(S) and T}, (?) contain the point p and perpendicular to x,, A X, = x,, A X,,, these planes are
the same.

Conversely, suppose that the regular curves S and S have a common tangent plane at p. Let

x(u,v) = (z(u,v),y(u,v), 2(u,v)), X(u,v) = (T(u,v),y(u,v),z(u,v))

be a parametrizations at p for S and S, respectively, with x(0,0) = X(0,0) = p. Since two surfaces
have a common tangent plane at p, we have x, A x, L X, AX,. Observe that

X, Ax, = 0y,2) 0(zz) Ozy))
A(u,v)” O(u,v)’ O(u,v)
Since x,, A x,, # 0, one of the Jacobian determinants is not zero. Without loss of generality, we suppose

that 9(z,y)/0(u,v) # 0 at 0. Then we can express the surface S as the form z = f(z,y) in the
neighborhood of p. Note that 9(Z,7)/d(u,v) is also nonzero, since x, A x, and X, A X, is parallel.

Therefore we can also represent the surface S as the form z = f(z,) in the neighborhood of p. Now
we define

y(u,v) = (u,v, f(u,0)), F(w,v) = (u,v,F(u,v))
be the parametrizations at p for S and S. Since y, =¥, = (1,0,0) and y, =¥, = (0,1,0), we
conclude that S and S have contact of order > 1.

d. Let x: U — S be a parametrization of S at given point p. We shall show that Fox : U — F(S) is a
parametrization for F(S) at F(p). (i) F o x is differentiable, since it is composition of two differentiable
functions F and x. (ii) F ox is a homeomorphism, since both F and x are homeomorphisms. (iii)
We show that d(F ox), = dFy °dx, is one-to-one for each q. dx4 is one-to-one since x is a
parametrization. From the equation F~! o F = Idgs, we obtain

d(F) 2 dFp = d(1dg) | = Idgs
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28.

. Let x(u,v) and X(u,v) be the parametrizations at p for S and S, respectively, with x, =X

Since Idgs is one-to-one, dF, is also one-to-one. Therefore d(F o x), = dFy g © dx4 is one-to-one for

q
each q, being composition of two injective maps.

Now since S and S have contact of order > 1 at p, there exist parametrizations x(u,v), X(u,v)
of S and S, respectively, such that x, = X,,, x, = X,. We showed that (F ox)(u,v), (FoX)(u,v) is
parametrizations for F(S) and F(g) at F(p). Furthermore,

(Fox), = dF(x,) = dF(X,) = (Fox),, (Fox), = dF(x,) = dF(X,) = (F o),
Hence F(S) and F(g) are regular surfaces which have contact of order > 1 at F(p).

%, and x(0,0) = X(0,0) = p. Since x and X are differentiable, by Taylor’s formula,
x(u,v) = x(0,0) + x,u +x,0+ R, X(u,v)=%(0,0)+X,u+%X,0+R,

where the remainder R, R satisfies the condition

1im5=11m5=0, r=vu2+2

r—=0 T r—0 1

Let N be a common normal of the surfaces at p, then
d = (x(u,v) —X(u,v),N) = <R —R, N>.
Therefore we have d/r = <R/r —E/T‘,N> — (0,N)=0asr—0.

. Given a differentiable map f : S — R defined in regular surface S, we say that p € S is a critical point

of f if the differential df,, : T,,(S) — R is not a surjective mapping. The image f(p) € R of a critical
point is called a critical value of f. A point of R which is not a critical value is called a regular value

of f.

. Let a be a regular value of a differentiable function f on a regular surface S. We shall show that

fY(a) C S is a regular curve on S. For arbitrary point p € f~!(a), let x: U C R? — S be the
parametrization for S at p. Since a is a regular value, df,, is surjective. If (fox), =df,(x,) and
(f °ex), = df,(x,) are both zero, then df (w) = 0 for every w € T,(S) since x,, and x,, are linearly
independent, which contradicts with the surjectivity of f,,. Therefore one of the derivatives (f o x),
and (f ox), are nonzero. We assume that (f o x), # 0.

Define a mapping F: U C R? » R? as F(u,v) = (u, (f ox)(u,v)), and we indicate by (w,t) the
coordinates of a point in R? where F takes its values. Since

- : ’ € =(Jox where q = x~
qu - <(f°x)u (f OX)U)’ d t(qu> (f )v 7/: 0’ h q l(p)’

We can apply the inverse function theorem, which guarantees the existence of neighborhoods V of q
and W of F(q) such that F : V. — W is a diffeomorphism. It follows that the coordinate functions of
F~! i.e., the functions

u=w, v=g(wt), (wit)eW

are differentiable. In particular, v = g(w, a) = h(u) is a differentiable function defined in the projection
of V onto the u axis. Now we assert that o : I = (V) — S, a(u) = x(u, h(u)) is the parametrization
for f~1(a) at p. (i) « is differentiable since x and h are differentiable. (ii) Continuity of « is immediate.
To see the injectivity, suppose that a(u;) = a(u,) for some wu;,uy € I. Since x is homeomorphic,
x(uq, h(uq)) = x(uq, h(uy)) implies that (uq, h(ug)) = (ug, h(uy)), which leads u; = uy. Hence « is
injective. Finally, since a! 1 is continuous, « is a homeomorphism. (iii) Note that

da,, = x,(u, h(u)) + x, (u, h(u))h'(u) £ 0

because x,, and x, are linearly independent. Therefore de, is one-to-one for every w € 7, (V). We

=T oX

conclude that « is the parametrization for f~!(a) at p and that f~!(a) is a regular curve on S.
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2-5. The First Fundamental Form; Area

1. First of all, note that if w is a tangent vector to the surface at the point x(u,v), given in the basis
associated to x(u,v) by w = ax,, + bx,, then the first fundamental form is given by

I(w) = Ea? + 2Fab + Gb?
where F = (x,,,Xx,), F = (x,,%,), G=(x,,X,) are the coefficients of the first fundamental form in the
basis {x,,x,}.

a. Since x,, = (acosucosv, bcosusinv, —csinu) and x,, = (—asinusinv, bsinu cosv, 0),
E = (x,,x,) = a® cos? ucos? v + b cos? usin? v + ¢? sin? u,
F = (x,,%,) = (—a® + b?) cos usin u cos vsin v,
G = (x,,x,) = (a®sin® v + b? cos? v) sin? u.
b. Since x,, = (acoswv,bsinv, 2u) and x,, = (—ausinv, bu cos v, 0),

E = (x,,%,) = a® cos? v + b? sin? v + 4u?,
F = (x,,%,) = (—a? + b*)ucosvsinv,
G = (x,,x,) = (a?sin? v + b2 cos? v)u?

c. Since x,, = (acoshwv, bsinhv, 2u) and x,, = (ausinh v, bu cosh v, 0),

a
E = (x,,%,) = a® cosh? v + b2 sinh? v + 4u?,
F = (x,,%,) = (a® + b*)ucoshvsinhv,
G = (x,,%,) = (a?sinh? v + b? cosh? v)u?.
d. Since x,, = (a coshucosv, bcoshusinv, csinhu) and x,, = (—asinh u sin v, bsinh u cos v, 0),
E = (x,,x,) = a® cosh? u cos? v + b? cosh? u sin? v + ¢? sinh? u,
F = (x,,x,) = (—a® + b?) coshusinh u cosvsinv,
G = (x,,x,) = (a®sin? v + b? cos? v) sinh? u.
2. The curve P N'S? is contained in the plane perpendicular to (sin a, 0, — cos @), and the semimeridian ¢ =

¢, is contained in the plane perpendicular to (sin g, —cos g, 0). Since the angle between two curves is
equal to the angle made by two planes, we have

cos B = |{(sin e, 0, — cos @), (sin g, — €os g, 0))| = |sin asin @,| = sin a|sin @;).

We wrote [sin o] = sin @ because 0 < a < 7.

. Note that the parametrization for the stereographic projection is given by

U U U2 ’1)2
X(u,v):( 4 4 2(u? + )>.

w402 4+4 w202 4+4u2 40244

Since
4 2,2 4 9 o
X, = (—u? +v? +4,—2uv, 4u), x,=———(—2uv,u? —v? + 4,4u),
(u? + 02 4 4)° (u? + v2 + 4)°
We have
E = (x,,%,) = 16/(u? +v? +4)°,
F=(x,,x,) =0,

G = (x,,x,) = 16/(u2 + v2 + 4)°,
Therefore the first fundamental form for a tangent vector w = ax,, + bx,, is given by
16(a? + b2
I(w) = —(a + )2.
(u? +v2 +4)
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4. Since x,, = (cosv,sinv,1) and x, = (—usinv, u cosv, —tanwv), the coefficients of the first fundamental
form are

E=2 F=—tanv, G =u?+tan’v.

Now consider a u-parameter curve a:I — S, a(t) = x(u(t),v(t)) where u(t;) = u; < u(ty) = uy and
v(t) = v,. Since v’ (t) = 0, the arc length s of & from u = u; to u = u, is given by

23 23
s:/ \/E(u’)2+2Fu’v’—l—G(v/)zdt:/ Vou' dt = V2(uy —uy).
t

ty

Therefore, since the length of the segment is independent of v, the two curves x(uq,v) and x(uq,v)
determine segments of equal length on all curves x(u, const.).

Note There is a typo in the problem. The two curves should be denoted as x(u;,v) and x(uq,v)
instead of x(u,v;) and x(u,v,). This change is necessary because we are measuring segments along the
u-parameter curves (x(u,const.)), which must be bounded by two distinct v-parameter curves (u = uy
and u = u,).

5. We can see that the map x : U C R? — S, x(z,y) = (2,9, f(z,y)) is the parametrization for the surface
S given by z = f(z,y). Then the area A of a bounded region R is

A= // %, Ax,|dzdy,
Q

where @ = x"1(R) is the normal projection of R onto the zy plane. Since x, = (1,0, f,) and X, =

(O,I,fy)7 we have |x, /\xy’ = |(—fz,—fy,1)‘ = /1+ fZ+ f}. Hence
A:// 1+ 2+ 2 dady.
Q

6. We first show that x(u,v) = (usinacosv,usinasinv,ucose) is a parametrization of the cone
with 2« as the angle of the vertex. (i) It is trivial that x is differentiable. (ii) Let x(u,v) =
(usinacos v, usinasinv, ucosa) = (z,y,2). Since u = +/x% 4+ y2 + 22, u is a continuous function of
(z,9y, z). Furthermore, since v/x? + y? = usin a > 0, we obtain

_r Yy

Therefore v is also a continuous function of (z,y, z) and x is a homeomorphism. (iii) Since

cosv = sinv =

sinaacosv —usinasinv
dxy = | sinasinv usinacosv |,
cos o 0

9(z,y)
O(u,v)

=usin?a # 0,

the differential dx, is one-to-one for each q € U. Therefore x is a parametrization.
Observe that x,, = (sin @ cos v, sin asinv, cos @) and x,, = (—u sin asin v, u sin & cos v, 0), thus

E=1 F=0, G=1u’sin?a.

Consider the curve a(t) = x(u(t), v(t)) = x(cexp(v(t) sin acot 8), v(t)), whose tangent vector is o’ (t) =
x,u’(t) + x,v"(t). Note that

uw'(t) = cv’(t) sin a cot B exp(v(t) sin e cot B) = u(t)v’ () sin a cot 5.

Let 6(t) denote the angle between the curve o and generators of the cone (v = wv,) at the intersection
a(t). Then
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(X, @) Eu’ + Fv'

cosO(t) = —~ =
I, || \/E(u’)2 + 2Fuv + G(v')?
B Euv' sinacot 8 - Eusinacot
\/E(uv’ sina cot 8)% + G(v')? VEu?sin? acot? 4+ G
i t t
usin o cot § cot 5 = sgn(sin 8) cos B.

B Vu?sin acot? 3 + u? sin o B Veot2 B+ 1
Therefore the curve x(u(t),v(t)) intersects the generators of the cone at a constant angle 6(¢) = 6.

Note We can see that € is not always equal to 8. Specifically, § = g8 for 8 € (0,7), and § = § — 7 for
B € (m,2m).

. Consider a quadrilateral formed by two u-parameter curves v = v;, v = v, and two v-parameter curves
u = uy, U= uy. The lengths of the opposite sides corresponding to the u-parameter curves are given by

so= [ VB w@Pa = [ VB,

Uy

szz/tz \/E(u(t),v2)(u/(t))2dt:/u2 B, vy) du

Uy

because v = 0 along the u-parameter curves. These values are equal for arbitrary wy,uq, vy, v, if and
only if

Uz
/ (\/E(u,vl) — \/E(u,v2)) du =0 for arbitrary uq, uq,vq, s.
u

1

This is equivalent to the statement \/E(u,v;) — \/E(u,v,) = 0 for arbitrary u, v,, vy, which is equivalent
to E(u,v) = E(u). Similarly, we can show that lengths of the opposite sides corresponding to the v-
parameter curves are always equal if and only if G(u,v) = G(v). Therefore the coordinate curves of a
parametrization x(u,v) constitute a Tchebyshef net if and only if 0E/dv = 0G/du = 0.

. Let x(u,v) be the parametrization constituting a Tchebyshef net. By Exercise 7, the coefficients of the
first fundamental form satisfy the condition E = E(u) and G = G(v). Note that E(u) = |z,|* # 0 and
G(v) = |z,|* # 0, because dx, = (x.1x,) is one-to-one. We define

a@):/uu\/mdu, E(v):/jmdv.

Since du/du = y/E(u) # 0 and dv/dv = /G (v) # 0, there exists an inverse function u(@) of w(u) and
v(v) of T(v), respectively. Now we reparametrize the coordinate neighborhood x to X by

X(u,v) = x(u(@),v(v)).
Then

du -t

x_
“du

du

du

=5 =1 = P= ok =1,

[Xal = =[x,

Similarly, we obtain G = (X5, %) = 1. Furthermore,
F = (%X3,%,) = |X;|[%;| cos 6 = cos
where 6 is the angle of the coordinate curves.

. Let S be the surface of revolution obtained by rotating a regular connected plane curve C'. We shall take
xz plane as the plane of the curve and the z axis as the rotation axis. Let

z=fw), z=g), a<v<b, flv)>0

be a parametrization for C. We can suppose that the curve C' is parametrized by an arc length, that is,
f (v)? + ¢’ (v)? = 1. Now we obtain a parametrization for S by x: U — S,

x(u,v) = (f(v) cosu, f(v) sinu, g(v))),
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from the open set U = {(u,v) € R? | 0 < u < 2m, a < v < b} into S. Since
x, = (—=f(v)sinwu, f(v)cosu,0), x, = (f'(v)cosu, f'(v)sinu, g’ (v))),
The coefficients of the first fundamental form are
E=f(w?=EW), F=0, G=f(v)2+4¢(w)?=1.
10. Since x, = (cos ,sinf) and x, = (—psind, pcosb),
E=(x,x,) =1 F=(x,x,)=0, G=(x,x,)=p"

u? v

11. a. We take the z axis as the rotation axis and the zz plane as the plane of the curve C. Let
x=p(s), z=h(s), 0<s<l, p(s)>0
be the parametrization for C, where s is the arc length, so (p’(s))® + (h/(s))*> = 1. Then the param-
etrization for the surface of revolution S is given by
x(0,s) = (p(s) cos b, p(s)sinb, h(s)), 0<s<l, 0<O<2m.
Since
xg = (—p(s)sinb, p(s) cos6,0), x,= (p’(s)cosh,p’(s)sinb, h’(s)),
we obtain
E=p(s), F=0, G=(o(s)"+(N(s)=1.
Therefore the area of S is
A:/l/%mdads:/l/% d0ds—27r/ p(s
0 7o 0o 0

b. Consider the torus generated by rotating a circle of radius r about a straight line belonging to the
plane of the circle and at a distance a > r away from the center of the circle. Then the parametrization
for the circle of radius r is given by

x = p(s) :a—l—rcosf, z = h(s) zrsinf, 0 < s < 2mr.
T T

Note that s is the arc length because (p’(s))* + (h'(s))* = 1. By (a), the area of a torus is

27r 27r

A:27r/ p(s)ds:27r/ <a+rcos )ds—47r ra.

r
0 0

7 TE<
7<
X

12. Note We suppose the natural situation, that is, » > 0 and 1/k(s) > r
The parametrization for the regular tube of radius r around a curve « is given by
x(s,v) = a(s) + r(n(s) cosv + b(s)sinv), r = const.#0, s € I.
In the proof of Exercise 10 of Sec. 2-4, we obtained
x, Ax, = —r(1 —rk(s) cosv)(b(s)sinv + n(s) cosv).

Since |x4 A x,,| = (1 — rk(s) cosv), the area of a regular tube is
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l 2m l 27 l
A= / / |x, Ax,|dvds = / / r(1 —rk(s)cosv)dvds = / 2nrds = 27r,
0 Yo 0 Yo 0

where [ is the length of a.

13. a. We show that x: U — S, x(s,u) = (f(s) cosu, f(s)sinu, g(s) + cu) is a parametrization for S. (i) It

14.

is easy to see that x is differentiable. (ii) Let
x(s,u) = (f(s) cosu, f(s) sinu, g(s) + cu) = (2,9, 2).
From the equation (f(s)coswu, f(s)sinu) = (x,y), we can determine f(s) and u as
T 41y
f(s)=vVz2+4y? u=arg| ——— |,
() =V s

where arg : {z € C | |2] = 1} — (0,27) is an inverse function of z i+ e%*. So w is a continuous function
of (z,y, z). Furthermore, g(s) + cu = z yields

(s) T+ 1y
s)=z—cu=z—carg| ——|.
g g T2+y2

Since a(s) = (f(s),g(s)) is a parametrization for the regular plane curve C, « is a homeomorphism.
Hence

is a continuous function of (z,y, z). Therefore x is a homeomorphism. (iii) Since

s=at (\/:ﬁ +y2,z—carg<—x+zy ))

f/(s)cosu —f(s)sinu
dx, = | f'(s)sinu f(s)cosu |,

we have

= f(s)*(f'(5)* +9'(s)%) + 2 f'(s)? = f(5)* + 2 f'(5)* = f(5)* > 0,

which implies that dx is one-to-one for every q € U. Therefore x is a parametrization for S and we
conclude that S is a regular surface.

. The coordinate lines of the above parametrization are orthogonal if and only if

F = (x,,%,) = (f'(s) cosu, f'(s) sinu,g'(s)) - (—f(s) sinw, f(s) cosu,c) = cg’(s) =0,
which occurs if and only if ¢ = 0 (x(U) is a surface of revolution), or ¢’(s) = 0 for all s € (a,b) (x(U)
is a piece of the standard helicoid).

. Since grad f(p) € T,,(S), it can be expressed as

grad f(p) = Ax,(a) + Bx,(q)
for appropriate real numbers A and B where q = x !(p). Recall that
(grad f(p),v), = df,(v) forall v € T,(S).
Letting v = x,,(q) in the equation above yields

{grad f(p),x,(a)), = dfp(x,(q))-

Since
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15.

{grad f(p), xu(a)), = (Ax,(a) + Bx,(a), x,(a)),,

= A<Xu<q>a Xu(q)>p + B(x,(q),x,(q))
= AE + BF

P

and

fu(@) = (f ox),(q) = d(f o x)g(e1) = df, (dxq(ey)) = df(x,(q)),
we obtain f,(p) = AE + BF'. Similarly, letting v = x,(q) gives f,(p) = AF + BG. Hence

£\ _(E F\(A A (EF\'/(f)_ 1 G —F\(f,
(7)-(Fa)s) = ()-(Fe) (F)-zew(%%)(7)
qu_va B= fvE_qu
EG—F2’ "~ EG-— F?

quiva finqu
= grad f = Ax, + Bx, = 5G_F2 x, + BG_ 2 Yo

= A=

. Let 6 be the angle between grad f(p) and v € T,(S). Then

dfp(v) = (grad f(p), v) = |grad f(p)||v| cos 6 = |grad f(p)| cos 6

is maximum if and only if cos@ = 1, and this means § = 0 and v = (grad f(p))/|erad f(p)|.

. The level curve C is given by an inverse image f~!(a) for a constant a. Since grad f(p) # 0 for every

point p € C, df,(v) = (grad f(p), V), is surjective for every point p € C. Hence there is no critical
point, and a is a regular value of f. By Exercise 28(b) of Sec. 2-4, we conclude that C = f~1(a) is a
regular curve on S.

. Let C} be the regular curve on x(U) C S given by the equation ¢(u,v) = ¢;. In other words, for every

point p € Cy, we have p(x 1 (p)) = ¢;. Let @: I — U be the parametrization for x 1 (C}) = ¢ (¢;)
at x1(p), then the mapping a : I — x(U) defined by «a(t) = x(a(t)) becomes the parametrization
for C; at p. Since p(a(t)) = ¢, differentiating with respect to t gives

(P> ) - @' (t) = 0.
Hence we obtain @' (t) = A;(t)(¢,, —¢,,) for nonzero A;(t). Then
O/(t) = dxa(t) (a,(t)) = Aldxq(<pvv _<pu) = Al(xu<pv - Xvsou)'

Similarly, let C, be the curve given by 9(u,v) = ¢y, and let 8 : J — x(U) be the parametrization for
C, at p, then we have

B(t) = Ao (x, %, — X, 0y,)-
Therefore two curves are orthogonal if and only if the inner product {(a’(¢), 8’ (t)) is zero, that is,
0/ (), B/ (5)) = M Ay (X, — Ko Xuthy — X,15,)
= A Ao (X, X0) 0Py — (X0 X)) 00y + 0u¥) + (X0 X0) 00 t0)
= M\ (B, — F(p, 1, + 0ut,) + Goythy,)
=0.
Since A; and A, are nonzero, it is equivalent to Ep, 1, — F(p, ¥, + ¢,¥,) + Ge, ¥, = 0.

Note In order to be orthogonal, it is sufficient to satisfy the equation above only for the intersections
of two families. For example, if two curves on the plane (E =1, F = 0,G = 1) are given by

o(u,v) =u?2 +v2 =1, P(u,v) =u?+v2 =2,
Then
Ep, v, — F(o, 0, + 0,0,) + Gp, b, = 4v* — 4u? + 0.

However, these two curves never meet, so they are orthogonal.

b. The parametrization x : U — S for the helicoid is given by x(u,v) = (vcosu,vsinu, au). Then
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x, = (—vsinw,vcos), x, = (cosu,sinu,0)
implies that E = v? + a%, F = 0, G = 1. Furthermore, let
o(u,v) =veosu, P(u,v) = (v?+a?)sin®u
then we have
Ep, — F(ou¥, + 0ythu) + Gyt

= (v* +a?)-cosu-2vusin?u+1- (—vsinu) - 2(v? + a?) sinucosu = 0.

By (a), two families of regular curves are orthogonal.

3-2. The Definition of the Gauss Map and Its Fundamental Prop-
erties

1. At a hyperbolic point p of regular surface S, we have det(de) = k,ky < 0. Let e, e, be the eigenvectors
of dN,. Then the second fundamental form at p is given by

II,(w) = k€2 + kon?,

where w = £e; + ne, € T,,(S). The asymptotic directions satisfy k, (w) = II,(w) = 0, which is repre-
sented by

We can see that principal directions e, e, bisect the asymptotic directions above.

2. Suppose that the surface S is tangent to a plane P along a regular curve C. Given a point p € C, let « :
(—e,e) = C be a parametrization of C at p. Observe that the unit normal vector

N(t) = (N o a)(t)

is constant along the curve, since it is perpendicular to the plane P. Hence N’(t) = 0. By Prop. 3, C is
a line of curvature of S, and the corresponding principal curvature is 0. Therefore k; or k, is zero, that
is, K = det (de) = 0. So we conclude that p is either parabolic or planar.

3. Let k,, be the normal curvature of C' at p. Then k, = kcosf = k(n,N), so |k| > |k, |. Note that
k, =k, cos® 0 + k,sin? 0,

where 6 is the angle from e; to the tangent vector of C at p. Since K = k;ky > 0, k; and k, have the
same sign. Therefore k,, is the number between k; and k,, and we conclude that

k| > |k, | > min([k, [, [k|)-
4. No. Consider the surface S = {(z,y,2) € R?® | 2= 0} and regular curve
C={(zy,2) | x> +y*=1/4, =0} C S.

Observe that S has the property that |k;| = |ky| = 0 < 1 everywhere, but the curvature k = 2 of a curve
C does not satisfy |k| < 1.

5. Let e;, e, be the eigenvectors of dN_, and ¢ be an angle between e; and fixed direction a. Then the

p7
normal curvature is given by

k, (0) = ky cos®(0 + @) + kysin?(0 + ¢).

Hence
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™

/ k,(0)d0 = [ (kycos®(0+ p)+ kysin?(6 + ¢)) dO
0

S~

T+

(ky cos® ¢ + kysin? ) dyp = /ﬂ(kl cos? 1) + ko sin? ) dip
0

by +k
= Ty + Tk, =w<&) —rH

A

2

and
1 T
H:—/ k. (6) do.
T™Jo

6. Let e, e, be the eigenvectors of dN,. We can suppose that 6,6 + /2 is the angle between e; and pair
of orthogonal directions, respectively. Then the sum of the normal curvatures is

k. (0) + K, (9 + g) = (ky cos? 0 + k, sin? 0) + (kl cos? (9 + g) + ky sin? (9 + g))

=k, cos? 0 + kysin? 0 + k; sin? 0 + ky cos? 0 = ky + ky, = 2H,

which is constant.

7. If the mean curvature (k; + k)/2 is zero at a nonplanar point, then we have k; = —k, # 0. Let e, e, be
the eigenvectors of dN, and w = {e; + ne, € T,(S), then the second fundamental form at p is given by

IIp(W) = k152 + k2772-

The asymptotic direction satisfies k,(w) = II,(w) = 0, which is equivalent to

Therefore the point p has two orthogonal asymptotic directions.

8. a.Let x:U=R?—> S, x(z,y) = (z,y,2% + y?) be a parametrization for the paraboloid of revolution.
Then x,, = (1,0,22z) and x,, = (1,2y,0), so x,, A x, = (—2z,—2y,1) and

—2x, —2y,—1

N(z,y,2) = e 2D,

Viar? +4y? +1

The image of the Gauss map is

N(S) = {(z,y,2) € S* | z > 0}.

b. If a(t) = (x(t),y(t), 2(t)) is a parametrized curve in hyperboloid of revolution S, then
zz' +yy — 2z’ =0,

which shows that the vector (x,y,—z) is normal to S at the point (z,y, z). Therefore N(z,y, z) =
22 + 92 + 22. In particular, the image of the Gauss map is

N(S) = {(z,v,2) € $? | |2| > 1/V2}.
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9.

10.

11.

z

ATy
I

c. If a(t) = (z(t), y(t), 2(t)) is a parametrized curve in catenoid S, then

zx’ 4+ yy' — cosh zsinh z 2" = 0,

which shows that the vector (z,y,— coshzsinhz) is normal to S at the point (z,y,z). Hence
N(z,y,2) = (—=, —y, cosh zsinh z) /\/22 + y2 + cosh? zsinh? z. The image of the Gauss map is

N(S) = {(z,y,2) € S* | |2| # 1}.

z

a. Since the surface S contains no planar or parabolic points, det dN,, 7& 0 for every p € .S. The
parametrized regular curve a: I — S satisfies o/ (t) # 0 for every te I To show that Noa : I —
S? is a parametrized regular curve, it must be shown that (Noa)'(t) # 0 for every t € I. Since
(Noa)'(t) = dN,y (a/(t)), where det (dNam) # 0 and o' (t) # 0, we obtain (N o &)’ (¢) # 0 for every

tel.
b. Suppose that « is parametrized by arc length and let 8 = N o «. Since C' = «([) is a line of curvature,
B'(s) = (Noa) (s) = A(s)a(s). Also, 87(s) = X (s)a(s) + A(s)a’(s), hence
_BAB_ ARlana| _ 1land] _ 1
N 8'° AR |af? Al fef? Al

The normal curvature is given by k,, = —A(s). Therefore
k=Mky = [k, by = [k k]
Choose arbitrary p € C, and let a: I — C' be an arc-length parametrization of the curve C' at p

The osculating plane of a curve C makes a constant angle with the tangent plane of S along C, so
(N(s),b(s)) = const. for every s € I. Since C' is a line of curvature, N’(s) = A(s)a’(s). Hence

(N’,b) + (N,b’) =0 = (\a’,b) + (N, 7n) = 0.

Since o’ =t L b everywhere, (Aa’,b) = 0, so we obtain 7(N,n) = 0. However, C' is nowhere tangent to
an asymptotic direction, thus

ku(a) = (N, kn)(a’) £ 0.
As (N, n) # 0 implies 7 = 0 in the neighborhood I of p, we conclude that C' is a plane curve.

Note If p is an umbilical point of S, then every pair of directions r and r’ make the minimum angle
7/2, which is contradiction to conclusion that there exists an unique pair of directions in T,,(S). So we
suppose that p is not an umbilical point.



12.

Let {e;,e,} be the orthonormal basis of T,,(S) determined by dN(e;) = —k;e;, AN (e;) = —kye,. Let
0 and ¢ be the angles that a pair of directions r and r’ make with e;. r and " are conjugate if and only
if the vectors

w; =e;cosf+e,sinf), w, =e;cosp+e,sinp
are conjugate, that is,

0= (dN,(w,),w,) = —k; cosf cos ¢ — kysinfsinp = 0.

Now restrict the range of 8 to 6 € [0, 7), then the corresponding ¢ for each 6 is contained in [7/2,37/2).
We want to find the pair of angles (6, ¢) such that ¢ — 6 is minimum.

If 6 =0 or § = 7/2, then we have ¢ — 0 = /2.

If 6 € (0,7/2), then tan® > 0 and tan < 0. Let o = tan 0, § = —tan . Since aff = ky [k,

tan ¢ — tan 6 a+p
t —0)= = .
an(p —0) 1+ tanptand  ky/ky—1

If 0 € (w/2,7), then tanf < 0 and tan > 0. Let o« = —tané, § = tan . Since aff = ky [k,

tan ¢ — tan 6 a+p
t —0) = = .
an(p —0) 1+tanptand 11—k, /k,

Now consider the cases k; > ky and k; < k.
If ky > ky, then k;/ky > 1; so tan(p —0) >0 at 6 € (0,7/2) and tan(p —0) >0 at 0 € (7/2, 7). This
means that
(0,7/2) for 8 € (0,7/2)
p—0e{n/2} for0=0,n/2
(w/2,7) for 6 € (n/2,m).

So we consider the case § € (0,7/2). By AM-GM inequality,

a+pB 2v/ap 2v/ky [k,

— = > =
tan(p —0) ko fky — 1= Ky fky — 1 ky/ky— 1

when a = 8. tan § = — tan ¢ implies 6 + ¢ = 7, thus r and 7’ are symmetric with respect to the principal
direction e,.
Otherwise, if k; < ko, then k; /ky < 1;s0 tan(p — 6) < 0at 8 € (0,7/2) and tan(p — ) < 0 at 6 € (7/2, 7).
This means that
(w/2,m) for 8 € (0,7/2)
p—0€q{n/2} for0=0,n/2
(0,7/2) for 6 € (n/2,m).

So we consider the case 8 € (7/2,7) By AM-GM inequality,

a+p S 2vap :2\/k1/k2
L—ky/ky ~ 1—ky/ky 1—k/k,

tan(p — 0) =
when a = 3. —tan 6 = tan ¢ implies 6 + ¢ = 27, thus r and 7’ are symmetric with respect to the principal
direction e;.

Let {e;,e,} be the orthonormal basis of T,,(S) determined by dN(e;) = —k;e;, AN (e;) = —kye,. Let
6 and ¢ be the angles that a pair of directions r and r’ make with e;. r and r’ are conjugate if and only
if the vectors

w; =e;cosf+e,sind, wy, =e;cosp+e,sing
are conjugate, that is,
0= (dN,(w;),wy) = —k, cosf cos ¢ — kysinfsinp = 0.

We now describe the geometric construction to find the conjugate direction 7’ of r. Given straight line
r through the origin, consider the intersection points q;,q, of r with the Dupin indicatrix. We assert
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that the tangent lines of the Dupin indicatrix at q; and q, are parallel, and their common direction r’

is conjugate to r.
\/ )

/

d2

2

By considering the curve (x(t),y(t)) contained in the Dupin indicatrix, we have k,z? + kyy? = +1.
Differentiating gives 2k zz’ + 2k,yy’ = 0, so ((kyz, kyy), (2’,y")) = 0. This means that at the point (z,y),
the normal vector is (k,z, kyy). Hence the normal vector at q; and q, is (k; cos 8, k, sin8). Observe that

((kq cos b, kysinB), (cos p,sin p)) = 0, thus the tangent vectors at q; and g are parallel to (cos ¢, sin ¢),
which is the direction of r’.

13. Given point p on the asymptotic curve C, let « : (—e,€) — S be the arc-length parametrization with p =
a(0). We have k, = k(n,N) = 0 in the asymptotic curve. Since curvature k is nowhere zero, (n, N) = 0.
Obviously (t,N) = 0, therefore N and b are parallel and N = +b. Let e;, e, be the eigenvectors of dN,,
and let o/ (0) = e cos 0 + e, sin 6, then

N’(0) = dN,(a/(0)) = —e, k; cos 0 — eykysinf, k, = k; cos® 0 + kysin® 6 = 0.
Therefore
72 = |N’(0)|* = k3 cos? 0 + k3 sin® 0 = k, (k, cos? 0) + ky (ko sin 0)
= ky(—kysin® 0) + ko (—k; cos? ) = —k, k.
So absolute value of the torsion is given by

|7| = \/—kiky = V—K.

14. Let Ny, N, be the normal vectors of S; and S, at p. Since 0 is the angle between IN; and N,,

AN, — AN, | = /A2 + A2 — 2X, ), cos f.
Furthermore, A; = k(n,N;) and Ay = k(n, N,) implies
[A1 Ny — ANy | = [k[[(n, N;)Ny — (n, N;) N, |
= |kln A (N A Ny)|
= [k[[Ny A Ny| = |K||sin 0].
Therefore

k2sin? 0 = |\ Ny — AN |2 = A2 + A2 — 2X, A, cos 6.

15. Let N;(p) and Ny(p) be the Gauss maps of S; and S, at p, then cosé(p) = (N;(p), Ny(p)).

Suppose that C' is a line of curvature of S,. Let a(t) be the parametrization of the regular curve C'. Since

C is also a line of curvature of Sy,
d d
9 cost(a(1)) = 5 (N (1), Ny(1)) = (N (), Ny(0)) + (N, (8), Ny 1)

= M () (1), Ny (1)) + A (1) (N (£), @' (2)) = 0.
Therefore 0(p) is constant in C.
Conversely, suppose that 6(p) is constant in C. Then cos 8(p) is also constant, so
d

0= %COS 0(a(t)) = (N1 (£), Na(t)) = (N1 (t), Na(2)) + (N (2), N3 (2))-
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16.

17.

18.

Since

(N1(8), No(8)) = Ay () (e’ (8), No(8)) = 0,
we obtain (N (¢), N5 (¢)) = 0. Note that |[Ny(¢)| = 1 implies (N, (¢), N5(¢)) = 1, so N4 (¢) is perpendicular
to both Ny (¢) and Ny(¢). If N, (¢) and N, (¢) are linearly independent, then N5 (t) is parallel to Ny (¢) A
N, (t), which is parallel to o/ (¢). Hence we can write

Nj (1) = A (t)e (¢).

Otherwise, if N, (¢) and N, (¢) are linearly dependent, then Ny (¢) = £N,(¢) implies N5 (¢) = £ N/ (¢) =
£, (B)a’ (t) = Ay (t)a’ (t). In either case, we can obtain N5 (¢) = A, (t)a’(t). Note that A, (¢) is differentiable
because Nj(t) and o' (t) # 0 are differentiable. Thus C' is a line of curvature of S,.

Let S, be a torus, and S, be a plane containing its axis. Then S; and S, intersect along a regular curve

C' (which is a line of curvature of torus) and make a constant angle 8(p) = 7/2. Note that C is a line of
curvature of S, because N4 () = 0 on plane. By Exercise 15, C' is a line of curvature of S;.

H =0on S and S has no planar points, thus k; + ky = 0 and dN, # 0 at every point of S. Let e;, e, be
the orthonormal basis of T, (S) determined by dN,(e;) = —k;e;, dN(e;) = —kye,. Let

Wi = a,6; +a,€y, Wy =be, +bye,,
then
<de(W1), de(W2)> = (—kja,e; — kyase,, —k b€y — kybyes)
= kfaiby + kjasby = —kiky(arby + aghy)
= —kyky(wy, wy) = —K(p){wy, Wy).

Now consider the two intersecting parametrized regular curves a;,a, on S such that @f(0) = w; and
a%(0) = w,. Note that S has no planar or parabolic points because K (p) = k,ky = —k? < 0. By Exercise
9(a), N o q; is a parametrized regular curve on the sphere S? for i = 1,2. Observe that

(No ;) (0) = AN (a(0)) = dNpy (w;)

and

|de(W1)| = |~kia,e; — kyase,| = \/k%a% + k3a3 = \/—kle(a% + a%) =V —K(p)|w,|.
Let 6 be an angle of two curves a; and a,, and let ¢ be an angle of two curves N o o; and N o a,. Then
sy = {201 (0), (Noay)'(0) _ (4N, (wy), dNp(wy)
[(Noay) (0)][(Neag) (0)]  |[dN,(wy)|[dNy(ws)]
_ E@)wawa)  (wiwy) _ (0(0),05(0))
V=EK®)wi[V/=EK({@)w,| [willwa|  [e1(0)]|a;(0)]

Therefore § and ¢ are equal up to a sign.

= cos 0.

The normal curvatures are \, = k; cos? 8, + k, sin? 8, where 8, = 27(k — 1)/m for 1 < k < m. Since
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m

Ay =Y _(ky cos? ), + ky sin? 6,) (Zcos ak) + ky (Zsm ek)
k=1 k=1

19. a. Observe that
t =e;cosp+eysing, h=e;cos(p+ 7/2) + eysin(p + 7/2) = —ey sinp + e, cos .
Since N(s) = (N o a)(s) implies N'(s) = dN,)(a/(s)), we have
N’(0) = dN,(a/(0)) = dN,(e; cos ¢ + e, sin ) = —k;e; cos ¢ — kye, sin .

Therefore

= (N’(0),h) = (—k e, cos p — kye, sin p, —e; sin p + e, cos )

=k, cos psinp — ky cos psinp = (k; — ky) cos @ sin ¢.

b. Differentiating both sides of cos§ = (N, n) with respect to s,
—Z—Z sinf = (N’,n) + (N,n’).

Since N - N = 1 implies N’ - N = 0, we have N’ € 7,(5). Hence there exist a,b € R such that N’ =
at + bh. Since (N’,t) =k, and (N, h) = 7,, we obtain N" =k, t + 7,h. Moreover, Since 6 is the
angle between n and N, we can write N and h as

N =ncosf+ bsinf, h=mnsinf —bcosé.

b

h

Note that four vectors n,b, N, h are in the same plane (perpendicular to t). Therefore

—% sinf = (N’,n) + (N,n’) = (—k,t +7,h,n) + (N, —kt — 7b)

7,(h,n) — 7(N,b) = 7,sin0 — 7sin 0.

Thus we obtain df/ds = 7 —7,.
c. First suppose that C is a line of curvature of S. Then there exists differentiable function A(s) such
that N’(s) = A(s)a’(s) = A(s)t(s), by Prop. 3. Hence 7, = (N’,h) = (At,h) = 0 and C has geodesic
torsion identically zero.
Conversely, suppose that C has geodesic torsion identically zero. Then N’(s) is perpendicular to
N(s) and h(s) for each s, so N’(s) is parallel to h(s) A N(s) = t(s). Hence there exists differentiable

function A(s) such that N’(s) = A(s)t(s), and we conclude that C is line of curvature by Prop. 3.

20. Let S;, S,, and S5 be the surfaces that pass through p. We can assume, changing the direction of Ny
if necessary, that {N;,N,, N3} constitute the positive orthonormal basis for R3. We assert that the
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geodesic torsions 71,7 of C] = S, N S5 relative to S, and S5 are equal. Since the tangent vector t; of C}
is perpendicular to both N, and N3, we have t; = £IN;. Then by definition

7 = (N3, Ny A ty) = (N3, FN3) = —(dNy (N, ), Ny),

71 = (N3, N3 A ty) = (N5, £Ny) = (dN3(Ny),Ny).
Since (Ny, N3) = 0, we obtain (N5, N3) + (Ny, N3) = 0. Therefore 7, = 77.
Now let 75 be the geodesic torsion of C;, = §; N S5 relative to S; or S5, and let 73 be the geodesic torsion
of C5 = 5; NS, relative to S; or Sy. Observe that

Ty = (dN; (Ny),Ng) = —(dN3(Ny), Ny).

Therefore 7, + 7, = —(dN,(N;), Ng) + (dN;(N,), N3) = 0. Similarly, 7, + 74 = 73 + 7y = 0 implies that
T, = T = 73 = 0. Since the lines having geodesic torsion identically zero are lines of curvature, C;, C,
and Cj are the lines of curvature.

Unsolved It is not immediately obvious how to establish that (dN4(IN;),N3) — (dN;(N,),N3) =0
at p.

3-3. The Gauss Map in Local Coordinates

1. Let h(z,y) = axy, so the parametrization of the hyperboloid is x(z,y) = (z,y, h(z,y)). Then

hy=ay=0, h,=azx=0, h,, =0, hy,y=aqa, h,=0

z Ty vy

at (0,0,0). Thus by Example 5,
h, . h —hiy 0-0— a2 (1+hi)hyy—2hhh +(1+h§)hm

_ zz' Yy _ 2 — Ty "y =0

(1+h2+h2)*  (1402+02)? ’ 2(1+ h2 + h2)™

2. Let x(u,v) = (vcoswu, vsinu, cu) be the parametrization of the helicoid. Then
x, = (—vsinu,vcosu,c), x, = (cosu,sinu,0) = E=12+c? F=0, G=1.
Furthermore,
Xuu = (—vcosu,—vsinu,0), x,, = (—sinu,cosu,0), x,, = (0,0,0)

implies that

(Xu,XU,qu) =0 f _ (Xuvxwxu'u) _ <Xu’X'uvxuv) _
— =0, =

c
Vo2 +c? Vv? 4 ¢? _\/v2~|—02,g_ Vo2 4 ¢?

Since e = g = 0, the asymptotic curves are the coordinate lines. The differential equation of the lines of

e =

curvature is

(’U')2 v (u,)Q (U/)Z ' (’U/)Q (

c 2 2
E F G =||lv2+c2 0 1 = —) W)+ eV + W) =0.
s N
e f g 0 T v°+c
Consequently, the lines of curvature are given by
7\2 (v/)Q ’ v 2 2
(u") :v2—|—c2 :>u::|:v2—+c2:>u:;tlog(v+ ’U+C)+O

where C is a constant. Finally, the mean curvature is

G—-2fF E
g=C2Fr9E
2(EG — F2)
3. Computing the derivatives of x, we obtain
x,, = (—coshvsinu, coshvcosu,0), x, = (sinhvcosu,sinhvsinu,1)

thus the coefficients of the first fundamental form are

E =cosh?v, F=0, G =sinh?v+ 1 = cosh?v.
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Since

Xyu = (—coshvcosu, —coshvsinwu, 0),
X, = (—sinh v, sinw, sinh v cos u, 0),
X,, = (coshv cosu, coshvsinu,0),

the coefficients of the second fundamental form are

(X5 Xy Xy

e = u? v U — 717 f=

cosh? v

(X’M?X’U’XUU) (Xu?x'l)?X’U’U)

=0, g= =1.

cosh? v cosh? v

The differential equation of asymptotic curves is
e(w) +2fu'v +g(v')? =0 = —(u)?+ ()’ =0 = v +v =0.
Therefore the asymptotic curves are given by u + v = const..
4. Let x(u,v) = (u,v,uv) be the parametrization of the curve z = zy. Computing the derivatives,
« = (1,0,v), x, =(0,1,u), x,, = (0,0,0), x,, =(0,0,1), x,, =(0,0,0).

Therefore the coefficients of the fundamental forms are
1

T 9=

V1+u2 402

Since e = g = 0, the asymptotic curves are the coordinate curves u = const., v = const. of the parame-
trization. The differential equation of the lines of curvature is

E=14+v, F=uw, G=1+u% e=0, f=

W) —wv (w)? W)*  —uwv (W)
F G = |1+ 02 uv 14 u?
1
€ f g 0 V1+u?+v?
_ _i(v/f + i(u’ 2
V1+u2 + 02 V1+u? + 02
=0.
Then
7\ 2 N2 / /
WP W) u v
1+0?) (W)’ = (1+u?)(v) = ( = = ==+ )
( )w)” = ( )(@) 14+u2 1402 V1+u? V1402

thus the lines of curvature is given by log<u + m) =4 log(v + \/1+—v2> + const..
5. a.x, = (1—u?+v?,2vu,2u), x, = (2uv,1 —v? + u?, —2v). Hence
E=(1-u?+v?)"+ (2uu)? + (2u)? = (1 +u? +1?)%,
F=(1—u%+v%)(2uwv) + (2vu)( —v? 4+ u?) + (2u)(—2v) =0,
?)

G=(2uw)?+(1—v*+u “r (- = (14 u? —|—v).

b. x,, = (—2u,2v,2), x,, = (2v,2u,0), x,, = (2u, —2v, —2). Thus
1—u2 402 20u 2u
_ <xu’x'mxuu) _ 1 2 2 —
TUrwe ) (et L
—2u 2v 2
(%X, %, X, 1 1—u2 402 20u 2u
_ w) vy fuv) ) 2 _
w4’ (e +0?) P
2v 2u 0
(X, X0y Xy 1 1—u2 402 20u 2u
_ u?) v ov _ 2 2 _ N
= (1+u2+v2)2 = (1+u2+v2)2 2uv 1—v2+u 2v 2.
2u —2v —2

c. Observe that
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eg — f? 4

K = = — s
EG — F? (1+u2 +v2)*
by LeG—2fF 4 gE _ 12(1 +u2 +0v2)° —2(1 + w2 +02)° o
2 EG-F2 2 (1+u2 + 02)° -
Since the principal curvatures kq, k, are the roots of the quadratic equation
4
k2—2Hk+K:k2——4=0,
(14 u? +0?)
we obtain
2 2
1= ky =—

(1+u2+v2)% (1+u2 4 02)
d. Since f = F = 0, the lines of curvature are the coordinate curves.
e. The differential equation of the asymptotic curves is

e(w)? 4+ 2fu'v +g(v')’ =0 = W)’ =) = v+ =

Therefore the asymptotic curves are u 4+ v = const. and v — v = const..

. a. By taking the line r as the z axis and a normal to r as the x axis, then

dz T

By setting = sint, for 7/2 < t < 7, we obtain

dz V1—22

dz B dz dx _ cost cos? t

E_Ea_sint'cos sint
Therefore

2

t t

z:/CO_S dt = cost + logtan - + C.
sint 2

If z(w/2) =0, then C = 0. Note that if z < 0, we set z =sint for 0 <t < 7/2 , then the differential
equation is given by

dr V1—z2 dz dzdzr  cost : cos?t

S e - COS .
dz T dt dz dt sint sint

Therefore we obtain z = cost + logtant/2 again.

b. Define x: U — S as

x(u,v) = (smucos v, sinu sin v, cos u + log tan 5),
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where U = {(u,v) ER? | 0 <u < m, 0 <v<2r}. Observe that the regions determined by 0 < u <
m/2 and /2 < u < 7 are regular surface because sinu > 0 and cosu + logtanu/2 are differentiable.
However, the points in a circle {(z,y,2) € R® | 22 + y> =1, z =0} given by u = m/2 is not regular,
since

2
. cos*u
X, = (cosucos v, cos u sin v, ) = (0,0,0),
sin u

x, = (—sinusinv, sinu cosv,0) = (—sin v, cos v, 0)
SO dxq is not one-to-one.
. Since

COS2 u

u

X, = | cosucosv,cosusinwv,
sinu

) , X, = (—sinusinv,sinwucosv,0),

the coefficients of the first fundamental form are

cos*u  cos?u

E =cos?u+ = =— F=0, G=sin?u.
sin2u  sin?u

The second derivatives of x are

. . . cos®u
Xyu = | —sinucosv, —sinusinv, —2cosu — ,

sin? u

X,y = (—cosusinv, cosucosv,0),

Xy = (—sinucosv, —sinusin v, 0).

Since VEG — F? = |cos u|, the coeflicients of the second fundamental form are

cos?u cos? usinu

e = _— f:o7 g:

~|cosulsinu’ |cos u|

Therefore the Gaussian curvature of a regular point is

eg — f? _ —(cos* u)/|cos ul? _

K = = = -1.
EG — F? cos2 u

. By Example 4, the Gaussian curvature is given by K = —¢” /. Thus ¢” + K¢ = 0. Since
(@) + @) =1,

we obtain ¢’ = 4/1 — (<p’)2 and ¢ = [ /1 — (90/)2 dv.

. By setting K = 1, the differential equation is given by ¢” + ¢ = 0, which implies
o(v) = Asinv + C coswv.
To intersect the plane xOy perpendicularly, it must be ¢’(0) = A = 0. Therefore we obtain

¢(v) = C cosv, 1/1(1)):/v\/l—(np’)zdvz/le—C’zsinzvdv.
0 0

This integral makes sense only if 1 — C?sin? v > 0. Therefore the domain of v is

1
|v| < aresin —-.

C
. By setting K = —1, the differential equation becomes ¢” — ¢ = 0, whose general solution is

¢(v) = Acoshv + Bsinhwv.
If (A, B) = (C,0), then the surface is given by

p(v) = Ccoshv, o) = / Vv1—C?sinh?vdv (Case 1).
0

If (A, B) = (0,C), then the surface is given by
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¢(v) = Ccoshv, P(v)= / V1—C?%cosh?vdv (Case 2).
0

If (A,B) = (1,1), then the surface is given by

pv) =e’, P(v) = / V1—e?2vdv (the case 3).
0
. Substitute e¥ = sint. Then e¥ dv = costdt, thus ¢(v) = ¥ = sint and

t t
/«/1_62710111—/ V1 —sin2t %d —/ cos® dt-cost—l—logtani
0

sint

Therefore the surface of type 3 is the pseudosphere of Exercise 6.
. By setting K = 0, the differential equation becomes ¢” = 0 and the solution is

p(v)=Av+ B, (v /\/l—Azdv—\/l—A2

If A% 0,1, then the surface is the right circular cone. If A =0 and B # 0, then the surface is the
right circular cylinder. If A2 = 1, then (v) is constant, so the surface is the plane. Note that if A =
B =0, then <p(v) = 0, so it cannot be a generating curve.

S and S, respectively, such that
Yo =Yw Yo =Yw Yuwu = Yuw Yuws = Yuwr Yws = Your
Now let h be the change of variables, that is, h(u,v) = (w(u,v),v(v,v)). Then h is a diffeomorphism
and we have x =y oh and X =y o h. Then
ou ov _ Ou _ Ov Ju ov Ju _ Ov

Xy =Yug, tYog, =Yug, TVeg, =X X =Yug, TYeg, = Yug, T Vg, = X
ou o0v\ Ou 0% ou ov\ ov 0%y _
- (y““% y’wau) ou T Y5 T (y”“% + y’”’@u) ou T Y gz = Xuw
Therefore we conclude that x and X have contact of order > 2. Observe that
(foX)y = f(@(u,0),Y(w, ), 2(w, )y, = FoTy + fy¥u + 20 = FoTu + Fytu + f220 = (FoX),
and
(f oK) = (foaTu + FayBlu + fooZu)Tu + FoTun + (FaTu + Fo i + F3:20 )00 + Fy
+(feoTu + oyl + FooZu)Zu + F 20
= (foaTu + foyBu + Fo:2u)Tu + foTuu + (£ & FyyBu + Fy22) V0 + fylu
+(faaBu + foy¥u + [22Z0) 20 + FZun
= (f * X)us

Hence the partial derivatives of order < 2 of (f oX) and (f o x) coincide, and we conclude that they
become zero at the same time.

. Let x(z,y) = (z,y, f(z,y)) and X(z,y) = (m,y,?(x,y)) be the parametrizations at p for S and S,
respectively. We define a function h(z,y, z) = f(z,y) — 2. Since hox =0 and hoX = f — f, by (a)
applied to the function h, f — f has partial derivatives of order < 2 equal to zero at (0,0).

. Let x(z,y) = (z,v, f(x,y)) be the parametrization for S at (0,0,0), and let
_ 1
X(:Uay): ( xz,Y, = (CE fxx+2xyfxy+y fyy))

be the paraboloid. Since



we conclude that two curves have contact of order > 2.

d. Since contact of order > 2 implies contact of order > 1, the paraboloid passes through p and is tangent
to the surface at p. By taking the plane Tp(S ) as the xy plane, the equation of the paraboloid becomes
f(z,y) = az? + 2bzy + cy® + dx + ey.
Let z = f(z,y) be the representation of the surface in the plane 7},(S). By using part (b), the function
f — f has all partial derivatives of order < 2 equal to zero. Hence
1 1

azifm, b= fry c:ifyy, d=e=0.

e. Suppose that the surfaces S and S have contact of order > 2 at p. Since two curves have same tangent
plane at p, we can take the plane 7,(S) = T}, (?) as the zy plane. Let z = f(z,y) and z = f(z,y) be
the representations of the surfaces S and S, respectively, in the plane T,,(S). Then by (b), f(z,y) —
f(z,y) has all partial derivatives of order < 2 equal to zero. Therefore we conclude that the osculating

paraboloids

1 1 . _ 3

coincide. Furthermore, since the Gaussian and mean curvatures can be represented by the partial
derivatives of order < 2 of f and f, the Gaussian and mean curvatures of S and S at p are equal.

f. In Exercise 27(d) of Sec. 2-4, we showed that if S and S are regular surfaces which have contact of
order > 1 at p and ¢ : R® — R? is a diffeomorphism, then ¢(S) and @(g) are regular surfaces which
have contact of order > 1 at ¢(p). Hence it is sufficient to show that if S and S have contact of order
> 2, then (S) and <p(§) have contact of order > 2 at ¢(p).

Since S and S have contact of order > 2 at p, there exist parametrizations x(u,v), X(u,v) of S and

S, respectively, such that
XU = XU7 X’U = X’U’ X’U/LL = X’LL”LL’ XU’U = )(’LL'IJ7 X’UU = X'U’U'

We showed that (¢ o x)(u,v), (¢ °X)(u,v) is parametrizations for F(S) and F(g) at F(p). Further-
more, the partial derivatives of order < 2 of ¢ o x consists of the partial derivatives of order < 2 of ¢
and x, hence we obtain

(fox)y, = (feX)y, (fex),=(feX),
(foX)uu = (FoX)uus (foX)uy = (FoX)uys (FoX)yy = (f 0 X))y,
Hence ¢(S) and 4,0(3) are regular surfaces which have contact of order > 2 at ¢(p).
g. Let x(u,v) and X(u, v) be the parametrizations at p for S and S, respectively, with

X’I.L = Xu? X'U = X’U’ qu = X'u.u? XU’U = XU’U7 X’U’U = X’U’U

and x(0,0) = X(0,0) = p. Since x and X are differentiable, by Taylor’s formula,
1
x(u,v) = x(0,0) + x,u + x,v + i(xuuzﬂ + 2x,,,uv + x,,v%) + R,

1
X(u,v) =X(0,0) + X, u+ X, v+ g(imﬂﬂ + 2%,,uwv + X,,v%) + R,
where the remainder R, R satisfies the condition

limE:hmE:O7 r=Vu2+v2.

r—0 12 r—0 72

Let N be a common normal of the surfaces at p, then
d = (x(u,v) —X(u,v),N) = <R —R, N>.
Therefore we have d/r? = <R/r2 — ﬁ/rQ,N> — (0,N)=0asr—0.

9. Two regular curves C' and C, with a common point p, have contact of order > n at p if there exist
parametrizations «(t) and S(t) in p of C and C, respectively, such that
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o (8) = B'(t), o' (t) = B(t), ... a™(t) = B (1)
at p.
a. Let ¢ : R? — R? be a diffeomorphism. First we assert that if C is a regular curve, then ¢(C) is also
a regular curve. Given point p € C, let o : I — C be a parametrization for C' at p. We show that ¢ o
a: I — ¢(C) is a parametrization for ¢(C) at p(p). (i, ii) ¢ o « is a differentiable homeomorphism
since ¢ and « are differentiable and homeomorphic. (iii) Since

d(peoa), = d‘Pa(t) o day

is a composition of two injective maps dpg ) and day, it is also one-to-one for every t € I. Therefore
we conclude that ¢(C) is a regular curve.

Now suppose that two regular curves C and C have contact of order > n at p. Then there exist the
parametrizations a(t) and B(t) at p of C and C, respectively, such that

o/ (t) = (1), o”(t) = B"(t), ...,a™(t) = B™)(t)
at p. We must show that

(poa)(t)=(poB)(t), (poa)’(t)=(poB) (t), - (poa)™(t)=(poBH™ ().
Since (¢ o a)™(t), where 1 < m < n, consists of partial derivatives of order < m of ¢ and a, it follows

that equation above holds. Hence ¢(C') and @(6) have contact of order > n at ¢(p). Therefore the
notion of contact of order > n is invariant by diffeomorphism.

b. First suppose that two curves C' and C have contact of order > 1 at p. Then there exist the

parametrizations a(t) and B(t) at p of C' and C, respectively, such that o’(t) = 8(t) at p. It follows
that two curves are tangent at p.
Conversely, suppose that two curves C' and C' are tangent at p. Let a(t) and 8(u) be parametrizations
at p of C and C, respectively, such that a(ty) = B(ug) = p. Since two curves are tangent at p, we
have o' (ty) || B (ug), that is, & (ty) = ¢f’(uy) for nonzero constant ¢ at p. Now we reparametrize 8
by t = u/c. Then B(t) = f(u) satisfies the condition

B'(to) = cB'(ug) = &/ (to).
Therefore we conclude that two curves have contact of order > 1 at p.

. a. First suppose that C' and S have contact of order > n. Then there exists a curve C C S passing
through p such that C' and C have contact of order > n. Let a(t) and @(t) be the parametrizations
at p of C and C, respectively, such that

a(0) =a(0) = p, a’(0) =@ (0), a”(0) =a”(0), ...,a™(0) = a™(¢).
f(x(0),5(0), 2(0)) = f(a(0)) = p because p € S. Since C' C S, we have f(a(t)) = 0. Hence

d . _ a2 ar
SH@0) =0, S5@) =0, .., T f(@() =0

at t = 0. Note that for every m < n, 4= f(a(t)) consists of derivatives of order < m of f and a. Since
the derivatives of order < n of @ and @ coincide, we obtain

dm a
o ) = o p(@) = 0

att =0.

Conversely, suppose that f(«(0)) = 0and df(a(t))/dt = ... = d™ f(a(t))/dt™ = 0at t = 0. It is possible

to assume, by renaming the axes if necessary, that f, # 0, then we can represent the surface S as the
graph of differentiable function z = g(z,y). Now we define the curve C as

z(t) = z(t), y(t) = y(t), 2(t) = g(2(2),y()), () = (2(t),y(t),Z(t)).

By definition, f(@(t)) = 0, so C C S. We assert that C and C have contact of order > n. It is sufficient
to show that 2(%)(0) = 2(¥)(0) for each k < n. Since df(a(t))/dt = df(a(t))/dt =0 at t = 0,

L2+ Y+ L =0T+ 7+ 7 =0 = [(¥-7)=0= =7
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at t = 0. Next, d2f(a(t))/dt? = d* f(a(t))/dt* = 0 implies that

(foat’ + foyy + [2:2 )3 + fox” + (Frut’ + [y + [22 )Y + F0”

+H(feo?’ + Fy + £222)7 + £

= (fzzj, + fwyyl + fwzz/)i, + fzz” + (fywil + fyyg/ + fyzz,)y/ + fyg”

H(FaT + F4¥ + [27)7 + 1.7
and we can obtain f,(z” —z") =0 = 2z” =Z" at t = 0. By continuing this process, we can conclude
that 2(¥)(0) = 2®)(0) for all k < n. Therefore C' and S have contact of order > n.

b. Let f(z,y,2) = az + by + cz = 0 be the representation of a plane P, and let a(t) = (x(t), y(t), 2(¢))
be a parametrization of C' in p. Then we have f(a(t)) = az(t) + by(t) + cz(t) = 0. By (a), we have
df(a(t)/dt = d?f(a(t))/dt> = 0 at t = 0, that is,

az’(0) + by’ (0) + ¢z’ (0) =0, az”(0) + by”(0) + cz”(0) = 0.
Therefore (a,b,c)-a’(0) = (a,b,c) - @”(0) = 0, which means that the plane P contains the vectors
a’(0) and a”(0). Hence P is the osculating plane of C at p.

c. Let f(z,y,2) = (x—z)° + (y—5y)> + (2—2))> —r2 =0 be the representation of the sphere S.
Define x, = (zg, Yo, 29) S0 that f(a(s)) = |a(s) — x0|2 —r2. Since a sphere has contact of order > 3
with a curve C at p, by (a), we have d™ f(«a(s))/ds™ = 0 for m < 3.

2 fa(s) = (0 —x,) £ =0

implies that (a(0) —x,) - t(0) = 0.

d2
@f(a(S)) =t-t+(a—x%y) -kn=14(a—x%,) -kn=0
gives that («(0) —x,) - n(0) = —1/k(0).
d3

Spf(a(s) =t kn+(a—xo) - (K'n+k(-kt —7b))

= (a—x%) - (K'n—k?t — ktb)
=—k/k—0—(a—xp) (ktb) =0
implies that (a(0) — x,) - b(0) = —k’(0)/(k(0)27(0)). Therefore we have
(@(0) = x¢) = ((«(0) = %) - £)t + ((a(0) —%¢) - n)n + (((0) — %) - b)b

1 K
=——n——>hb.
k' kT
Therefore the center of the sphere is given by
1 K

11. Let x(u,v) = (u,v, u® — 31}2u) be the parametrization of the monkey saddle S. Recall that Dupin
indicatrix at p = (0,0,0) is the set of vectors w € T,,(S) such that II,(w) = +1. However, X, = X,,, =
X,y = (0,0,0) at p, so we have II,(w) = 0 for every vector w € T},(S). Hence there is no point such that
satisfies the definition of Dupin indicatrix.

Observe that the curve obtained as the intersection of S with a plane parallel to T}, (S) and close to p is
as follows.
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e

This graph is not similar to quadratic curves. In the argument of Example 5, we can see that the curve
C is given by kyz2 + kyy? + 2R = 2¢, and we consider k;z2 + kyy? = 2¢ as a first-order approximation
of C' in a neighborhood of p. This was possible because p was not a planar point. However, in the case
of monkey saddle, k; = ky = 0, so we can’t apply this approximation.

12. a. Observe that the curve v = v, is contained in the plane z sin v, — y cosv, = 0, which passes through
the z axis. Now we calculate the angle § between the surface and the plane.

. cos?u
X,, = | cosu coswv,cosusinv, , X

u - = (—sinusinv,sinucosv, ¢’ (v)).

sinu v

2 2

Hence x,, A x,, = (¢’(v) cosusinv — cos? u cos v, —¢’ (v) cos u cos v — cos? usin v, cos usinu) and

|x, A X,| = \/go’(v)2 cos? u + cos? u + cos? usin? u = /¢’ (v)? + 1|cosu.
Therefore we obtain

X, AX
cosf = | ——— . (sin v, —cosvo,O)‘
%, A X, |

(¢’ (vg) cos usin vy — cos? u cosvy) sinvy + (—¢’ (v) cos u cos vy — cos? usin vy ) (— cos vy)

\/80’(%)2 + 1|cos u|

o (wpeosu | |¢/(vy)]
Vo' (0 + Leosul| v/ (wg)® +1

which is constant. Note that the curve v = v is a line of curvature of the plane xsinvy, — ycosv, =

0. Since the angle 6 is constant, we conclude that the curves v = const. are lines of curvature of the
surface S by Exercise 15 of Sec. 3-2.

b. The curve v = v, is generated from a tractrix via a translation parallel to the z-axis followed by a
rotation about the z-axis. We already showed the property of the curve that the length of the segment
of a tangent line determined by its point of tangency and the z axis is constantly equal to 1, from
Exercise 4 of Sec. 1-3.

13. Since S is a regular surface, there is a parametrization x : U — S for S at p, which is differentiable and
a homeomorphism, and dx,, is one-to-one for each q € U. Now define X: U — S as X = F(x) = cx.
We assert that X is a parametrization for S at F(p). Since x is differentiable, cx is also differentiable. x

has an inverse X!, so ex also has an inverse (ex)™' = (1/¢)x~!. Finally, d(cx), = ¢ - dx, is one-to-one

for each q € U. Therefore X is a parametrization for S at F(p), and S is a regular surface.
By simple calculation,

Xu = CXU’ X’U = CX’U’ qu = cxuu’ uv = uv) vV VU

Therefore
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14.

15.

16.

Furthermore,

implies that
e=(N,%,,) =c(N,x,,)=ce, f=cf, G=cg.
Therefore we obtain

= eg— 2 cAleg—f?) F_165—2f_F+§E_1c3(eG—2fF+gE)_1H
- EG—F2 Cc4HEG-F?) 2 2 FG-—F2 2 CcHFG-F?) ¢

Instead of rotating the curve y = z3(—1 < x < 1) about the line z = 1, we consider the rotation of the
curve y = (z + 1)3(—2 < x < 0) about the line z = 0. Let x : U — S,
x(u,v) = (ucosv, (u+1)3, usinv), U={(u,v)—2<u<0, 0<v<2n}
be a parametrization of the given curve. Our goal is to show that the points obtained by rotation of the
point (—1,0) (that is, u = —1) are planar points. By computation,
x, = (cosv,3(u+1)?,sinv) = (cosv,0,sinv), x, = (—usinv,0,ucosv) = (sinv, 0, — cosv).
Hence E =1, F =0, G =1. Next, we have
Xuu = (0,6(u+1),0) = (0,0,0), x,, = (—sinv,0, cosv),
Xy = (—ucosv,0, —usinv) = (cosw, 0, sinv)

implies that e = f = g = 0. Therefore the points corresponding to u = —1 are planar.

If there exists such an example, it may locally be written in the form z = f(z,y), with f(0,0) =0,
f2(0,0) =0, £,(0,0) = 0. Then it must be

2
fmfyy_ zy 2

K= (1+f2+f2)2 - fmfyy—fzy =0 iff (z,y)=(0,0),

and

H=
1+ 72+ 52)"

- :fmm+fyy7£0 when (xay):(oﬂo)

We set f(z,y) = zy + a(z) + B(y), where a(zx) is a function of z alone and B(y) is a function of y alone.
Then the condition above is changed into following condition

QuyBy, =1 iff (z,y) =(0,0), a,, + Byy #0 when (z,y) =(0,0).

We can see that the functions o, = cosz and 3, = cosy satisfies the equation. Therefore we conclude
that f(z,y) = xy — cosz — cosy + 2 is such an example.

We denote the open ball centered at 0 of radius r by S2. Since S is compact, there exists some R > 0
such that S C S%. Hence we can define

rO:inf{r>O|SCS_%}.

Since S is compact, S meets the boundary of the sphere Sfo at some point p € S, and S C g in the
neighborhood of p. Now consider the normal section C' at p along an unit vector v € T,(S). Since C is
contained inside a disk of radius r,, we can apply Exercise 5 of Sec. 1-7, so that the curvature k of C at
p satisfies k > 1/r,. Then we obtain k,,(v) = k(n,N) = k > 1/r, because the normal vectors n and N
coincides at p. Remember that the unit vector v € 7,,(S) was arbitrary; hence if we let k; and ky be the
principal curvatures of S at p, then k; > 1/ry and ky > 1/r,. Therefore

1
K(p) =kiky > 2 >0,
0
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and we conclude that p is an elliptic point of S.

17. We define the Gaussian curvature as follows. Given point p on the regular surface S, there is a parame-
trization x : U — S for S at p. We now define the Gaussian curvature at p as K = det (de), where N =
x,, A X, is the unit normal vector. This definition is well-defined for non-orientable surfaces. For example,
consider the Mobius strip. When traversing a non-orientable loop, the local unit normal vector IN returns
as —IN. However, since the differential of the Gauss map satisfies

det(d(—N),) = det(—dN,) = (~1)?det (dN,) = det(dN,),

the Gaussian curvature K is invariant under a change of orientation. In contrast, the mean curvature
cannot be globally defined on a non-orientable surface, because H = —% tr(de) flips its sign whenever
the local orientation is reversed.

18. The partial derivatives of x are
1 U

- (-pres s (3w o o (o) o)
Xu = 2’UCOS2SIHU ’USll’l2 cosu, 2’UCOS2COSU ’USIHQ s u, 2’USlIl2 y

( Luo, U U)
x, = (—sin = sinu, — sin = cos u, cos = |.
2 ’ 2 ’ 2

Hence we obtain E = (—1vcos %)2 + (2 —wvsin®)? + (—Losin %)2 =1+ (2-wsin%)’, F=0and G =
1. Moreover,

1 u u AN
Xy = (sz1n§smu—vcos5cosu— (2—1}51115) sinu,
1 . u u . L 1 U
Zv51n§cosu+vcos551nu—(2—vs1n§)cosu,—zvcos§>,
1 u Lou 1 Uu Lou 1 . u
Xyp = (—5 cosismu — Sln§COS u,—§ cos§cosu+ 51n551nu, —5 sin 5), X, = (0,0,0).

Since g = 0, the Gaussian curvature is K = (eg — f?)/(EG — F?) = —f?/E. We now calculate f.

f — (XU7X’U7XU’U)

VEG — F?

_1 u o _osin & _1 u — (2 — vsin %) «i _loginy
1 svcos ¥sinu+ (2 —wvsin¥)cosu —zvcos¥cosu— (2 —wvsin¥)sinu —zvsin 4
= T —sin g sinu —sin g cosu cos 3
E 1 U 3 U 1 u U ol 1 . u
—ECOSESIHU—Slng(ZOS’U/ —§COS§COSU+SIII§SIHU _581115
1 2cosu —2sinu 0
- —sin g sinu —sin § cosu cos
\/E 1 U o3 U 1 u CE T 1 . u
—3 €os g sinu —sin § cosu —3 cos § cosu + sin g sinu —; sin

where we subtract v times of third row from the first row, and consequently,

1 1 ,u 1 U LU, U
f=—=<2cosul = sin 5 cosu— ——cosicosu—i—smismu cos—)

VvE 2 2 2

19 (1,2u, (1 (T LU ) u)}
sinu| = sin® — sinu — | —= cos — sinu — sin — cosu | cos —
2 2 2 2 2 2

1 1 L U, . 1 . LU U
:—{2cosu(—cosu—smicosismu)+2smu(§smu+sm§cos§cosu)}

VE 2
1
= ——(cos? u + sin?u) =

VE

Therefore we have

Cl

S . 1
K="F="& {v?/4+ (2 - vsin(u/2))2}*
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19.

20.

We rewrite the equation of the hyperboloid 22 + y? — 22 =1 as (z + 2)(z — 2) = (1 — y)(1 + y). Then for
each k # 0, there are two straight lines

z+z=k(1+y) z+z=k(1—y)
r—z=1(1-y), \z—2=1(1+y)

which are entirely contained in the surface. Hence these straight lines are the asymptotic curves of the
hyperboloid. Now we assert that these are the only asymptotic curves. Since each point p € S is a
hyperbolic point, there are exactly two asymptotic directions at p, which are uniquely determined by the
equation above.

We first assert that p is an umbilical point of S if and only if dN,(v) - (N A v) = 0 for every v € T,(S5).
If p is an umbilical point, then every tangent vector v is a principal direction at p. Hence we have
dN,(v) = Av and dN,(v) - (NA V) = Av- (N Av) = 0. Conversely, suppose that dN,(v)- (NAv)=0
holds for every v € T,(S). Since |[N| = 1, we have (N’,N) = <de(v),N> = 0. Moreover, {N,v,N A v}
is an orthogonal basis of R?, so it must be dN(v) || v. Therefore dN,(v) = Av for every vector v €
T,(S) and p is an umbilical point.

Now consider a point p = (z,y, z) € S and tangent vector v = (v}, vy,v3) € T,,(5). Since 22 /a® + y* /b* +
22 /c* = 1 implies (zz’)/a® + (yy')/b* + (22")/c? = 0, that is,

T Yy z
() ) -0
the normal vectors are given by

1 T Yy z 1z y =z r oy z
N(m7y’z>:—(a_2’b_2’c_2>:?<§’b_2’c_2) = fN:(a—wb—wc?)'

z2 y? 22
-+ o + =
Then we have

df (V)N + fdN_(v) = (“1 Uy %)

a?’ b2’ ¢2

The point p is an umbilical point if and only if dN(v) - (N A v) = 0, which is equivalent to

vy Uy Vg
UV, Uy U 1 a? b2 2

(dfN + fdN) - (N Av) =0 <> (a—;,b—g,c—g).(NAv):o o et 5 A 5| =0
Uy Uy Vg
1

z (1 1 y (1 1 z 1
= alp )t e a)is alag  a)ue=0

Note that we can find real number vy for every pair of real numbers (vy,v,) € R?, so that the equation
v12/a? + vyy/b? + v32/c? = 0 holds. Multiply z/c? in the both sides of the equation above and apply the
equation v3z/c? = —(vyz/a? + vyy/b?). Then we obtain

zy (1 1y, 22/ 1 1 y? /1 1 2271 1 zy (1 1y 5
e (=)ot + (a—4 o) v\ a) a\e T r) )t e a)n Tt
for every vy, v, € R, so it must be the coefficients of the v, v,v,,v3 to be zero.

Consider the case 0 < a < b < ¢. Then we have 2y = 0 from the coefficient of v2. If z = 0, then
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/1 1 22/1 1
O>_b_4(a_2_c_2 Zz(a—z‘ﬁ)”’

which is a contradiction. So y = 0, and we have

2% /1 1y 22 /1 1
at\p2  2) At \a2 12)
Solving this equation with 2%/a? + 22 /c? = 1, we obtain four umbilical points
b2 — g2 2 — b2

r=4a\|5——7, y=0, z=4=4c .
2 _ g2’ ’ 2 _ g2

Next, consider the case 0 < a < b = c¢. Similar to the case above, we have xy = 0 from the coefficient of
v?, and = = 0 implies the contradiction. Thus we obtain y =0 and z = 0, and there are two umbilical
points (+a, 0,0). Similarly, if 0 < a = b < ¢, there are two umbilical points (0,0, +c).
Finally, if 0 < a = b = ¢, then the surface becomes a sphere, and every point is an umbilical point.
21. a. Given p € S and w € T,(5), let a: I — S be a curve such that a(0) = p and o’(0) = w, then
d d
d(fN)p(w) = . (fNea)(t) —(fea)(t)  (Nea)(t)

T dt
t=0 t=0

= (fe @) (0)(Nea)(0) + (f e a)(0)(N e a)'(0)
= dfy(W)N(p) + f(p)dN(W).
Therefore we have
d(fN)(v1) Ad(fN)(vy) = (df(vi)N + fdN(vy)) A (df (vo)N + fdN(v;))
= fdf(vi)N AdN(vy) + fdf(vy)dN(vy) AN+ f2dN(vy) A dN(v,)
and
(d(fN)(v1) Ad(fN)(vy), fN) = (f2dN(v;) A dN(vy), fN) = f*(dN(v;) A dN(v,), N)
= f3(det(dN)(vy A vy),N) = f3det(dN) = f3K.
Hence the Gaussian curvature K is given by K = (d(fN)(v;) A d(fN)(vy), fN)/f3.
b. Since 2?/a? + y?/b? + 2%/c? = 1 implies (zz")/a® + (yy')/b* + (22')/c* = 0, that is,

T Yy =z
(o) ) =0
the normal vectors are given by

1 T Yy z 1/z y =z r y =z
Nawd) = (G 5) ~ fm i a) = N (G E)

z2 y? z
atEta

Let v; = (ay, 8;,7;) for i = 1,2, Then

d(fN)(vy) Sl Ll (o Bm
(d(fN)(vi) Ad(fN)(vy), FN) = || d(fN)(vy) || = %2 % 3 = 2n2ez || 2 Ba 72
N I Ty o2

—_

1
- m<vl A Vo, (x7y7z)> = m<N7 ($7y72’>>

1 1(w Y z>( )y = 1
T a2b2¢? \ f \a2’ b2’ ¢2 Y2 T azb2erf’

Therefore we have

1 1
K= F<d(fN)(V1) A d(fN)(vy), fN) = PRy
(t),v(t)), so that o’ (0) = x,u’ + x,v" = w. Since p is a critical point of h, we have
= 0. Therefore we obtain

22. a. Let a(t) = x(u
h,(p) = hy,(p)
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23.

d2

d ’ /
)ZW( huu +huv)

t=0 t=0

= (huuu/ + h’u/l/v/)/u'/ + huu” + (hvuu/ + h’l)’l)v/)v/ + h’Uv”
= (huuul + hu’uv/)u/ + (hvuu/ + h’U’UU/)U/

= By (P) (1) + 2hy, (D) + by (D) (v).

We assert that H,h does not depend on the choice of x. Let X(u,v) be a another parametrization of
S at p, then

H_ h(w

P

hea)(t)

Hoh(XgW' +%X50) = hig(P) (@)* + 2hez(P)TV + ey (p) ()

o
! 3/ h’ﬁ h’ﬁ ﬂ/

ou ov\ ;p N\ [om gw\ g

:(u/ U’) ou Ou wu ‘uv ou Ov u
ou oo |[\h h )| ow o )|y
v Ov uv. Tvv Odu  Ov

= hyo (D) (@)? + 2, (D)UY + hy, (P) (V).
Hence H,h : T,,(S) — R is a well-defined quadratic form on 7,,(S).

. We first show that p is a critical point of the height function h(q) = (q — p, N(p)). Given w € T,(S),

let a: I — S be a parametrization of a curve in S such that «(0) = p and ’(0) = w. Then

= %(hoa)(t) = %@l(t) —p,N(p))

t=0

dh,(w) = (&/(t), N(p))|,_y = (w, N(p)).

t=0

Since w € T},(S) is perpendicular to N(p), we have dh,(w) = 0 for every w, and that p is a critical
point of h. Now if |[w| = 1, then we can suppose that « is parametrized by an arc length, therefore
d? d? d
H_h =—(hoa)(t = — =" (a/'(s).N
o) = galhe )] =g =gl eNe)]

= (a"(5), N(p))|,_, = (a"(0), N(p)) = (kn(p), N(p)) = k,(w) = IT,(w).

Hence we conclude that Hessian at p of the height function relative to T}, (S) is the second fundamental

(a(s) —p,N(p))

form of S at p.

. Given tangent vector w € T,(S), there exists a parametrized curve o : (—¢,e) — S such that «(0) =

p and o’(0) = w. Then

t=0 t=0

__ 2{d/(t),a(t) —r) (/(0),a(0)—r) _ (w,p—T)
2/(a(t) —r,alt) —r) V{a(0) —r,a(0) —r) h.(p)

This differential is identically zero if and only if (w,p —r) =0 for every w € T,,(S5), that is, the

t=0

straight line pr is normal to S at p.

. By the definition of Hessian,

2
Hyhy(w) = o2 (e 0 )(s)

s=0

({o”(s), als) =) + {&/(s), &' (s)) b (a(s))) — (a'(s), a(s) — r)hy(a(s))
(hy(als)))?

Since p is a critical point of h,, we have (a’(0),@(0) — r) = 0. Therefore

=
>
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24.

where we defined the orientation of S by p —r = —h,.(p)N. Now observe that

(Aphy(39), ) = Hyhy () = st w) (AN w0, w) = (T + Ny ) o).

Since Aph, and WI + dN,, are both self-adjoint linear map, it follows that they are the same.
Furthermore, for the orthonormal basis {e;, ey}, we have
1 1
A h.(e;) = —I—i—dN)ei :<——ki>ei, i=1,2.
ptuted = (51 + 1 )0 = (515

Therefore {e;,e,} diagonalizes A, h,. Note that p is a degenerate critical point of h, if and only if
one of the eigen values are zero, that is, h,.(p) = 1/k; for some ¢ = 1, 2.

. Given point p € S, there exists a parametrization x : U C R? = S for S at p. Then we define a

function FP: U x R — R3 as
FP(u,v,t) = x(u,v) + tN(u,v),

where N(u,v) = (x, A x,)/|x, A Xx,|. We first assert that if h, has degenerate critical point p, then r
is a critical value of FP. Suppose that p is a degenerate critical point of h,. Since p is a critical point,
we have r — p = ¢t,N(p) for some #,. Since it is degenerate, by part (b), we have ¢, = 1/k; for some
i =1,2. Let p = x(ug,vy) and q = (ug, vy, ty). Now observe that

(Fp)u =Xy + tNu = (1 + tall)xu + ta‘21X'U’

(FP), =x, +tN, =ta;px, + (1 +tayy)x,,

(FP), = N.

Then
det (d(FP)q) = ((EP)_ A (EP) ) - (FP),
= (1 + toay) (1 + toag,) — tharpas ) (x, Ax,) N
= (1= kyto) (1 — kyto)lx, Ax,| =0,

thus q is critical point of FP, and FP(q) = x(ug, vy) + toN(ug,vy) = p + t,N(p) = r is a critical value
of FP. Hence we showed that if A, has degenerate critical point p, then r is a critical value of FP. If
we consider the contrapositive of the proposition above, we know that if r is not a critical value of
FP, then p is not a critical point of h, or p is not a degenerate critical point of p.

By Sard’s theorem, the set CV(FP) consists of critical values of FP has Lebesgue measure 0 in R3.
Since S is a regular surface, we can cover the surface S by countably many numbers of neighborhoods
{V;} of points {p;} C S. Then its countable union | J, CV(FP+) also has Lebesgue measure 0 in R3, so
it has empty interior. Now if r € R? is not contained in following set

Su (U CV(FPi)) ,

then we can guarantee that h, is a Morse function. Since this set has empty interior, we conclude
that B = {r € R® | h, is a Morse function} is a dense set in R.

. Let x(u,v) be a parametrization at p, with x(0,0) = p. The distance d from a point ¢ = x(u,v) to

the tangent plane 7,,(5) is given by
1
d= <X<u7 7}) - X<O7 O), N<p)> = §IIp(W> + R7

where w = x,u + x,v, lim,,_,o R/|w|? = 0. (See proof of Prop. 1.) Then we have
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II
d :1 p(W)+ R leI (W)+ R :lkn<w)+ R

w2 2wl w2 27 P\ Jw) T w2 (fw] ) wf
Since principal curvatures k; and k, have the same sign, normal curvatures k, (w) = k; cos? 6 +

ko sin? § has a fixed sign. We can take neighborhood V of (0,0) sufficiently small, so that if (u,v) €
V then w is small enough to satisfy

|1 R
inf |k, (V)| > ’W

v—l‘i

Then d has same sign as k,,(w), that is, all such (u,v) belong to the same side of T,,(S5).

. We prove the contrapositive, that is, if the principal curvatures at p have different signs, then S is
not locally convex at p. Similar to part (a), we can write

d —1k w n R
w2 27" Jw[)  [w[?’

and d has same sign as k, (w) for all (u,v) sufficiently near (0,0). Note that there exist orthonormal
basis {e;,e,} such that k,(e;) = k; and k,(e;) = ky have different signs. For each neighborhood V
of (0,0), we can find small ¢;,¢, € R so that

w=te;, W=1te, V.
Then we can see that
1 w 1 1 1 w 1 1
k. | — | ==k ==k, -k,| =] =2k = -k
2 n<w|) 2 n(el) 2 1 2 n(|w|) 2 n(e2) 2 2
have different signs, that is, such points belong to distinct sides of 7,(S). Therefore S is not locally
convex at p.

.Let x: U CR? = S, x(u,v) = (u,v,u3(1 +v?)) be a parametrization for the surface, where U =
{(u,v) | v® < 1/2}. Since

fuu = 6“(1 + /U2)7 fuv = 611'21}7 f’U’U = 2/11/3’

we have

— f2 12u%(1 — 202
K(u,'[}) — fuufvv uv — u ( U ) > 0

L+ 24027 A+72+02°
for every (u,v) € U. However, since x(u,0) = (u,0,u®) does not have a fixed sign in the neighborhood
of (0,0), S is not locally convex at p = (0,0,0).
. Choose a coordinate system in R3 so that the origin O is at p € S, the zy plane agrees with Tp(S)7
and the positive direction of the z axis agrees with the orientation of S at p. Furthermore, choose
the z and y axis in T,(S) along the principal directions at p. If V' is sufficiently small, it can be
represented as the graph of a differentiable function

z=f(z,y), (v,y)€DCR?,
where D is an open disk in R? and
We can assume, without loss of generality, that k; > 0 and k, > 0 on D, and we want to prove that
f(z,y) >0 on D. Assume that f(Z,y) < 0 for some (Z,y) € D. Consider the function

ho(t) = f(tT, 1), 0<t<1.
Since hy(0) =0 and hg(1) <0, there exists ¢; € (0,1) such that hg(t;) < 0. Moreover, hg(0) =0,
so there exists t, € (0,1) such that h{(ty) < 0. Let py = (57, 857, f(£57,157)) € S, and consider the
height function hy of V' relative to the tangent plane T}, (S) at p,. Restricted to the curve a(t) =

(tz,ty, f(tT,1y)), this height function is hy(t) = (a(t) — py, Ny), where Ny is the unit normal vector
at py. Thus, hy(t) = (a”(t),N), and at t = ¢,
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hy(ty) = ((O,O,hg(t2)), (_fz(p2)’_fy(p2)7 1)> = hg(ty) < 0.

But hj(t5) = (a”(t5), Ny) is, up to a positive factor, the normal curvature at po, in the direction of
a’(ty). This is a contradiction.

4-2. Isometries; Conformal Maps

1. a. First observe that F(U) is contained in a cone C with the vertex at the origin and 2« € (0, 7) as the
angle of the vertex, because

kv/z2 +y? = kusina = ucosa = z,

where k = cot a. Now we show that for every point p € C, there exists a neighborhood V of p in
C such that x = F|,, is a parametrization at p for C. Choose arbitrary point p € C, and take V/
small enough so that the function m,(V) — S, v (coswv,sinv) can be one-to-one. (i) x = F|,, is
differentiable because it is restriction of a differentiable function. (iii) Since

sin@cosv —usinasinv 9
. . . (xay) =2
dF, = | sinasinv usinacosv |, ——= =usin®a >0,
O(u,v)
cos o 0

the differential dx is one-to-one for each q € V. (ii) Let
F(u,v) = (usin o cosv,usin asinv, ucos o) = (x,y, 2).
Since u = z/ cos a and (cosv,sinv) = (£, Y
usino’ usino
Sec 2-2, x~! is continuous. Therefore x is a parametrization. Furthermore, x~! is differentiable; for

) determines v € R, x is one-to-one. By Prop. 4 of

arbitrary parametrization y : W € R? — C, the change of the parametrization
x oy y H(N) = x(N),
where N = x(V)Ny(W), is differentiable. Thus we proved that x = F|,, is a diffeomorphism. We
conclude that F is a local diffeomorphism of U onto a cone C.
b. F, = (sinacosv,sinasinv, cos o) and F, = (—usin asin v, u sin a cos v) implies that
E=1, F=0, G=u?sin?a.
Since G # 1, F is not a local isometry.

2. We first show that X = @ o x is a parametrization for S at ¢(p). (i) X = p o x is differentiable, since ¢

1 is continuous because x is homeomorphism

is differentiable map on S. (i) X! = (pox) !t =x"1op~
and ¢ is diffeomorphism. (iii) We assert that dX, = d(¢°x), = dpx(q) © dXq is one-to-one. dx, is one-
to-one since x is parametrization for S. To show that dp, g is one-to-one, observe that plop=1dg

implies that
d(¢™)

Since Idz (s) is one-to-one, dpy, is also one-to-one for each p € S. Therefore dX is one-to-one, which is

o © dop = d(1dg) | =Tdg (5)

a composition of one-to-one mappings. Thus X is a parametrization for S at o(p).
Since @ is an isometry,

E=(%,,%,) = ((pox), (pox),) = (dp(x,), dp(x,)) = (x,,x,) = E.
Similarly, we obtain F = F, G = G.

3. First suppose that ¢ : S — S is an isometry. For any parametrized curve a : [a,b] C I — S, let @ = po
a: T — S be a parametrized curve in S, then

b b b
o) = [ V@@t = [ Lo (dp0io @ 0)) dt = [T @) dt = U@,

Hence the arc length of any parametrized curve « is equal to the arc length of the image curve ¢ o a.
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Conversely, suppose the conclusion of the previous part. For any p € S and 0 £ v € Tp(S)7 consider a
curve a : (—e,e) — S with o’(0) = v. We assert that

I(cpoa)([]) (d‘Pa(o) (Ol/ (0))) = Ia(O) (O/ (0))

Otherwise, if I,.q)(0) (d(pa(())(a/(O))) > 1, 0)(/(t)), then there exists a neighborhood J of 0 in (—¢,¢)
such that I .q0 (dgoa<t)(a’(t))) > 1,4 (a’(t)). This implies that the length of (¢ o a)(J) is greater than
the length of a(J); which is a contradiction. Therefore I,(v) = I, (dpy(v)), and we conclude that ¢
is an isometry.

. The stereographic projection x : R? — S? is given by

x(u, ) = ( du 4v 2(u +v)).

w2+ +47 w2+ 4+4 w2402 44

Then
—4u? 4 402 + 16 —8uv 16w
Xu = ) )
(W2 +v2 +4)° (W2 402 +4)° (u2 +02 +4)°
< — —8uwv 4u? — 4% + 16 16v
T\ (@244 (w02 +4)7 (w2402 +4)° )
Therefore

. 16 . B 16
(u2 + v2 +4)*’ 7 (u? + 02 4 4)*
Since E=X2-1, F=X2.0, G=X?-1for A= 4/(u2 +v? +4) > 0, the sphere is locally conformal to a
plane by Prop. 2.

. Since (x1), = & (s) +vaf(s) and (x;), = ai(s),

Ey = (ai(s) + vaf(s), & (s) + vai () = |ai(s)]” + 201 (s) - vai (s) + v?|a] (s)|* = 1 + vk, (s)?,
F, = (ai(s) + vaf (s),a1(s)) = |ai(s)]* + vai(s) - af (s) = 1,
Gy = (a(s),a1(s)) = 1.

Similarly, Ey = 1+ v%ky(s), F, = 1, Gy = 1. The condition k, (s) = ky(s) # 0 implies that
Ey=E,, K=k, G =G.
Therefore x; o X571 : x5(V) — %, (V) is a local isometry. Furthermore, since x; (V) and x,(V) are regular

surfaces, both x|y, : V = x;(V) and x5];, =V — x4(V) are diffeomorphisms. So its composition x; o
x5! is also diffeomorphic. We conclude that x; o x5! is an isometry.

. We can assume that the curve o : I — R3 is parametrized by an arc length. The parametrization x : U —
R3 of the tangent surface is given by x(¢,v) = a(t) + va’(t), where U = {(t,v) € I x R | v # 0}.

Then by Prop. 2 of Sec. 2-3, for each q = (tq,vy) € I x (R—{0}) = U, there exists a neighborhood V of
q such that x(V) is a regular surface. Now we define

B(t) = ( / cos O(t) dt, / sin 0(¢) dt, 0)

for t € I, where

Then (3 : 1 — R3 is a parametrized plane curve having k(t) as curvature by Exercise 9 of Sec. 1-5. Let
y(t,v) = B(t) +vB'(t), (t,v) € I x (R —{0}) be a tangent surface of 5. By Prop. 2 of Sec. 2-3, there exist
neighborhoods V;, Vj of (t4,v,) such that x(V;) and y(V}) are regular surfaces. Let V =V, NV} then x(V)
and y(V) are both regular surfaces. Since the curvatures of a and f coincide, by Exercise 5, x(V) is
isometric to y(V'), which is an open set of the plane.
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7. (a) = (b): For all v e V, [F(v)| = /(F(v),F(v)) = \/(v,v) = |[v|.

(b) = (c): Suppose that {v,,...,v,,} is an orthonormal basis in V. Then |F(v;)| = |v,| = 1, and
(P, F(v;)) = 5 ([F) + B~ R~ [F(v) )
—(|F<vi+vj>|%m )= [F(v,)[)
(|v +v,[ = il = v ) = (viov,y)

implies that {F(vy),..., F(v,)} is an orthonormal set. The linear independence comes from
n n

chF =0 = F (Z czvz> =0 = ZCZVZ F (Z civi)
i=1

i=1
= Zcm:o = ¢;=0 foralll1<i<n.

Note that F is one-to-one, because
Fx)=F(y) = Fx—y)=0 = |x—y|=|Fx—y)|=0 = x=1y.

Since N and W are both n-dimensional vector spaces, F' is an onto map. Then for every w € W,

w=F(v)=F (i Cﬂ’i) = iciF v
=1 i=1

hence this set spans W. Therefore {F(vy), ..., F(v,,)} is an orthonormal basis in W.

(¢) = (d): Since W is a n-dimensional vector space, there is a basis {wy,...,w,,} of V. Then we can
construct an orthonormal basis {vq,...,v,} from {wy,...,w,} by using the Gram—Schmidt process. By
(¢), we can conclude that {F(v,),...,F(v,)} is an orthonormal basis in W.

(d) = (a): There exists an orthonormal basis {vy,...,v,,} in V such that {F(v;),...,F(v,)} is an
orthonormal basis in W. For arbitrary vector x,y € V, there exist scalars a;,b; (1 <i < n) such that

n n
X = E a;v,, y= E b,v,.
im1 i=1

Then

=1 i=1 =1 j=1
n n n n n
= ZZale (F(v;),F(v;)) = ab;1,_; = Za b, = (x,y)
=1 j=1 i=1 j=1 =1

. Define F(p) = G(p) — G(0). Then |F(p)| =
inner product of R3 because

(F(p),F(a)) = %(IF(p)\2 +|F(q)” - [F(p) - F(q)]*)

G(p) — G(0)| = |p — 0| = |p|. Moreover, F preserves the

_ %qpp +laf? — |G (p) — G(q)?)

1
= 5(IpI* +laf* = Ip—al*) = (p,a)

for every vector p,q € R3. Thus it maps the basis {e;, e,, e;} of R? onto an orthonormal basis. For p =

23 a;e;, we have
17t (Al

(F(p),F(e;)) = (p, &;) = a;,
so F(p) = Zj’zl a;F(e;). Hence F is a linear map, and by Exercise 7, F is a linear isometry. Finally we
can represent G as

G(p) = F(p) + G(0) = F(p) + po
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for all p € R3.
9. a. Since ¢ :5; = S, is an isometry, ¢ is a diffeomorphism and for all p; € S; and wy, wy € T}, (S,),

(wy, W2>p1 = <d<Pp1 (W1),dep, (W2)><p(p1)~

Observe that ¢! : S, — S is also a diffeomorphism. From ¢~' o ¢ =1Idg and po ¢~ =Idg ,

d(wil) P1) ° d(ppl = d(Idsl)p - IdTpl(Sl)’ dgo‘/’*l(pz) ° d<(p71)p2 - d(IdS2)p2 - Idsz(S2>

o( 1

For every p; € S, and p, € S5. Hence dy,, is bijective for every p; € S;. Now given p, € S5 and
Vi, Ve €Ty, (S), find wy, wy € T, (S1) such that vi =dp, (wy) and vy = dp, (W) where p; =
¢ 1(py) € S;. Then

<V1,V2>p2 = <d90p1(W1),d<Pp1 (W2)> = <W1aW2>p1 = <d(8071) (v1).d(¢™) (V2)>

P2 P2

olp1) o (pa)
Therefore =1 : Sy — ] is also an isometry.
b. Since ¢ : §; =+ S,, 1 : Sy = S5 are isometries, ¢ and ¢ are diffeomorphisms and

(wl,w2>pl = <d<pp1 (W1),depy, (W2)><p(p1)7 for all p; € 51, wy,w, € T}, (59),

<V17V2>p2 = <d/l7[)p2 (Vl)’dpr (v2)>v(p X for all py € Sy, vy, vy €T, (55)-

Given p; € Sy and wy, wy € T}, (S), let vy = dp, (W), vy = dp, (W,), and py = ¢(p;), then
<d(1/} ° ‘P)pl (wq),d(tpo <P)p1 (W2)> = <(d¢¢(p1) ° d‘Ppl)(W1)> (d¢¢(p1) ° d‘Ppl) (W2)>

= (W, (V1) AW, (va)) | = (Vi va)

= <d90p1 (W1)7d¢p1(W2)>¢(p ) = <W17W2>p1~
1

(o) (P1) P(P2)

Hence ¢ o ¢ : §; — S5 is also an isometry.

10. Let ¢ : S — S denote the rotation by a specific angle about its axis. We suppose that Z is the axis of S.
By Exercise 11 of Sec. 2-3, ¢ is a diffeomorphism of S. It is possible to extend ¢ : § — S to a linear map
¢* : R? — R3, which is the rotation by the same angle with ¢. By Exercise 8 of Sec. 2-4,

d(pp(w) =p(w), peS, we T,(S).
Moreover, since |p(p)| = |p| for every p € S, ¢ is a linear isometry. Hence
<d@p<w1)ad90p(w2)> = (p(wy), p(Wq)) = (W, Wy)
for every p € S, wy, wy € T,,(S). Therefore ¢ is an isometry.

11. a. Since F is a distance-preserving map, there exists p, € R* and a linear isometry G of the vector space
R3 such that

F(p) = G(p) + py, forallpcR®

by Exercise 8. Now F|g : S — S is a restriction of diffeomorphism into a regular surface, so it is also
a diffeomorphism. Note that

dF,(w) = dGp(w) = G(w)
since G is linear. Then for every p € S and w;, wy € T,,(S), we have
(de(W1)7de(W2)> = (G(wy), G(wy)) = (W, Wy).
Therefore F|g is an isometry of S.

b. Let F be an orthogonal linear transformations of R3. by Exercise 7(b), we have |F(z)| = |z|. Hence

[F(z) —F(y)| = [F(z —y)| = [z — |
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12.

13.

implies that F is a distance-preserving map. Then F becomes a diffeomorphism, since F can be
represented as F(p) = G(p) + p, for some point p, € R® and linear isometry G. Finally, since
|F(x)| = |x|, we have F(S) C S for the unit sphere S = {(z,y,2) | ° + y? + 22 = 1}, thus F is an
isomtry of S by (a).

c. We consider an isometry ¢ : S; — S, defined as ¢(u,v) = (cosu,sinu,v) between a plane (0, 27) x
(0,1) and a cylinder {(z,y,2) ER? | 22 +y* =1, 0< 2 < 1}. Let p = (n/2,1/2) and q = (37/2,1/2)
then we have

lp(p) —p(a)| = ’(1,07%) - (LQ%)‘ =2<m=|p—q|

Therefore ¢ cannot be extended into distance-preserving map F : R3 — R3.

R - —s  (q) »(p)

S

Let F : R?® —» R3 as F(z,y, 2) = (v, —y, —2). Then F is a distance-preserving diffeomorphism of R? because

|F(£E,y, Z) - F(w,?y/v Z/)l = |(£L’, Y, _z) - (‘73/7 _y/a —Z/)l = \/(:E - :L'/)2 + (_y + y/)2 + (—Z + Z’)2

Ve -y ) = w0 - @y )
Since F(S) C S, the restriction ¢ = F|, is an isometry of C' by Exercise 11(a). The fixed points of ¢
satisfies (z,y,2) = ¢(z,y, 2) = (z,—y, —z), there are only two such points (1,0,0) and (—1,0,0).

(a) = (b): For all v € V, |G(v)| = V/(G(v), G(V)) = \/A2(v, V) = |A||v|, where |A| > 0 is a constant.
(b) = (c): Since W is a n-dimensional vector space, there is a basis {wy,...,w,,} of V. Then we can

construct an orthonormal basis {vy, ..., v, } from {wy, ..., w,} by using the Gram—Schmidt process. Then
{G(vy),...,G(v,)} is ab orthogonal set because

(G(v,), G(vy)) = %(IG(vi) +G(v,)[ = |G(v,)]? - y(;(vj)f)
= %(|G(V1 +v,)* = lGv)* - |G(vj)|2)
= %()\2|vi +Vj|2 . )\2|Vi|2 _)‘2‘Vj|2) _ )\2<vi7vj>-

Now we assert that {G(v;), ..., G(v,,)} is a basis of W. Linearly independence can be shown by

= Zcivi:O = ¢;=0 foralll1<i<n.
i=1

1

= =0
A

K3

F'M:
I

¢;G(v;,)) =0 = G( civi> =0 =
i=1

(2

n
GV
-1

Note that G is one-to-one, because
1
G(x)=G(y) = G(x—y)=0 = [x—y[=1|G(x—y)|=0 = x=y.

Since N and W are both n-dimensional vector spaces, G is an onto map. Then for every w € W,

w=GWV)=G (Z civi) = ZCiG(Vi)y

hence this set spans W. Therefore {G(vy), ..., G(v,,)} is an orthogonal basis in W. Note that
(G (V)| = Alvi| = A,
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14.

15.

so the vectors G(v;), 1 < i < n, have the same nonzero length.
(c) = (a): There exists an orthonormal basis {vy,...,v,} in V such that {G(v;),...,G(v,)} is an
orthogonal basis in W. For arbitrary vector x,y € V, there exist scalars a;, b, (1 < i <n) such that

(20
X = E a;Vi, Y= E b;v;.
i=1 =1

Let A > 0 be the same nonzero length of G(v;), 1 <i < n. Then

~_— |
I
T
M:
£
Q
<
M-
QQ“
Q
=
~_

a;b; A1, =AY " ab, = N (x,y).

L)

I
M§
s@
QO“
Q
ﬁ<
I
=<
=

I
M-
M-

First suppose that ¢ is locally conformal. Then for every p € S;, there exists a neighborhood V' of p and
V of ¢(p) such that ¢|, : V — V is a conformal map. Then for every p € V and v,, v, € T,(5),

(depp(v1), dp, (Vo)) = X(P)(v1, Va) -
Thus
(dop(v1) dip(va)) _ A (@)V1va),
|deoy (v1)[|dep (Vo) A2(P)v[vel

cos(dcpp(vl), dcpp(vg)) = cos(vy, Vy),

SO ¢ preserves angles.

Conversely, suppose that ¢ preserves angles. Given p € S; and given v;,v, € T,,(S;), let {e;,e,} be
the orthonormal basis of T,(S;). Since e; and e, are perpendicular, dy,(e;) and dp,(e;) are also
perpendicular. Since dep,, is linear,

2 2
(e tey, e —e) =le|" — e[ =1-1=0
= cos(e; + ey, —€y) =0
= (:os(d<pp(e1 +e,), d(,op(e1 — e2)) =0
2 2
= (dpp(er +ey),dpy(e; —ey)) = |dpp(er)]|” —|dp,(es)|” = 0.

Hence ‘dcpp

)| = |dpy(e5)|, and we define A(p) > 0 as this common value. Then for every point v =
ae; + be, ET »(S1),

|dep (V)| = |a-dp,(e)) +b-dpy(e,)]

= 2 ldgy (o) + Bldgy(er)

= |dgp(e;)[Va? + % = A(p)|v].

Therefore for every p € S; and vy, v, € T,(5;),

|d‘pp Vi ||d‘pp V2)‘
[vy [Vl

<d¢p(v1) d@p(v2)> (vy, V2>p = /\(P)2<V17V2>p,

so ¢ is locally conformal.
Fix p € R? — Q. Given w; € R?, there exists a parametrized curve a; : (—¢,¢) — R? such that
wy = a;(0) = (21(0), 41 (0)).
Then
dipy(wy) = (p o ay)’(0) = %(u($1(t>7yl<t>)’V(xl(t)’y1<t)>)

t=0
= (u,z1(0) + u,y1(0), v, (0) + v, (0)).
Similarly, wy = (25(0),5(0)) then dp,(wy) = (u,25(0) +u,y5(0), v,z5(0) 4+ v,y5(0)). Therefore
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16.

17.

18.

(dpy(wy),doy(Wy)) = ((u,z] +u,yl, vl +vyuh), (u,mh + uyys, v, +v,u5))

2 7 7 77 7 7 2.7 7
vz Ty + Vv, (T + y1Th) + Vi ys

= (0 +v2)ziah + (upu, + v, v, ) (@1ys + yias) + (W) + vi)yiys.
The Cauchy-Riemann equations u, =v,, u, = —v, imply that
ul = vz, uwu, +v,v, =0, vi= ui.

Therefore
(dop (1), dpp(wy)) = (U +uj) (2125 + y1y3) = (uf +uf)(wy, wy).
By letting \2(p) = (ui + uZ) > 0, we conclude that ¢ is a local conformal map from R? — @ to R.

This change of parameters u = logtan8/2 and v = ¢ is possible since the map is one-to-one and the
Jacobian

——~ =csch >0

is nonzero everywhere. tan /2 = e* implies

1—tan?6/2 1— e ev —e
= =— = —tanh u,
1+tan260/2 1+ e2v ev + et

00 2tan6/2 2e 2 b
sinf = = = = sechu.
1+tan260/2 1+e2 ev4e @

cosf =

Therefore the new parametrization of the coordinate neighborhood x(U) = V is given by
yv(u,v) = (sechu cos v, sech u sin v, — tanh u).
Since
Y. = (—sechutanh u cos v, — sech u tanh u sin v, — sech? u), y, = (—sechusinv,sechucosv,0),
We obtain F = sech? utanh? u + sech* u = sech?u, F =0, G = sech?u.
Note We can change of parameters by @ = —u to obtain the parametrization y given in the text.

The loxodromes make a constant angle with the meridians of the sphere. Under Mercator’s projection,
the meridians go into parallel straight lines in the plane. Since Mercator’s projection is conformal, the
loxodromes also go into straight lines. Recall that the angles are preserved by conformal maps. Thus the
sum of the interior angles of the triangle in the sphere is the same as the sum of the interior angles of a
rectilinear plane triangle, which is 7.

Since ¢ is conformal, it is a diffeomorphism and for any p € S, wy, wy € T,,(5),

<d80p (wy), dep, (W2)>¢(p)

Fix p € S and x : U — S be the parametrization of S at p, then ¢ ox : U — S is the parametrization of
S at ¢(p). Since ¢ is area preserving, for any region R C S,

//QXUAxv|d“d”=//Q|(‘P°X)u/\(cpox)vdudv, Q=x1R).

= X2(p) (W, W),

Observe that

(pox), A (pox),|> = |dp(x,) Adp(x,)[”

= |dp(x,)|*|de(x,)|* — (de(x,), dp(x,))?
= )‘4‘Xu‘2|xv|2 - >‘4<Xu7xv>2 = )‘4|Xu A X’U|2'

Therefore the equation
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19.

// (A2 —1)|x, Ax,ldudv=0, Q=x*(R)
Q

holds for any region R; hence we have A(p) =1 for every p € S. This implies that ¢ is an isometry.

It is easy to see that ¢ : M — C' is given as

plz,y,2) = - L
) ) '\/x2 +y27 )\/xz +y2’ )

and it is a diffeomorphism. Let x(6, ) = (sinfcos p,sinfsing, cosd), (0 <0 < m,0< p <2m) be a
parametrization for the sphere. Then we have

X = (cos B, cos p,cos b, sin p, —sind), x, = (—sinb,sin p,sind, cos v, 0)

S0
E=1, F=0, G =sin?0, VEG — F? =sin#.

Observe that the map X(6, ) = (cos,sinp,cosf) given by X = pox is a parametrization for the
circumscribed cylinder C'. Moreover, we have

Xy = (0,0,—sinf), X, = (—sinp,cos,0) = E =sin’0, F=0, G=1, VEG —F? =sin6.
Then ¢ is an area-preserving diffeomorphism because for any region R C S,

A(R):// \/EG—F2d9d30=// VEG —F2dfdp = A(p(R)), Q=x'(R).
Q Q

20. a. Observe that ¢ is differentiable. Given q = (ug,v,), we have

1 - VI () + g (vy)
do., = oo |, det(dp,) = o o’ >o.
2 (0 e o) ) ot(dpq) Fo0)

By inverse function theorem, there exists a neighborhood W; of q and W, of ¢(q) such that [y, :
W, — W, is a diffeomorphism. Hence ¢ is a local diffeomorphism.

b. We define a new parametrization X : W, C p(U) — S for S as X = x o ¢~ 1, that is,

p(u,v) = (u,/ - f’(v);(;; 9> dv)

(u,v) = and X(w,v) = x(u,v).

Since

dv

Xz = (—f(v)sinu, f(v) cosu,0), Xz = (f'(v)cosu, f'(v)sinu, g’ (v)) - T

we have E = f(v)?, F =0, and

G = (f/(’l})2 n g’(v))2 (dv) _ (f/(’U)2 n g’(v))2 < f/(v)2 +g/<1))2> _ f(v)Q.

v f(w)

Therefore § =X : x(W;) — W, is a local conformal map. Note that 6 takes the parallels and the
meridians of the neighborhood V into an orthogonal system of straight lines in (V) C R2.

c. ¢ is differentiable, and given q = (ug, vy), we have

0 f(vo)V/ f'(v0)* +¢'(vg)”

By inverse function theorem, there exists a neighborhood W, of q and W, of ¥(q) such that 1/)|W1 :
W, — W, is a diffeomorphism. Hence 9 is a local diffeomorphism.

1 0
dpy = ( ) ) det(d7/’q) = f(vo)\/f/(vo)2 +9'('00)2 > 0.
d. Similar to part (c), we define a new parametrization X : W, C ¥(U) — S for S as X = x o9y~ 1, that is,
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(W, 7) = p(u,v) = (u / F)WF ()2 + g (v)? dv) and X(u,7) = x(u, v).

Since
Xz = (—f(v)sinu, f(v) cosu,0), Xz = (f'(v)cosu, f'(v)sinu, g’ (v)) - %,

we have E = f(v)?, F =0, and
4 2 / 2 v 2 ’ 2 / 2 ’ 2 ’ 2 -2 1
G= (0 +00) (%) =W+ @ VTR TR = 25

U

Then VEG — F2 =1, thus § = X! : x(W,) — W, is an area-preserving map into a plane.

4-3. The Gauss Theorem and the Equations of Compatibility

1. Since F' = 0, the Christoffel symbols are given by

E 2 E 1 Ev Gu F%z — Gu ng I

L =Zuw 12— _ v =Y T2 =_4 —— .
11 2Ea 11 2Ga 12 2E7 12 2Ga 2E7 2G

Hence the Gaussian curvature K equals

1
K= _E((F%z)u — (%), +T1al%y + T, —THTE, — Fhr%z)
_ 1(GuG-G B.,G-BG, E G  BEG, BG,
- E 2G? 2G? 4EG ~ 2G*  4G?  4EG

Gu U G’Z EU % E’U G’U E’l2) E’U. Gu
+ +

=98¢ T1EG2  2EG TiEG: T 1EG T 1E2G

Therefore

1 E G,
- v + u
2\/EG{ (\/EG> . (\/EG) u}
oy E,G+EG, Ve oyal E,G+EG,
]_ {Evv EG_E’UW Guu EG_GMW}

EG + EG

" o/EG

— E’U’U E’U(E’UG + EG’U) _ Guu Gu (EUG + EGU)
T 2EG 4E2G? 2EG 4E2G?
Gu u GE E’U v E’U G’U E’g Eu Gu

T 2EG ' 4EG? 2EG ' 4EG? ' AEG ' 4E2G

2. Since F' = 0, we can use Exercise 1.

-5z (v2a), * (72a) f o (3)* (%)
- 2VEG EG), EG),[ 22| \x/), A/,
1 1
{08 A + (0B N) 0} =~ Allog ).
fE=G=@u>+v+ c)_2 and F = 0, then log A = —2log(u® + v? + ¢), hence

(u? + v? +c)2 (_2_ (2(u2 +v? +¢) N 2(u? — 02 +c)>>

2 (u? +v2+c)® (w2412 +c)?

1
K= —ﬁA(log)\) =—

4
=Wt +e) —— =4
(u? 4+ v2 +¢)

3. First consider the surface x(u,v) = (ucosv,usinv,logw). Since
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1
X, = (cosv, sinv, -}, X, = (—usinv, u cos v, 0),

1
Xy = (o,ovfﬁ y Xyp = (—sinwv, cosv,0), x,, = (—ucosv, —usinwv, 0),

the coefficients of the first and second fundamental forms are

1 1 U
E=1+—, F=0, G =1u?, \/EG—FQZ\/UQ—I—l,e:——, =0, g= ——.
u? uvu? +1 f g u?2 +1

Therefore the Gaussian curvature of x(U) is

K- eg — f? _—1/(u2+1)__ 1
_EG_F2 - U2+1 - (U2—|—1>2

Similarly, the derivatives of the surface X(u,v) = (ucos v, usinv, v) are
X, = (cosv,sinv,0), X, = (—usinv,ucosv, 1),
X, = (0,0,0), X,, = (—sinwv, cosv,0), X,, = (—ucosv,—usinv,0),

the coefficients of the first and second fundamental forms are

— — — —  — — 1

E=1F=0 G=u’+1, VEG—F2=+u2+1, e=0, f=2—1, g=0.

us +

Hence the Gaussian curvature of X(U) is

= eg— f? YWt
EG —F? u? +1 (u2 +1)*

Therefore the surfaces x(U) and X(U) have equal Gaussian curvature at the points x(u,v) and X(u,v).
However, X o x~! is not an isometry because (E, F,G) # (E, F, G). This shows that the converse of the
Gauss theorem is not true.

. Let S2 be a sphere of radius r, and let P be a plane. Given a point p € S2, suppose that there exists a
neighborhood V of pin S2 and ¢ : V — (V) C R? such that ¢ is an isometry into a plane. By Theorema
Egregium, the Gaussian curvature K (p) at p € S is equal to the Gaussian curvature K(o(p)) at ¢(p) €
R2. However, K(p) = 1/r? and K(p(p)) = 0 leads to a contradiction. Therefore no neighborhood of a
point in a sphere may be isometrically mapped into a plane.

. Since E = G =1 and F = cosf, we obtain three pairs of equations

'} +T% cos0=0 I}, +T%,cos0=0 Il, +T%, cos0=—0,sin6
I} cos+T2 =—6,sinb, I'l,cosf+ T2, =0, I'i,cosf+ T3, = 0.

Then we obtain

0 0 0 0
rlz U F2 —__u rl :1'\2: 1'\1 N 2 _ v_
U tang’ ~ U sing’ =12 =0, Iy sin@> 22 tan6
Therefore
1
K= _E((F%Q)u B (F%I)v + FbF%l + F%QF%Q - P%1F§2 - FhF%Q)
_( b 0, 0, _ Oy,sinb—0,0,cos0 0,0,cos0 0,
~\ sinf , sinf tand N sin2 0 sin2  sin@’
. Suppose that there exists a surface x(u,v) such that E=G =1, F=0and e=1,g=—1, f =0. Then
eg — f2 —1
K=——"+=—=-1
EG — F? 1

On the other hand, since F' = 0, we can apply the result of Exercise 1. Then we get

1
K =—3{0+0} =0,
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which is a contradiction. Therefore there exists no such surface.
7. No. Suppose that there exists a surface x(u,v) with
E=1 F=0, G=cos?u, e=cos?u, f=0, g=1.

Then this surface must satisfy the Mainardi-Codazzi equations. Since F' = f = 0, the Mainardi-Codazzi
equations can be simplified into the following forms:

_Ev<e+g) _Gu(e+g>
“=9\E"q) T2 \ETG)
L

— Gule 4 9\ — ; 2
However, g, =0 and (& + &) = —cosusinu(cos® u +

Codazzi equations. Therefore there is no such surface.

), so x doesn’t satisfy the Mainardi-

8. a. Let x(u,v) = (u,v,0) be the parametrization for the plane in Cartesian coordinates. Then x,,, =
Xup = Xy = (0,0,0), therefore all the Christoffel symbols are zero by definition. It implies that K = 0.

b. Let x(p,6) = (pcosb, psind,0) be the parametrization for the plane in polar coordinates. Then we

have
x, = (cosf,sin6,0), x, = (—psind,pcosb,0),
X,, = (0,0,0), x,9=(—sinf,cosd,0), xgy = (—pcost,—psind,0).
Since
1
X, = (0,0,0), X, = ;xo, Xgg = —pX,,
we have I'l; =T'%, =0, '}, =0, I, =1/p, '}, = —p, T'3, = 0. Then the Gaussian curvature is
1 1 (1\?
K= _E((F%)p —(T%), + T1olYy + TTT, —THTS, — F%1F%2) == (—? + (;) ) =0.

9. By Theorema Egregium, if two surfaces are locally isometric, then the Gaussian curvature K of corre-
sponding points must agree. However, the Gaussian curvatures of the given surfaces are

KSphere > 07 KCylinder = 07 KSaddle <0.

Therefore the surfaces are not pairwise locally isometric.

4-4. Parallel Transport. Geodesics.

1. a. Given any point p € C, since C' C S is a geodesic, there exists a parametrization a: I — C of C at
p such that « is a parametrized geodesic. Since C is a line of curvature, we have N’ = At, and since
C is a geodesic, we obtain N = 4+n. Then

N’ =4n' = 4(—kt —7b) = At
implies that 7 = 0 in the neighborhood of p. Since p € C' is arbitrary, C is a plane curve.
b. Since the curve C' C S is a geodesic, N = +n. Then we have
N’ = 4n’ = +(—kt — 7b) = Fkt,
where we applied 7 = 0 because C is a plane curve. Therefore C' is a line of curvature.

c. Consider the circle C = {(z,y,0) € R?® | 22 + y*> = 1} on the plane S = {(z,y,2) € R* | 2 =0}. Then
C is a line of curvature because N’ = 0 = 0t and a plane curve. However, C' is not a geodesic, because
the straight lines are the only geodesics of the plane.

2. If a curve C C S is an asymptotic curve (k,, = 0) and a geodesic (k, = 0), then we have
K=k +k2=0
at every point p € C, which implies that C is a straight line. Conversely, if C is a straight line, then k% =
k2 + kg = 0 at every point p € C, therefore C is an asymptotic curve and a geodesic.
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3. Given any point p € C, since C' C S is a geodesic, there exists a parametrization a: I — C of C at p
such that « is a parametrized geodesic. Note that N = 4+n because C is a geodesic. Since C is a plane
curve, we have N’ = 0, therefore

N =4n' = 4(—kt —7bh) = 0.

Hence we obtain k£ = 0 in the neighborhood of each point p € C, thus C' is a straight line. We conclude
that the straight lines are the only geodesics of a plane.

4. By definition, [(lj—;' - % is perpendicular to the tangent plane T,,(S). Since w(t) € T,,(S), we obtain
dv  Dv 0 — dv _/Dv
a  dt’" /)" a’" ) " N\Nat ")

Similarly, we have <v, dd—‘;"> = <V, %—?), therefore we obtain

a7 \at’ Tdt /) \dt’ Tdt /)

5.
z
P
pd
— /,/
\,.\‘\ /,
\\\, ,/ /
\> - /
Ve
/ M
/ \\N “\
v
e N z
J

a. A geodesic is a curve such that N = 4n: the maximum parallel, and the minimum parallel.
b. An asymptotic curve is a curve such that k,, = 0, that is, N L n: the upper parallel.
c. A line of curvature is a curve such that N’ = At: all the parallels presented.

6. Since k,, =0 at the upper parallel and k*> = k2 + k2, it follows that k, = +k = +1/a. Assuming the
normal vector N points toward the interior of the torus, then we have k, = —1/a <0.

7. a. Note that if we intersect the cylinder z? + 32 = 1 with a plane z = xtan 6, the intersecting curve C
is given by

C = {(z,y,ytand) € R | 22 +y* = 1}.

If we take r = y/(cos @) in the z = y tan @ plane, then we have 22 + 12 cos? § = 1. Therefore intersecting
curve is an ellipse on the plane.

b. At the points where the curve C meets the z axis, unit normal vector N of cylinder and the normal
vector n of C are parallel. Hence k, = 0 at these points. Now we consider the other vertices. Since
the angle between N and n is 6, we have that k, = ksin6, where k is the curvature of C'. Since the
curvature of ellipse at vertex is given by k = @ = 1/(cos ), we obtain k, = ksinf = tan 6.
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8.

10.

11.

We shall show that all points of a given connected surface S are umbilical points, then by Prop. 4 of
Sec. 3-2, S is either contained in a sphere or in a plane. Let p € S. For every w € T,(S), w # 0, there
exists an € > 0 and an unique parametrized geodesic 7 : (—e,&) — S such that v(0) = p, v/ (0) = w by
Prop. 5. Then N = 4n on the geodesic v, and v is a plane curve, so we have N’ = +(—kt — 7b) = Fkt.
Therefore 7 is a line of curvature. Observe that every tangent vector w € T,,(S) is a principal direction.
Hence the point p must be an umbilical point. Now we asserted that all points of a given surface are
umbilical points, and therefore the surface is contained in a plane or a sphere.

. Since the meridians are geodesics, the field of its tangent vectors is parallel along meridians. Because wy

is a tangent vector of C; at p;, w; is also a tangent vector of C| at p,. On the other hand, the parallel
transport preserves angles. Since the angle between the tangent vector of C, at p; and wy, is ¢, the angle
between the tangent vector of C, at p, and w, is also . Then we conclude that the angle between w;
and wy, is 2¢p.

P2

Let C be a plane curve obtained by projecting C' onto the tangent plane T,(S) along the normal to
the surface at p. Let a: (—,e) = C and @: (—¢,e) = C be the parametrizations at p of C and C,
respectively, such that «(0) = @(0) = p, then we have o’(0) = @’(0). We consider a projecting cylinder
S, which consists of the straight lines orthgonal to T, (S) and intersect the curve C. Note that S contains
both curves C and C, and that C' is the normal section of S along a’(0). By Meusnier’s theorem, we have

k, =k,
where k,, is the normal curvature of C' C S at p, and En is the normal curvature of C' C S at p. Note that
kn=k,N +k,N,
where N and N is the unit normal vector of S and S, respectively. It follows that k,, = <k‘n, N> = kg.

By definition, we have k, = kcos0 = k, where k is a curvature of C at p. Therefore we obtain ky =k, as
desired.

Let S and S be two oriented surfaces, and let ¢ : S — S be an orientation-preserving isometry. Let w be
a differential field of unit vectors along a parametrized curve aw: I — S on S. Let a =poa: I — S be
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12.

13.

14.

the corresponding curve on S, and W = dp(w) be the corresponding vector field along @. We show that
the algebraic value of the covariant derivative of w along « is equal to that of W along @, that is,

3)-7)

Since @ is an orientation-preserving isometry, we have
(dp(wy),dp(wy)) = (Wq, W), dp(wy) Adp(wy) =dp(wy Awy), Wi, Wy € Tp(S)'

Note that N =dy(N) is the corresponding unit normal vector of S, because for parametrization x(u, v)
of S, we obtain

N — ((70 ° x)u A (QD ° X)’U — d‘*p(xu) A d(p(xv)
[(peox)y Alpex),[  ldp(x,) Adp(x,)|

dp(x, N\ x, do(x, N\ x, X, N\ X,
ol x) _ drixy ) ) - dotm.

lde(x, Axy)l T Jxy A Xy AX,|
Therefore
Dw| Jdw — _\  /d(dp(w))
[dt]—<dt,NAw>—< AW o) 1 dp(w)

{5 )= ()= [22]

We can parametrize a neighborhood of p € S by x : U — § in such a way that the two families of geodesics
are the coordinate curves by Corollary 1 of Sec. 3-4. Since two differentiable families are orthogonal, we
have F = (x,,x,) = 0. Recall that the differential equations of the geodesics are given by

u’ + T () + 2T v + Th(v)* =0, v/ + T} (W) + 2T%u'v +T5,(v')* = 0.

Since the curve obtained by a(t) = x(u(t), const.) is a geodesic, applying this to the second equation, we
have I'?; = 0. Similarly, 3(t) = x(const., v(t)) is a geodesic, it follows that I'}, = 0. Then

1
-G

F%2E+F%2F:F’1U_2 u

= G, =0,
1 2 1
TLWF+T4G=F,— 3B, = E,=0.

Therefore the Gaussian curvature of S is

s (), ().} - i () ().} -

Fix two orthogonal unit vectors v(p) and w(p) in 7,(S). Then for each point q € V', we parallel transport
v(p) and w(p) from p to q along an arbitrary curve. Since parallel transport between any two points
of V' does not depend on the curve joining these two points, we can define differentiable orthogonal unit
vector fields v(q) and w(q). By Corollary 1 of Sec. 3-4, we can construct parametrization x for V' such
that the directions of the vector fields are tangent to the coordinate curves. Hence these are geodesics by
definition. Now we can apply Exercise 12 to conclude that the Gaussian curvature is zero.

Since |T| = 1, we have (dT/ds, T) = 0. Therefore we can write

aT =0+aV +bN
ds
for some differentiable functions a(s) and b(s). Next, |N| =1 implies (dN/ds,N) =0, and (N, T) =0
implies that (dN/ds, T) = —(N,dT/ds) = —b. Therefore
dN
ds

for some differentiable function ¢(s). Finally, since V.= N A T, we obtain

=—-bT—-cV+0
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15.

dV  dN dT
S S S

. Since (dN/ds, V) = —¢, we have ¢ = —(dN/ds, V). Note that a(I) C S is a line of curvature if and

only if N’ = AT, which is equivalent to ¢ = 0.

. b=(dT/ds,N) = (a”,N) = k(n,N), which is a normal curvature of a(I) C S at p.
.a=(dT/ds, V) = {(a”,V) = k{(n,N A t), which is a geodesic curvature of a(I) C S at p.

. Remember that the meridians and parallels of the sphere are geodesics, so the field of its tangent

vectors is parallel along meridians. Since v is the tangent vector of the meridian at p, the parallel
transport v/ at q is tangent to meridian, so it points downward. Because parallel transport preserves
angles, and v’ is orthogonal to tangent vector of the parallel at q, the parallel transport v” at r is also
orthogonal to parallel. Finally, meridians are geodesics, thus parallel transport v at p, is tangent

to the meridian. Therefore the angle of v and v” is 6.

. The parallel transport v’ at q is tangent to the meridian at q. Then we consider the cone which is

tangent to the sphere along the parallel C' of colatitude p. We can determine the parallel transport
of v/ along the C relative to the tangent cone (see Example 1), and therefore the angle between the
parallel transport v” at r and the tangent vector of the meridian at r is 6 cos ¢. Finally, since parallel
transport preserves angles, the angle between the parallel transport v at p, and the tangent vector
of the meridian is also 6 cos ¢. Hence the angle between v and v” is 6(1 — cos ¢).

Po
v
r q
V/l V’

16. Since p € S is a nonumbilical point of S, it is possible to parametrize a neighborhood of p by x(u,v) in

such a way that the coordinate curves of this parametrization are the lines of curvature of S, and that
v = const. are the asymptotic curves. Then the fact that coordinates curves are the lines of curvature
implies that F' = f = 0. Note that v = const. satisfies the differential equation of the asymptotic curves
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17.

18.

19.

e(u’)2 +2fu'v + g(fu’)2 =0,

it follows that e = 0 in the neighborhood of p. Now recall the Mainardi-Codazzi equations

E, (e g) E ( g)
e,=—2=+=) = 0==(0+=).
v T (E ta > " F@
Since u = const. are not the asymptotic curves, it must be g # 0, therefore E,, = 0. Along the v = const.
curve, the normal curvature k,, is zero by definition, and the geodesic curvature is also zero because

E
ko=——2_—0
9 2EVG

by Proposition 4. Therefore k* = k2 + k2 = 0 and that the asymptotic curve through p is an open segment
of a straight line.

Note that the condition of having a neighborhood of parabolic points is essential, if not, there exists a
counterexample like the upper parallel of the torus.
The parametrized surface x : U x (—1,1) — R3 is regular because

X, A%, =(a"+vb’')Ab=(t+vrn) Ab=—n+v7t #0,
so dx, is one-to-one for all q € U = I x (—1,1). Therefore x(I x (—¢,¢)) is a regular surface for small
enough € > 0.

Now we assert that «(I) is a geodesic. Since the normal vector n of the curve and the normal vector N ||
x, A x,, = —n of the surface are parallel on the curve a(I), we conclude that a(I) is a geodesic.

Unsolved By Prop. 2 of Sec. 2-3, for each q € U, there exists a neighborhood V of q in R? such that

x(V) C R? is a regular surface. However, the existence of € > 0 such that x(I x (—¢,¢)) is a regular
surface is not immediately evident. It remains unclear how to extend this local property to a global one
over the entire interval I.

By Clairaut’s relation, we know that r cos@ is constant along the geodesic. Since rcosf = 1 at the start
point p, we have r cos § = 1 at every point along the geodesic. Since # > 0 when r > 1, the curve continues
to point downwards and r decreases monotonically. As r — 1%, cos§ — 1~ and thus § — 0.
Consequently, the curve approaches asymptotically the parallel 2 4+ y? =1, z = 0.

Note that E(u’)? 4+ 2Fu'v' + G(v')? = 1, because the curve is parametrized by an arc length. Differenti-
ating this expression to obtain

0= (B +Ev)W) +E-2u'u”
+2(Fu + Ev' )u'v 4+ 2F (u”v + u'v”)
+(Gu + G ) (V) + G- 200,
that is,
B, ) + G (0))* + (B, + 2E) (20’ + (G, + 2,/ (v')?
+2Eu/u” + 2Fv'u” + 2Fu'v” + 2Gv'v” = 0.

Now define ¥, = u” + T}, (u/)? 4+ 20, u/v’ + T, (v/)? and ¥, = o” + T2, (v/)? + 2T %u'v + T2,(v')?, and
recall that the Christoffel symbols satisfy the equations

E F\(Th) _ iE, E F\(TL,\ (3B, E F\(Ty,\ (F —3iG,
F G F%l B Fu - %Ev ’ F G F%Z B _Gu ’ FG F%Z B %G’U .

Since we have

EY, + FU, = E(u” + L (w)? + 2Thu/v + F%z(v’)2) + F(U” + T2, (w)? 4 20200 + F%Q(v’)Q)

N

= Bu” + Fv" + (ET}, + FTY,)(0)* + 2(BT}, + FT%,)u'v' + (BT, + FT%,)(v/)°

1 1
= FEu” + Fv" + §Eu(u’)2 + Eu'v + <F;, — EG“) (')?.

Similarly, we obtain F¥, + GU, = Fu” + Gv” + (F, — %Ev)(u’)2 +Gu'v + %Gv(v/)2. Then
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20/ (BY) + F) + 20/ (F¥ + G,) = E,(0)° + G, (') + (B, + 2F,) ()"0 + (G, + 2F,)u’ (v')?
+2Eu'u” + 2Fv'u” + 2Fu'v” + 2Gv'v”
= 0’
thus we get (Ee’ + Fv')¥; + (Fu' + Gv')¥, = 0. Therefore if the first equation ¥; = 0 holds and Fu' +
Gv’' # 0, then we can conclude that the second equation ¥, = 0 holds.
Note Since Fu' + Gv' = (x,u” +x,v',%x,) = (t,%,), the condition Fu’ + Gv" # 0 is not guaranteed by
the condition that the curve is not a coordinate curve.
20. a. By Clairaut’s relation, we know that fcos#@ is constant, where 6 is the angle between the geodesic
and a parallel. Since fcosf = (rcosm/2 4 a)cos0 = a, we have
fcosf = (rcosu+a)cosfd =a
everywhere. Since cosf < 1, it must be rcosu + a > a, that is, —7/2 < u < 7/2.

b. At the intersection point with the parallel u = 0, we have fcosd = (a + r) cos 8. Note that f decreases
on the geodesic until the intersection angle ¢ is positive, where it is determined by the equation
fcosp = (a+r)cosf. Since

cosp = a—+rcos9§ a—+rcos9< 1, for all u € [0,2m),

fw) a—r
we conclude that the geodesic also intersects the parallel u = 7.

21. a. By simple calculation, the Christoffel symbols are given by

Il = L Tl = L Tl = _L
How4+vy "2 2u+v)y *= 20U +V)’
V/ U/ V/
I = : ;

- T2 =2 12 =-__
20U04V)Y BT 22Uu+Vv)y 2T 2U+V)
Hence the differential equations of the geodesics is

U’ Vv’ U’

” 7\2 77 N2
—_—ee —_ :0
“ +2(U+V)(u) +U+Vuv 2(U+V)(v) ’
.,V 2 v, %4 2
Vs oyt rsm e ) =0

Observe that by the first equation, we have

d
(U V)W) = (U + VY + (U + V)

1 1
— (U/u/ +VI’U/>U/ + (_§U/(u/)2 — V' +§U/(’Ul>2)
1 2 2
:§U’((u/) +()?).

We multiply both sides by 2(U + V)’ in the equation above, then

LU+ VWP = 3T+ VI (U4 V) = 29U + V- U () + ()
— U U+ V)W) + () = %(U V() + @)?).

Suppose that the curve is parametrized by an arc length, so that
Ew)* 4+ 2Fuv + G(v)? = (U +V)((w)* + (v)*) = 1.
Therefore we get

Lwrvwy =T = (U+Vu)P =U-c

Similarly, by the second equation of the differential equations of the geodesics, we obtain
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22,

23.

(U+VW)Y?=V-—c.
By adding the two equations, since (U + V)u')? + (U 4+ V)v')*> = U + V, it must be ¢ + ¢/ = 0. Thus
du dv
= :l': R
VU —¢ VV +ec

and the geodesics of a surface of Liouville may be obtained by integration in the form

U+V =+VU —¢c, U+ V) =VV +¢c =

\/ —c / VV +ec
b. Observe that cos @ and sin 8 satisfies the relation

[ (%, X, u" + x,0)

cosf = ] Ev'|=vU+ V|,
Xu

, [ (30 X0 + %,07)| / :

sinf = ] 2’\/51) =VU + V|v'|.
X’U

Therefore
Usin?0 —Vecos?0 = U(U +V)(u)?* = V(U +V)(v')* = (U+V)(U@)* = V(u)?)
V+ec U—-c
_ _ = ¢ = const.
U+V) <U(U Ve U V)2> ¢ = cons

We use the result from Exercise 15(a). Given rotation angle 9 € [0,27) of R, we can construct the
piecewise regular curve a as following. Regard p as a pole, and let q,r be two points on the equator
in such a way that the meridians pq and pr make an angle ¢ at p. « consists of the meridian pq, the
parallel gr, and the meridian rp. Then by Exercise 15(a), it must be R = P,.

From Exercise 11(b) of Sec. 4-2, we already showed that restrictions to S? of the linear orthogonal
transformations of R? is the isometry of the unit sphere. Now we show that every isometry are the
restrictions to S? of the linear orthogonal transformations. Let ¢ : S? — S? be an isometry of S%. By
Exercise 3 of Sec. 4-2, an arc length of any parametrized curve in S? is equal to the arc length of the image
curve by . Note that the intrinsic distance d(p, q) between two points p,q € S? is the angle between p
and q. It follows that the angle between p and q is same as the angle between ¢(p) and ¢(q), that is,
(p,q) = (p(p), v(q)). So if we define ¢ : R? — R? as

_Jple(&), p#0
w<p>—{0’ Iel b0,

then

i vi@) = (iple( £ ) lalo (L)) = pllale (2 )e () = ol (22 = .0)

for arbitrary p,q € R3 — {0}. Since (0) = 0, it is actually ((p),%(q)) = (p,q) for every p,q € R3.
Observe that

[Y(p) —¥(a)l? = [¥(p)]* + [¥(a)* — 2(¢(p),¥(a)) = [p|* + |a]* = 2(p.a) = [p—a|>, P,qeS”
Hence 1 : R® — R3 is a distance-preserving map, and there exists p, € R3 and a linear isometry F of R?
such that 9(p) = F(p) + p, by Exercise 8 of Sec. 4-2. Since ¢ is an isometry of S?, it must be p, = 0.
Therefore ¢ = F|g is the restriction to S? of the linear orthogonal transformation F of R3.

4-5. The Gauss-Bonnet Theorem and Its Applications

1.

Since the surface is compact, by Exercise 16 of Sec. 3-3, there is an elliptic point p; in S so that K(p;) >
0. Now suppose that there is no point p € S such that K(p) < 0, that is, K(p) > 0 for all p € S. Since
K(p;) > 0, we have
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0 </ K do =2mx(S)
S

by Corollary 2. It follows that x(S) =2 = x(S?), thus S is homeomorphic to a sphere S?, which is a
contradiction. Therefore there exists a point py such that K(p,) < 0. Finally, since S is connected, we can
connect p; and p, by a regular curve, and K (p5) = 0 for some point p; on that curve by the intermediate
value theorem.

2. Recall that the torus is parametrized by

x(u,v) = ((rcosu+ a) coswv, (rcosu + a) sinwv, rsinu),
and
cosu

E=r* F=0, G=(a+rcosu)?, K=—"——.
r(a + rcosu)

Therefore we have

a—i—rcosu
27
/ cosududv = 0.

Now we check the above result with the Gauss-Bonnet theorem. Since there is one handle in the torus,

27 27

/Kda—/ / cosu \/ (a+rcosu)? dudv
0
-

X(T) = 0. The torus is an oriented compact surface, we can apply Corollary 2 to torus and we obtain

/ K do =2mx(T) = 0.
T

3. Since S has positive Gaussian curvature, it is homeomorphic to a sphere. So the simple closed curve T’
divides S into two simple regions A and B, hence x(A) = x(B) = 1. Now we assert that

area(IN(A)) = area(N(B)) = 2.
We will apply Corollary 1 to A, whose boundary is I' which has zero geodesic curvature and ZZ 0, =0.

k
/kg(s)ds—i-// Kda—l—ZGi:/ Kdo = 2.
r A i=0 A

Note that if x(u,v) is a parametrization for S, then N, = a11x,, + 19X, N, = a15X,, + a95%, and

Therefore

N, AN, = (a11%, + a12%,) A (a15X,, + a95X,) = (11095 — a12091) (X, A X,) = K(x, AX,).

By Prop. 2, there is a triangulation of J of A such that every triangle T, € J is contained in some
coordinate neighborhood of the family {x*}. Hence

area(N(A)) = Z // |NE A NG| dudv
i Y (Nioxi) H(N(T))

—Z// |K\|x A x| dudv

=Z// Kdo:/ K do = 2r.
i T, A

We conclude that N(A) and N(B) have the same area 2.

4. a. By Exercise 4 of Sec. 2-3, an ellipsoid § is diffeomorphic to the sphere S2. Therefore we obtain x(S) =
x(S?) = 2 by Prop. 4.
b. Observe that the map ¢ : S — S? defined by ¢(z,y, z) = (z,y°, 2%) is a homeomorphism. Therefore
x(S) = x(S?) = 2 by Prop. 4.

5. By the argument for the interpretation of K (p. 274), we have
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Ap = // K do.
R
Since K = 1 on the sphere, we have

27 ]
A(p://Kda://da:/ / sinpdp df = 2m(1 — cos ).
R R o Jo

Since A is the same as A, which is the area of the region R of S? bounded by C, we also have that

A
lim ok lim 1 = 1 = curvature of S2.
A0 A A—0

6. To compute the index, we will restrict the vector field v to the curve «a(t) = (cost,sint), t € [0, 2n]. If
©(t) is the angle that v(¢) forms with the z axis, then we have 27T = ¢(27) — (0).
a. v(z,y) = (z,y) = (0,0) if and only if z =0 and y = 0. So (0,0) is an isolated singular point. Since
v(t) = (cost,sint), we have p(t) =t and 27l =27 = [ =1.

b. v(z,y) = (—z,y) = (0,0) if and only if x =0 and y = 0, so (0,0) is an isolated singular point. Since
v(t) = (—cost,sint) = (cos(m — t),sin(m — t)), we have ¢(t) = 7 — t and 27] = (—7) — 7 = —2m, thus
I=-1

c. v(z,y) = (z,—y) = (0,0) if and only if z =0 and y = 0, so (0,0) is an isolated singular point. Since

v(t) = (cost,—sint) = (cos(—t),sin(—t)), we have ¢(t) = —t and 27] = (—27) — 0 = —2m, thus I =
—1.

d. v(z,y) = (2? — y?,—2zy) = (0,0) implies z = +y and zy =0, thus =y = 0. Hence (0,0) is an
isolated singular point. Observe that

v(t) = (cos®t —sin? ¢, —2costsint) = (cos 2t, —sin 2t) = (cos(—2t), sin(—2t)),

Thus ¢(t) = —2t. Therefore 2n] = (—4n) —0 = —4m and [ = —2.

e. Note that (z — yi)® = (23 — 32%y) + (y® — 3z2y)i. Thus v(z,y) = (2 — 3zy?, y® — 32%y) = (0,0) im-
plies (z —iy)3 =0, and z = y = 0. So (0, 0) is an isolated singular point. Since

v(t) = (cos®t — 3cos? tsint,sin®t — 3cos? tsint) = (cos(—3t),sin(—3t)),
we have p(t) = —3t and 27] = (—67) — 0 = [ =-3.
7. Yes. Consider the vector field v(z,y) = (22 + y%, 22 + y?). Then (0,0) is an isolated singular point. We

restrict v to the curve a(t) = (cost,sint), ¢t € [0,2n]. Then the angle ¢(¢) that v(¢) = (1,1) forms with
the z axis is /4. Therefore we have 2nI = ¢(27) — ¢(0) =0, I = 0.

8. First suppose that an oriented compact surface S C R3 has a differentiable vector field without singular
points. Then

X(S):%/LK@:E%@:O.

i=1
(In fact, there are no singular points, so k = 0.) We have x(S) =0 = x(7T') and S is homeomorphic to
a torus.

Conversely, suppose that S is homeomorphic to a torus. Recall that torus can be parametrized by

x(u,v) = ((rcosu + a) cosv, (rcosu + a) sinv, rsinu), u € (0,27), v € (0,2m).

Then the vector field w(u,v) = x,(u,v) = (—(rcosu + a) sinv, (rcosu + a) cosv, 0) is differentiable and
has size |rcosu + a| > a —r > 0. Therefore there is a differentiable vector field without singular points on
the torus. Since there is a diffeomorphism ¢ : T'— S between a torus T and the surface S, the mapping
do(w) is the differentiable vector field on S, and this doesn’t have singular points because dp(w) =0 <
w = 0.

9. A regular closed simple curve C divides S? into two disjoint open regions, say R; and R,, which are
homeomorphic to an open disk. Let a: I — C be a parametrization by an arc length of C such that
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a(0) = a(l). For tangent vector t(s) = a'(s), there exists an orthonormal basis {t(s),n(s)} of T, (Sz)
Then we can write

v(s) = a(s)t(s) + b(s)n(s)
for some differentiable functions a(s) and b(s). Since the trajectories of v are never tangent to C, we
have b(s) # 0 for all s. So it follows that b(s) has fixed sign, and that v always points inward toward R,
or outward toward R; at every point on C. Let 6,(s) be an angle from x4(a(s)) (the parallel) to t(s),
and 6, (s) be an angle from x,(a(s)) to v(s). Then the angular difference ¢(s) = 6,,(s) — 6,(s) between

0, (s) and 6, (s) is confined within the open interval (0, 7) or (m, 27). Since ¢(I)
multiple of 27, we have ¢(I) — ¢(0) = 0. Therefore

2rl, = 6,(1) — 0,(0) = 6,(1) — 6,(0),
where I, is the index of v along C' C R;, respectively. By Hopf’s theorem, we have (1) — 6,(0) = +2m.

hence I, = +1, and therefore R, contains at least one singular point of v. Similarly, R, also contains at
least one singular point of v.

©(0) must be an integer
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